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In  the  past  decade  the  numerical  generation  of  boundary-conforming  curvi¬ 
linear  coordinate  systems  has  provided  the  key  to  the  development  of  finite  dif¬ 
ference  solutions  of  partial  differential  equations  on  regions  with  arbitrarily 
shaped  boundaries.  Although  much  of  the  impetus  for  these  developments  has  come 
from  fluid  dynamics,  the  techniques  are  equally  applicable  to  heat  and  mass 
transfer,  electromagnetics,  solid  mechanics,  and  all  other  areas  involving  field 
solutions . 

This  symposium  was  designed  to  provide  a  forum  for  the  presentation  and  in¬ 
terchange  of  ideas  and  results  on  the  numerical  generation  of  such  coordinate 
systems  and  their  application  in  the  numerical  solution  of  partial  differential 
equations.  A  number  of  specially  prepared  expository  papers  was  included  with 
the  submitted  papers.  These  expository  papers  are  designed  to  cover  the  basic 
techniques  involved  in  the  numerical  generation  of  curvilinear  coordinate 
systems  and  the  use  thereof  in  the  numerical  solution  of  partial  differential 
equations.  These  papers  thus  can  serve  to  provide  an  introduction  to  such 
techniques  for  all  concerned  with  field  solutions  and  also  to  acquaint  users  of 
such  systems  with  additional  techniques. 

A  boundary-conforming  coordinate  system  is  a  curvilinear  coordinate  system 
having  some  coordinate  line  (surface  in  3D)  coincident  with  each  segment  of  the 
boundary  of  a  region.  (Such  coordinate  systems  have  been  variously  termed  boun¬ 
dary-fitted,  body-fitted,  surface-fitted,  surface-orientated,  surface-conforming, 
etc.  in  the  literature.)  When  partial  differential  equations  are  transformed 
onto  such  a  coordinate  system,  finite  difference  representations  can  be  made 
using  only  neighboring  points  at  coordinate  line  intersections,  without  need  of 
interpolation,  regardless  of  the  boundary  shape  or  even  its  movement.  Even  with 
a  moving  boundary,  all  computation  thus  can  always  be  done  on  a  fixed  square 
grid  in  the  transformed  region.  This  allows  quite  general  codes  to  be  written 
for  the  numerical  solution  of  partial  differential  equations  on  arbitrary 
regions.  Since  the  coordinate  system  itself  can  also  be  generated  numerically, 
the  complication  of  boundary  shape  is  thus  effectively  removed  from  the  problem, 
and  diverse  configurations  can  be  treated  by  a  single  code,  the  boundary  shape 
being  either  an  item  of  input  or  to  be  determined  by  the  solution  in  the  case  of 
moving  boundaries. 

Boundary  conforming  coordinate  systems  are  generated  numerically  by  deter¬ 
mining  the  values  of  the  physical  coordinates  (cartesian  or  otherwise)  in  the 
field  from  the  values  (and/or  angles  of  intersection)  on  the  boundary.  This  can 
be  done  in  two  basic  ways:  (1)  by  algebraic  interpolation  from  the  boundary 
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values,  or  (2)  by  solving  a  set  of  partial  differential  equations  with  the  boun¬ 
dary  values  as  boundary  conditions  therefor.  In  general,  the  coordinate  system 
should  have  lines  concentrated  in  regions  of  expected  high  variation  of  the  phy¬ 
sical  solution,  but  the  system  should  be  smooth  and  the  spacing  should  not 
change  too  rapidly.  Orthogonality  is  not  necessary,  but  the  departure  therefrom 
should  not  be  excessive,  although  quite  large  departures  can  be  tolerated.  Ul¬ 
timately  the  coordinate  system  should  be  coupled  with  the  physical  solution 
thereon,  so  that  the  coordinate  line  spacing  continually  adapts  to  resolve  the 
developing  variations  in  the  physical  solution. 

The  first  seventeen  papers  of  this  volume  are  expository  in  nature ,  with 
the  topics  selected  to  provide  an  introduction  to  the  various  techniques  and 
considerations  involved  in  the  generation  and  use  of  boundary-conforming  coordi¬ 
nate  systems.  The  general  ideas  of  such  coordinate  systems  and  the  necessary 
transformation  relations  for  partial  derivatives,  integrals,  normal  and  tangent 
vectors,  etc.  are  given  in  the  first  paper  (Thompson)  of  this  volume.  This 
paper  also  introduces  various  configurations  possible  for  the  transformed  plane 
and  discusses  the  use  of  branch  cuts  and  points  requiring  special  consideration. 
It  is  possible  for  poor  distribution  or  orientation  of  coordinate  lines  to  in¬ 
troduce  error  into  a  numerical  solution  done  thereon ,  and  the  determination  and 
control  of  such  error  sources  is  discussed  in  the  second  paper  (Mastin) .  This 
is  a  particularly  important  concern  since  sudden  changes  in  line  spacings  and 
excessive  skewness  of  lines  can  introduce  negative  numerical  diffusion  into  a 
solution.  These  first  two  papers  are  relevant  to  the  use  of  boundary-conforming 
coordinate  systems  in  general,  regardless  of  the  method  of  generation. 

The  difference  representation  of  derivatives  on  general  grids  is  discussed 
in  the  paper  of  Hyman  &  barrouturou.  When  the  transformed  partial  differential 
equations  are  written  in  strong  conservative  form  on  a  curvilinear  coordinate 
system,  i.e.,  such  that  the  metric  coefficients  appear  inside  the  derivatives, 
it  is  important  that  the  differencing  be  done  in  such  a  way  that  a  uniform  solu¬ 
tion  will  be  preserved.  With  the  metric  coefficients  inside  the  derivatives,  it 
is  possible  for  differences  of  these  coefficients  to  fail  to  cancel  exactly, 
thus  introducing  spurious  source  terms  which  cause  the  solution  to  drift  away 
from  the  uniform  case.  This  topic  is  discussed  in  the  paper  by  Steger,  where 
some  corrective  measures  are  suggested,  and  in  the  paper  of  Gnoffo.  In  some 
cases  this  problem  can  cause  analytical  metric  coefficients  to  give  poorer  solu¬ 
tions  than  are  obtained  with  coefficients  evaluated  from  difference  expressions, 
as  noted  in  the  paper  of  Mastin. 
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As  noted  above ,  there  are  two  basic  approaches  to  the  numerical  generation 
of  boundary-conforming  coordinate  systems :  generation  from  the  solution  of 
partial  differential  equations  and  generation  by  algebraic  interpolation  between 
boundaries.  The  first  of  these  includes  conformal  mapping  as  well  as  generation 
from  the  solution  of  general  elliptic,  parabolic,  and  hyperbolic  systems.  A 
general  discussion  of  appropriate  partial  differential  systems  is  given  in  the 
paper  of  Warsi,  while  elliptic  systems  are  specifically  covered  in  the  second 
paper  of  Thompson.  The  use  of  some  hyperbolic  systems  is  ncluded  in  the  first 
paper  of  Eiseman,  and  in  the  paper  of  Steger,  and  parabolic  systems  are  applied 
in  the  paper  of  Nakamura. 

Particular  elliptic  systems  are  discussed  in  the  papers  of  Rubbert  &  Lee, 
Brackbill,  Coleman,  Sorenson,  Thomas,  Shieh,  Thames,  Warsi  S  Ziebarth, 
Klevenhusen,  Shubin  et  al.,  Saltzman  &  Brackbill,  and  Christov.  Applications  of 
coordinate  systems  generated  from  elliptic  systems  are  included  in  the  papers  of 
McWhorter,  Knight,  Haussling,  Johnson,  and  Chen  et  al.  Applications  of  a  hy¬ 
perbolic  generating  system  appears  in  the  paper  of  Steger. 

Control  of  the  coordinate  line  spacing  and  orientation  is  exercised  through 
adjustable  terms  in  the  partial  differential  equations  through  which  it  is  pos¬ 
sible  to  cause  coordinate  lines  and/or  points  to  be  attracted  to  other  coordi¬ 
nate  lines  and/or  points  or  to  locations  in  the  physical  plane.  Some  specific 
procedures  for  the  control  of  coordinate  line  spacing  are  included  in  the  second 
paper  of  Thompson  with  elliptic  generating  systems.  Some  general  discussion  of 
this  topic  appears  in  the  paper  of  Warsi,  and  the  determination  from  boundary 
point  distribution  is  discussed  in  the  paper  of  Thomas. 

The  generation  of  coordinate  systems  by  solving  partial  differential  equa¬ 
tions  requires  numerical  solution  of  difference  equations  on  the  field.  This 
has  generally  been  done  for  elliptic  systems  by  iterative  procedures  such  as 
SOR,  ADI,  multi-grid  techniques,  etc.  as  discussed  in  the  second  paper  of 
Thompson.  A  singularity  solution  method  is  used  in  the  paper  of  Klevenhusen. 

The  paper  by  Roache  discusses  a  semidirect  marching  procedure  that  is  applic¬ 
able  to  elliptic  systems  in  some  cases.  Marching  techniques,  typically  involv¬ 
ing  tri-diagonal  solutions,  are  generally  applicable  to  parabolic  and  hyper¬ 
bolic  systems  as  used  in  the  papers  of  Nakamura  and  Steger,  respectively. 

An  extensive  discussion  of  conformal  transformations  is  given  in  the  paper 
of  Ives,  where  a  number  of  techniques  are  covered  and  a  comprehensive  list  of 
references  is  given.  This  paper  also  discusses  techniques  for  exercising  some 
control  of  the  line  spacing  through  subsequent  stretching  transformations. 
Further  discussions  and  applications  of  conformal  transformations  are  given  in 
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the  papers  of  Anderson  et  al . ,  Yagla,  Jou,  Dulikravich,  Halsey,  and  Harrington. 
Regions  with  multiple  internal  boundaries  are  treated  in  the  papers  of  Halsey 
and  Harrington,  as  well  as  in  that  of  Ives. 

The  other  major  class  of  coordinate  system  generation  procedures — algebraic 
generation  systems — utilizes  interpolation  formulas  to  determine  the  values  of 
the  coordinates  at  the  points  in  the  field.  The  paper  of  Smith  and  that  of 
Gordon  &  Thiel  provide  a  general  discussion  of  the  techniques  involved,  and 
further  discussions  are  given  in  the  papers  of  Eisenan  and  in  the  paper  of 
Roberts,  as  well  as  in  the  paper  of  Manhardt  &  Baker.  The  paper  of  Gordon  6 
Thiel  also  provides  a  general  discussion  of  the  theory  of  the  interpolation 
techniques  involved.  Control  of  the  coordinate  lines  with  algebraic  generation 
systems  is  accomplished  through  stretching  functions  in  the  interpolation  for¬ 
mulas.  The  paper  of  Smith  discusses  interactive  control  of  the  coordinate 
system  using  computer  graphics. 

Although  orthogonality  is  not  necessary,  certain  error  terms  do  vanish  for 
an  orthogonal  system  as  may  some  terms  of  transformed  differential  equations. 
Orthogonality,  however,  places  certain  constraints  on  the  point  distributions. 

A  comprehensive  discussion  of  the  generation  of  orthogonal  coordinate  systems  is 
given  in  the  first  paper  of  Eiseman,  which  treats  both  algebraic  generating 
systems  and  systems  based  on  hyperbolic  partial  differential  equations.  This 
paper  also  includes  some  basic  theoretical  aspects  of  orthogonal  systems,  as 
does  the  paper  of  Harsi.  Orthogonal  systems  generated  from  hyperbolic  systems 
are  used  in  the  paper  of  Steger.  Orthogonal  systems  can  also  be  generated  from 
elliptic  systems  by  determining  the  control  functions  such  as  to  achieve  or¬ 
thogonality.  This  approach  is  discussed  in  the  papers  of  Knight  and  Christov. 

In  order  to  adequately  resolve  solution  gradients  it  is  necessary  that  the 
coordinate  system  be  controlled  so  that  coordinate  lines  are  concentrated  in 
regions  of  large  variations  of  the  solution,  but  without  excessive  spacing 
changes,  skewness,  or  depletion  of  lines  in  other  regions.  Ultimately  the  coor¬ 
dinate  system  should  be  coupled  with  the  physical  solution  thereon  so  that  the 
coordinate  lines  continually  adapt  to  follow  regions  of  developing  variations 
while  maintaining  smooth  coverage  of  the  entire  field.  This  area  is  now  recei¬ 
ving  considerable  attention,  and  the  papers  of  Brackbill  and  Anderson  cover  some 
of  the  basic  ideas  involved. 

Brackbill  implements  the  adaptive  control  through  terms  in  the  elliptic 
generating  system,  while  Anderson  gives  a  procedure  based  on  an  analogy  with 
electrostatic  charge  attraction  which  is  applicable  to  any  coordinate  system. 

The  adaptive  procedure  of  Brackbill  is  discussed  further  and  applied  in  the 
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paper  of  Saltzman  &  Brackbill,  where  striking  results  for  multiple  shock  reflec¬ 
tions  are  given.  In  the  procedure  of  Anderson,  grid  points  attract  or  repel 
other  points  in  accordance  with  the  deviation  of  some  local  error  measure  from 
the  average  measure  over  the  field.  Force  couples  are  also  employed  to  cause 
lines  of  grid  points  to  align  with  solution  phenomena  such  as  shocks.  A  related 
procedure  is  used  in  the  paper  of  Gnoffo.  Other  adaptive  control  procedures  are 
discussed  in  the  papers  of  IXryer  et  al.,  Anyiwo,  and  Ablow. 

Related  to  the  subject  of  coordinate  system  control  is  the  question  of 
evaluating  the  quality  of  a  system.  As  noted  above,  rapid  changes  in  spacing 
and  excessive  skewness  can  cause  errors,  as  is  discussed  in  the  paper  of  Mastin. 
The  question  of  quality  assessment  is  addressed  directly  in  the  paper  of 
Kerlick,  where  various  aspects  of  the  grid  are  isolated  and  some  specific  as¬ 
sessment  procedures  are  developed.  The  elliptic  generation  system  of  Brackbill 
(cf.  also  the  paper  of  Saltzman  &  Brackbill)  includes  procedures  for  balancing 
the  conflicting  requirements  of  smoothness,  avoidance  of  excessive  skewness, 
and  line  concentration.  The  requirements  placed  on  the  coordinate  system  can  be 
relaxed  somewhat  if  solution  algorithms  to  be  used  thereon  are  "forgiving"  as 
noted  in  the  paper  of  Rubber t  s  Lee. 

The  generation  of  surface  coordinate  systems  on  curved  surfaces  is 
discussed  in  general  in  the  paper  of  War si,  and  further  discussions  are  given  in 
the  paper  of  Wars!  s  Ziebarth  and  that  of  Thomas.  Some  discussion  of  this  topic 
is  also  included  in  the  second  paper  of  Thompson  and  in  the  papers  of  Eiseman. 
Surface  representation  is  also  discussed  in  connection  with  the  algebraic  gener¬ 
ation  system  in  the  papers  of  Smith  and  Gordon  &  Thiel. 

The  general  idea  of  embedding  a  coordinate  system  for  a  subregion  within  a 
larger  system  is  a  powerful  tool  for  the  treatment  of  more  complicated  config¬ 
urations  even  in  two  dimensions,  particularly  with  configurations  involving  mul¬ 
tiple  interior  boundaries.  Some  continuity  must  be  preserved  in  the  coordinate 
system  at  the  junctures  of  the  subsystems,  certainly  in  regard  to  point  distri¬ 
bution  and  preferably  also  for  the  slope  and  the  higher  derivatives  of  the  coor¬ 
dinate  coefficients.  The  algebraic  generation  procedures  can  achieve  this  by 
including  derivatives  in  the  interpolation  formulas,  either  directly  through 
Hermite  interpolation  or  indirectly  through  the  use  of  intermediate  surfaces. 

The  papers  of  Smith  and  Gordon  &  Thiel,  and  the  second  paper  of  Eiseman,  are 
relevant  to  this  topic.  With  elliptic  generation  systems,  derivatives  can  be 
matched  at  mesh  boundaries  by  iteratively  adjusting  the  control  functions  in  the 
equations  as  in  the  paper  of  Sorenson.  Also  in  this  regard,  the  paper  of 
Coleman  discusses  a  code  applicable  to  very  general  two-dimensional 
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configurations  patched  with  complete  continuity  at  the  junctures.  Higher-order 
elliptic  systems,  such  as  in  the  paper  of  Shubin  et  al.,  allow  additional  boun¬ 
dary  conditions  so  that  derivatives  can  be  matched.  The  first  paper  of  Eiseman 
discusses  the  embedding  of  two-dimensional  orthogonal  coordinate  systems.  The 
concept  of  embedding  is  used  with  conformal  systems  in  the  paper  of  Halsey. 

Complicated  three-dimensional  configurations  are  now  becoming  accessible, 
being  generally  treated  by  patching  together  coordinate  systems  generated  sep¬ 
arately  for  subregions  surrounding  particular  components.  This  topic  is  intro¬ 
duced  in  the  paper  of  Rubbert  &  Lee,  and  further  discussions  are  given  in  the 
papers  of  Roberts  and  Thomas,  as  well  as  in  the  papers  of  Manhardt  &  Baker  and 
Shubin  et  al. 

The  construction  of  three-dimensional  systems  by  stacking  two-dimensional 
systems  generated  on  successive  surfaces  is  included  in  the  papers  of  Warsi  and 
Thomas,  as  well  as  in  the  second  paper  of  Thompson.  An  example  appears  in  the 
paper  of  Chen  et  al.  The  construction  of  three-dimensional  systems  from  an  as¬ 
sembly  of  two-dimensional  conformal  system.'  is  included  in  the  papers  of  Ives, 
Jou,  and  Dulikravich.  Three-dimensional  configurations  treated  directly  without 
such  patching  together  of  subregions  or  stacking  of  two-dimen3ion  surface 
systems  are  discussed  in  the  papers  of  Warsi  S  Ziebarth  and  Thames. 

As  noted  in  the  paper  of  Ives,  combinations  of  generation  techniques  should 
be  considered  for  general  configurations.  Thus  algebraic  stretching  can  be 
applied  to  a  coordinate  system  generated  from  partial  differential  equations  in 
order  to  redistribute  the  coordinate  lines.  Similarly,  an  elliptic  generation 
system  could  be  used  to  smooth  a  coordinate  system  generated  algebraically.  It 
might  also  be  useful  to  generate  an  overall  grid  with  one  type  of  generation 
system  and  then  generate  finer  grids  within  subregions  of  the  larger  grid  with 
another  type  of  generation  procedure. 

Since  the  time  derivatives  can  be  transformed  as  well,  the  computations  can 
still  be  done  on  a  fixed  square  grid  in  the  transformed  plane  even  if  the  boun¬ 
daries  are  in  motion.  The  use  of  such  time-dependent  systems  with  a  moving  free 
surface  boundary  is  discussed  in  the  paper  of  Haussling,  in  the  related  paper  of 
Coleman,  and  in  the  paper  of  Aston  s  Thomas. 

Applications  to  fluid  mechanics  are  made  in  a  number  of  the  papers.  The 
paper  of  McWhorter  discusses  applications  to  solid  mechanics,  specifically  the 
bending  of  plates  and  the  torsion  in  shafts.  Heat  and  mass  transfer  applica¬ 
tions  with  combustion  are  given  in  the  paper  of  Dwyer  et  al.  Free  surface  flow 
problems  are  discussed  in  the  papers  of  Haussling,  Coleman,  and  Aston  S  Thomas. 
The  paper  of  Johnson  gives  applications  to  estuarine  flows  involving  branching 
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channels.  Islands,  and  also  free  surfaces  simulated  with  depth-averaging. 

Complicated  wing/body /nacelle  configurations  of  airplanes  are  treated  in 
the  papers  of  Rubbert  s  Lee  and  Roberts.  Wing/wing  tip  configurations  are  given 
in  the  paper  of  Thames.  Blade/hub  configurations  are  treated  in  the  papers  of 
Jou  and  Dulikravich.  Cascade  applications  are  included  in  the  papers  of  Ives, 
Jou,  Dulikravich.  Other  examples  are  given  in  the  paper  of  Knight.  Applica¬ 
tions  to  external  aerodynamics  are  discussed  in  the  papers  of  Steger,  Yagla, 
Klevenhusen  and  Gnoffo.  Particular  considerations  related  to  internal  flows  are 
discussed  in  the  paper  of  Knight.  Other  internal  flows  are  treated  in  the 
papers  of  Anderson  et  al.  and  Chen  et  al. 

In  conclusion,  the  areas  of  most  importance  for  further  research  are  the 
analysis  and  reduction  of  error  introduced  by  the  coordinate  system,  the  auto¬ 
mation  of  control  of  coordinate  line  spacing  to  achieve  both  concentration  and 
smoothness,  the  dynamic  coupling  of  the  coordinate  system  with  the  physical  so¬ 
lution,  and  the  patching  together  of  regions  to  represent  general  configurations 
with  sufficient  continuity.  The  increasing  interest  and  progress  in  the  gener¬ 
ation  and  use  of  numerically  generated  boundary-fitted  coordinate  systems  are 
evidenced  by  several  recent  conferences  devoted  to  this  topic,  and  the  present 
volume  should  serve  as  an  introduction  to  the  state-of-the-art  in  this  area  for 
all  concerned  with  the  numerical  solution  of  partial  differential  equations. 
Coordinate  system  generation  and  use  can  be  expected  to  evolve  at  an  even  more 
rapid  pace  in  the  coming  years,  and  it  is  hoped  that  this  present  volume  will 
provide  coverage  of  the  developments  thus  far  from  which  new  directions  can  be 
charted. 


Joe  F.  Thompson 
Mississippi  State,  MS 
May  1982 
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ABSTRACT 

The  basic  ideas  of  the  construction  and  use  of  numerically-generated 
boundary- fitted  coordinate  systems  for  the  numerical  solution  of  partial 
differential  equations  are  discussed.  With  such  coordinate  systems,  all 
computation  can  be  done  on  a  fixed  square  grid  in  the  rectangular  transformed 
region  regardless  of  the  shape  or  movement  of  the  physical  boundaries.  A 
number  of  different  types  of  configurations  for  the  transformed  region  and 
the  basic  transformation  relations  from  a  cartesian  system  to  a  general 
curvilinear  system  are  given.  The  material  of  this  paper  is  applicable  to 
all  types  of  coordinate  system  generation. 

INTRODUCTION 

Numerical  solution  of  partial  differential  equations  requires  some 
discretization  of  the  field  into  a  collection  of  points  or  elemental 
volumes  (cells) .  The  differential  equations  are  approximated  as  a  set  of  ' 
difference  equations  on  this  collection,  and  this  set  of  algebraic  equations 
is  then  solved  for  the  discrete  values  of  the  functions. 

Now,  although  difference  expressions  can  be  obtained  on  a  random  point 
distribution,  the  discretization  of  the  field  requires  some  organization  for 
the  solution  thereon  to  be  efficient,  i.e.,  it  must  be  possible  to  efficiently 
identify  the  points  or  cells  neighboring  the  confutation  site.  Furthermore, 
the  discretization  must  conform  to  the  boundaries  of  the  region  in  such  a 
way  that  boundary  conditions  can  be  accurately  represented.  This  organization 
is  provided  by  a  coordinate  system,  and  the  need  for  alignment  with  the 
boundary  is  reflected  in  the  choice  of  cartesian  coordinates  for  rectangular 
regions,  cylindrical  coordinates  for  circular  regions,  etc. 
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The  current  interest  in  numerically-generated  boundary-conforming 
coordinate  systems  arises  from  this  need  of  organization  of  the  discretiza¬ 
tion  of  the  field  for  general  regions.  Using  such  coordinate  systems, 
numerical  solutions  of  partial  differential  equations  on  physical  regions  of 
arbitrary  shape  can  be  constructed  and  codes  can  be  developed  that  require 
only  changes  in  the  input  to  treat  different  physical  configurations  and 
boundary  shapes. 

This  paper  discusses  the  basic  concepts  of  such  coordinate  systems,  various 
configurations  of  the  transformed  region,  and  the  transformation  relations 
needed  for  the  numerical  solution  of  partial  differential  equations  thereon. 
Various  procedures  for  generating  these  coordinate  systems  and  examples  of 
applications  are  covered  in  the  following  papers  of  this  volume.  A  general 
survey  of  this  area  has  recently  been  given  by  Thompson,  et  al1.  In  the 
following  sections,  a  two-dimensional  region  will  be  considered  in  most 
of  the  discussions  for  economy  of  presentation.  Generalization  to  three 
dimensions  will  be  evident  in  most  cases  and  will  be  mentioned  specifically 
only  when  necessary. 

BOUNDARY-CONFORMING  COORDINATE  SYSTEMS 

The  basic  idea  of  a  boundary-conforming  curvilinear  coordinate  system  is 
to  have  3ome  coordinate  line  (in  2D,  surface  in  3D)  coincident  with  each 
boundary  segment,  analogous  to  the  way  in  which  lines  of  constant  radial 
coordinate  coincide  with  circles  in  a  cylindrical  coordinate  system.  The  other 
curvilinear  coordinate  will  vary  along  the  boundary  segment  and  clearly 
must  do  so  monotonically ,  else  the  same  pair  of  values  of  the  curvilinear 
coordinates  will  occur  at  two  different  physical  points.  (It  should  be 
clear  that  the  curvilinear  coordinate  that  varies  along  a  boundary  segment 
must  have  the  same  direction  and  range  of  variation  over  some  opposing  segment, 
e.g.,  as  the  angular  variable  varies  from  0  to  2tt  over  both  of  two  concentric 
circles  in  cylindrical  coordinates) . 

With  the  values  of  the  curvilinear  coordinates  specified  on  the  boundary, 
it  then  remains  to  generate  values  of  these  coordinates  in  the  field  from  these 
boundary  values.  There  must,  of  course,  be  a  unique  correspondence  between 
the  cartesian  (or  other  basis  system)  and  curvilinear  coordinates,  i.e.,  the 
mapping  of  the  physical  region  onto  the  transformed  region  must  be  one-to-one, 
so  that  every  point  in  the  physical  field  corresponds  to  one,  and  only  one, 
point  in  the  transformed  field,  and  vice  versa.  Coordinate  lines  of  the  same 
family  must  not  cross,  and  lines  of  different  families  must  not  cross  more 
than  once. 
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Boundary-value  problem  -  physical  region 

The  generation  of  the  curvilinear  coordinate  system  may  be  stated  as 
follows:  with  the  curvilinear  coordinates  specified  on  the  boundaries, 
e.g.,  £(x,y)  and  n(x,y)  specified  for  <x,y)  on  a  boundary  curve  T  (this 
specification  being  a  constant  value  for  either  (  or  o  on  each  segment  of  F, 
with  a  monotonic  variation  of  the  other),  generate  the  values,  £(x,y)  and 
n(x,y),  in  the  field  bounded  by  r.  This  is  thus  a  boundary  value  problem 
on  the  physical  field  with  the  curvilinear  coordinates  (£,n)  as  the  dependent 
variables  and  the  cartesian  coordinates  (x,y)  as  the  independent  variables, 
with  boundary  conditions  specified  on  curved  boundaries. 


(In  this  discussion  the  transformation  is  assumed  to  be  from  cartesian 
coordinates  in  the  physical  plane.  The  transformation  can,  however,  be  from 
any  system  of  coordinates  in  the  physical  plane.) 

Boundary  value  problem  -  transformed  region 

The  problem  may  be  simplified  for  computation,  however,  by  first  -  tu" 
forming  so  that  the  physical  cartesian  coordinates  (x,y)  become  the  dependent 
variables,  with  the  curvilinear  coordinates  (£,n)  as  the  independent  variables. 
Since  constant  values  of  one  curvilinear  coordinate,  with  monotonic  variation 
of  the  other,  have  been  specified  on  each  boundary  segmen'.  ,  it  follows  that 
these  boundary  segments  in  the  physical  field  will  correspond  to  vertical  or 
horizontal  lines  in  the  transformed  field.  Also,  since  the  range  of  variation 
of  the  curvilinear  coordinate  varying  along  a  boundary  segment  has  been  made 
the  same  over  opposing  segments,  it  follows  that  the  transformed  field  will 
be  composed  of  rectangular  blocks . 

The  boundary  value  problem  in  the  transformed  field  then  involves  generating 
the  values  of  the  physical  cartesian  coordinates,  x(£,n)  and  y(£,n)<  in  the 
field  from  the  specified  boundary  values  of  x(£,n)  and  y(£,n)  on  the  rectangu¬ 
lar  boundary  of  the  transformed  field,  which  is  formed  of  segments  of  constant 
£  or  n,  i.e. ,  vertical  or  horizontal  lines. 
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Fig.  3. 


The  problem  is  thus  much  more  simple  in  the  transformed  plane,  since  the 
boundaries  there  are  all  rectangular.  The  computation  in  the  transformed 
plane  thus  is  on  a  square  grid  regardless  of  the  shape  of  the  physical 
boundaries. 

With  values  of  the  cartesian  coordinates  known  in  the  field  as  functions 
of  the  curvilinear  coordinates,  the  network  of  intersecting  lines  formed  by 
contours  (surfaces  in  3D)  on  which  a  curvilinear  coordinate  is  constant,  i.e., 
the  curvilinear  coordinate  system,  provides  the  needed  organization  of  the 
discretization  with  conformation  to  the  physical  boundary. 


Orthogonality  at  the  boundary 

It  is  also  possible,  of  course,  to  apply  Neumann  boundary  conditions, 
rather  than  Oirichlet,  for  the  cartesian  coordinates  on  the  boundaries  of  the 
transformed  region,  so  that  coordinate  lines  intersect  the  boundary  normally. 
This  amounts  to  leaving  the  points  of  intersection  of  the  curvilinear  coordinate 
lines  with  the  physical  boundary  free  to  move  along  that  boundary  with  the 
angle  of  intersection,  rather  them  the  location,  being  specified.  This 
condition  is  applied  by  requiring  that  the  dot  product  of  the  tangent  to  the 
intersecting  coordinate  line  with  the  tangents  to  the  coordinate  lines  on 
the  boundary  vanish.  This  condition,  together  with  the  ecviation  defining  the 
boundary,  serves  to  determine  the  coordinates  of  the  boundary  points  in 
the  course  of  the  generation  of  the  coordinate  system.  More  general 
generation  procedures  can  also  be  formulated  which  allow  specification  of  both 
the  coordinates  and  orthogonality  on  the  physical  boundary. 


TRANSFORMED  REGION  CONFIGURATIONS 

As  noted  above,  the  generation  of  the  curvilinear  coordinate  system  is 
done  by  devising  a  scheme  for  determination  of  the  field  values  of  the 
r^rtesi'. .  coordinates  from  specified  values  of  these  coordinates  (and/or 
curvilinear  coordinate  line  intersection  angles)  on  the  boundary  of  the 
transformed  region.  Since  the  boundary  of  the  transformed  region  is  comprised 
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of  horizontal  and  vertical  line  segments  corresponding  to  segments  of  the 
physical  boundary  on  which  a  curvilinear  coordinate  is  specified  to  be  constant, 
it  should  be  evident  that  the  configuration  of  the  coordinate  system  depends  on 
how  this  boundary  correspondence  is  made. 

Some  examples  of  different  configurations  are  given  below  from  which  more 
complex  configurations  can  be  inferred.  In  these  examples  only  a  minimum 
number  of  coordinate  lines  are  shown  in  the  interest  of  clarity  for  presenta¬ 
tion.  In  all  of  these  examples  boundary  values  of  the  physical  cartesian 
coordinate  (and/or  Neumann  boundary  conditions)  are  understood  to  be  specified 
jn  all  boundaries,  both  external  and  internal,  of  the  transformed  region 
except  for  segments  indicated  by  dotted  lines.  These  latter  segments  correspond 
to  branch  cuts  in  the  physical  plane  as  is  explained  in  connection  with  the 
occurrence  thereof  in  the  examples  given.  Such  re-entrant  boundary  segments 
always  occur  in  pairs,  the  members  of  which  are  indicated  on  each  of  the 
configurations  shown.  Points  outside  the  field  across  one  segment  of  such  a 
pair  are  coincident  with  points  inside  the  field  across  the  other  segment  in 
the  pair.  In  most  cases  an  example  of  an  actual  coordinate  system  is 
given  as  well,  and  other  examples  can  be  found  in  the  following  papers  of 
this  volume.  References  to  the  use  of  various  configurations  may  be  found  in 
Thompson,  et  al.  1 

Simply-connected  regions 

It  is  natural  to  define  the  same  curvilinear  coordinate  to  be  constant  on 
each  member  of  a  pair  of  generally  opposing  boundary  segments  in  the  physical 
plane.  Thus,  a  simply-connected  region  formed  by  four  curves  is  logically 
treated  by  transforming  to  an  empty  rectangle: 


region. 
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The  generalization  of  these  ideas  to  more  complicated  regions  is  obvious,  the 
transformed  region  being  composed  of  contiguous  rectangular  blocks. 

Note,  however,  that  the  physical  boundary  segment  on  which  a  single  curvi¬ 
linear  coordinate  is  constant  can  have  slope  discontinuities.  Therefore, 
the  L-shaped  region  above  could  have  been  considered  to  be  composed  of  four 
segments  instead  of  six,  so  that  the  transformed  region  becomes  a  simple 


Whether  or  not  the  boundary  slope  discontinuity  propagates  into  the  field, 
so  that  the  coordinate  lines  in  the  field  exhibit  a  slope  discontinuity, 
depends  on  how  the  coordinate  system  in  the  field  is  generated.  As  is 
discussed  in  a  later  paper  in  these  proceedings,  coordinate  systems  generated 
as  the  solution  of  elliptic  partial  differential  equations  do  not  show  such 
propagation  of  boundary  slope  discontinuities  into  the  field. 

Also,  it  is  not  necessary  that  boundary  slope  discontinuities  on  the 
physical  boundary  correspond  to  corners  on  the  boundary  of  the  transformed 
region,  and  a  counter-example  follows  next : 


In  this  case,  the  segment  1-2  on  the  physical  boundary  is  a  line  of  constant 
n,  while  the  segment  2-3  is  a  line  of  constant  £. 

Since  the  species  of  curvilinear  coordinate  necessarily  changes  at  a 
comer  on  the  transformed  boundary,  the  identification  of  a  comer  with  a 


One  possibility  is  to  maintain  the  connectivity  of  the  transformed  region 
the  same  as  that  of  the  physical  plane  as  in  the  following  examples  showing 
two  variations  of  this  approach,  using  interior  slabs  and  slits,  respectively, 
in  the  trams formed  region: 


Here  the  coincident  coordinate  lines  1-2  and  4-3  form  a  bramch  cut,  which 
becomes  re-entrant  boundaries  on  the  left  amd  right  sides  of  the  transformed 
region.  All  derivatives  are  continuous  across  this  cut,  so  that  points 
outside  the  right  side  boundary  in  the  tramsformed  region  are  the  same  as 
corresponding  points  on  the  same  horizontal  line  inside  the  left  side 
boundary,  and  vice  versa.  Boundary  values  are  not  specified  on  the  cut.  This 
cut  is,  of  course,  analogous  to  the  coincident  0  amd  2 i\  lines  in  a  cylindrical 
coordinate  system. 
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Another  possible 


This  type  of  configuration  is  often  called  an  0-type 

configuration  of  this  type  is  as  shown  below,  often  called  a  C-type. 

• _ _ » 


Here  the  two  members  of  the  pair  of  segments  forming  the  branch  cut  are  both 
on  the  same  coordinate  line,  and,  consequently,  points  located  below  the 
segment  1-2  on  the  left  portion  of  the  bottom  of  the  transformed  plane  coincide 
with  points  above  the  segment  4-3  located  a  corresponding  distance  to  the 
right  of  the  centerline. 

Regions  of  higher  connectivity  than  those  shown  above  are  treated  in  a 
similar  manner.  The  connectivity  may  be  maintained  as  in  the  following 

*r 


illustration: 
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Fig.  15. 

Here  one  slit  is  made  horizontal  and  one  vertical  just  for  generality  of 
illustration.  Both  could,  of  course,  be  of  the  same  orientation,  slabs, 
rather  them  slits,  could  also  have  been  used.  The  WESCOR  Code  of  Thompson 3 
is  applicable  to  two-dimensional  regions  with  any  number  of  interior 
obstacles  ernd/or  boundary  intrusions,  which  are  transformed  into  slits  and/or 
slabs  using  an  elliptic  generation  system. 

With  the  transformed  region  made  simply-connected  we  ha’< a ,  using  two 
branch  cuts,  a  configuration  related  to  the  O-type  shown  abovt  for  one 
internal  boundary. 
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Here  the  pairs  1-2,  8-7  and  3-4,  6-5  are  the  branch  cuts,  which  form  re-entrant 
boundaries  in  the  transformed  region  as  shown.  In  this  case  points  outside 
the  right  side  of  the  transformed  region  coincide  with  points  inside  the  left 
side,  and  vice  versa.  Also,  points  below  the  bottom  segment  3-4  to  the  left 
of  the  centerline  coincide  with  points  above  the  bottom  segment  6-5  an  equal 
distance  to  the  right  of  the  centerline.  Again,  all  derivatives  are  continuous 
across  both  of  the  cuts. 

There  are  a  number  of  other  possibilities  for  placement  of  the  two  cuts 
on  the  boundary  of  the  transformed  region.  The  TOMCAT  Code  of  Thompson, 
et  al.,1*  is  capable  of  treating  such  configurations  with  any  number  of 
interior  boundaries  and  any  placement  of  the  boundary  segments  on  the 
rectangular  exterior  boundary  of  the  transformed  region,  using  an  elliptic 
generation  system.  It  is  not  necessary  to  reduce  the  connectivity  of  the 
region  completely;  rather,  a  slit  or  slab  can  be  used  for  some  of  the 
interior  boundaries,  while  others  are  placed  on  the  exterior  boundary  of 
the  transformed  region. 

In  more  complicated  configurations,  one  type  of  coordinate  system  can  be 
embedded  in  another.  A  simple  example  of  this  is  shown  below,  where  a 
cylindrical-type  of  system  surrounding  an  internal  boundary  is  embedded 
in  a  system  of  a  more  rectangular  form; 
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Here  points  below  the  segment  11-12  are  coincident  with  points  below  the 
segment  10-9,  and  vice  versa,  with  similar  correspondence  for  the  pair  of 
segments,  13-14  and  6-5.  Points  to  the  left  of  the  segment  8-12  coincide  with 
points  to  the  right  of  the  segment  8-9  located  a  corresponding  distance  from  8. 
Similar  correspondence  holds  for  the  pair,  7-13  t  7-6.  Note  that  here 
boundary  values  are  specified  on  the  slit  8-7.  The  NUMESH  code  of  Coleman5 
is  designed  to  produce  embedded  systems  of  this  and  other  types  with  an 
elliptic  generation  system.  This  code  is  also  discussed  in  a  later  paper 
of  this  volume. 

An  example  of  a  C-type  system  embedded  in  another  C-type  system  is 
given  next: 


Fig.  18. 

Points  below  16-12  coincide  with  points  below  17-11  in  this  case.  Points 
to  the  left  of  15-12  are  coincident  with  points  to  the  right  of  15-11 
located  a  corresponding  distance  from  15.  The  slit  here  is  formed  of  the 
segments  8-15  and  9-15.  The  coincidents  points  11  and  12  here  must  be  taken 
as  a  point  boundary  in  the  physical  plane,  i.e.,  fixed  at  a  specified  value. 
Examples  of  this  type  of  embedding  of  coordinates  system  are  given  by 
Sorenson  elsewhere  in  this  volume,  using  extensions  of  the  GRAPE  code 


(Sorenson6)  based  on  an  elliptic  generation  system. 


An  alternative  arrangement  of  the  transformed  plane  that  corresponds  to 
exactly  the  same  coordinate  system  in  the  physical  plane  is  as  follows: 


Here  points  below  3-4  coincide  with  points  above  6-5  located  a  corresponding 
distance  to  the  right  of  the  centerline.  When  calculations  are  made  on 
or  above  the  segment  12-14  on  the  larger  block,  points  below  this  segment 
coincide  with  points  below  the  corresponding  segment  on  the  smaller  block. 
Similarly,  when  calculations  are  made  on  or  below  the  segment  13-11  on  the 
larger  block,  points  above  this  segment  coincide  with  points  below  the 
corresponding  segment  on  the  smaller  block.  Finally,  points  below  the 
segment  7-8  on  the  smaller  block  are  coincident  with  points  above  the 
segment  10-9  located  a  corresponding  distance  from  the  centerline.  This 
example  illustrates  that  transformed  plane  configurations  using  disjoint, 
but  connected,  blocks  can  be  rearranged  into  a  contiguous  region  which  may  be 
more  convenient  to  use. 

A  more  complicated  arrangement  of  cuts,  where  the  species  of  coordinate 
changes  on  a  continuous  line  as  the  cut  is  crossed,  is  illustrated  below. 

The  transformed  region  in  this  case  is  composed  of  three  disjoint  blocks 


Fig.  20! 


Here  points  outside  one  section  are  coincident  with  corresponding  points 
inside  the  adjacent  section. 


As  a  final  configuration  for  consideration  in  two  dimensions,  the  following 
example  shows  a  case  with  fewer  lines  on  one  side  of  a  slab  than  on  the  other. 
It  should  be  noted  that  this  does  not  necessitate  the  use  of  different 
increments  of  the  curvilinear  coordinates  in  the  difference  expressions, 
because  these  increments  always  cancel  out  anyway. 


Three-dimensional  regions 

These  general  concepts  illustrated  in  these  examples  extend  directly  to 
three  dimensions.  Interior  boundaries  in  the  transformed  region  can  become 
rectangular  solids  and  plates  corresponding  to  the  slabs  and  slits,  respectively, 
illustrated  above  for  two  dimensions .  An  early  example  of  the  use  of  plates 
was  given  by  Thames  in  Thompson,  et  al.®  The  use  of  three-dimensional 
configurations  comprised  of  contiguous  rectangular  solids  is  illustrated  by 
Coleman  in  a  later  paper  of  this  volume.  Some  three-dimensional  regions  can 
be  treated  by  stacking  two-dimensional  systems  generated  on  planes  or  sur¬ 
faces,  with  corresponding  points  connected  on  the  successive  surface  systems. 

It  is  also  possible  to  use  branch  cuts,  as  illustrated  above  for  two 
dimensions,  to  bring  the  interior  boundaries  in  the  physical  region  to  the 
exterior  boundary  of  the  transformed  region.  The  correspondence  between  the 
physical  and  transformed  planes  can,  however,  become  much  more  complicated 
in  three  dimensions,  and  considerable  ingenuity  may  be  required  to  visualize 
this  correspondence.  For  instance,  the  simple  case  of  polar  coordinates 
corresponds  to  a  rectangular  solid  with  two  opposing  sides  having  the  radial 
coordinate  constant  thereon,  and  two  re-entrant  sides  on  which  the  longitude 
is  constant  at  0  and  2* ,  respectively  (corresponding  to  the  cut).  The 
remaining  two  sides  correspond  to  the  north  and  south  polar  axes,  so  that  an 
axi3  opens  to  cover  an  entire  side.  There  is  thus  a  line,  i.e.,  the  axis,  in 
the  physical  region  that  corresponds  to  an  entire  side  in  the  transformed 
region.  An  example  of  another  arrangement  appears  below  from  Mastin  and 
Thompson9,  which  is  comprised  of  three  disjoint  blocks  connected  by  cuts 


as  shown. 
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Fig.  22. 

SPECIAL  GRID  POINTS 

Several  of  the  configurations  discussed  above  involve  boundary  points 
that  differ  from  the  usual  point  formed  simply  by  the  intersection  of  two 
coordinate  lines  of  different  species,  since  these  points  are  specified 
boundary  points,  they  require  no  special  treatment  in  the  generation  of 
the  coordinate  system  with  Dirichlet  boundary  conditions.  However,  special 
treatment  is  necessary  at  such  points  with  Neumann  boundary  conditions  and 
in  the  difference  representations  for  a  numerical  solution  to  be  done  on  the 
coordinate  system. 

Corners 

In  the  case  of  a  concave  (to  the  field)  comer  in  the  transformed  plane 
corresponding  to  a  point  on  a  smooth  physical  boundary,  e.g.,  points  1,  2, 

3,  and  4  in  Fig.  7,  the  situation  is  as  illustrated  below: 


1 

Fig.  23. 

Here  the  problem  is  that  the  species  of  coordinate  line  changes  at  the  point 
in  question.  This  case  can  be  treated  by  considering  the  dotted  lines  to 
represent  a  local  pair  of  coordinate  lines,  so  that  locally  the  derivatives 
of  one  species  are  taken  along  the  line  with  the  closed  circles ,  while  those 
of  the  other  species  are  taken  along  the  line  with  the  open  circles. 

The  use  of  slits  in  the  transformed  plane  introduces  a  peculiar  point 
where  two  lines  of  the  same  species  meet,  e.g.,  point  9  i>.  ig.  10: 
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Again  a  logical  procedure  is  to  use  a  local  coordinate  system  formed  of  the 
dotted  lines,  with  derivatives  of  one  species  being  represented  locally  along 
the  line  with  the  closed  circles  and  those  of  the  other  along  the  line 
with  the  open  circles.  This  same  situation  also  occurs  for  configurations 
having  a  boundary  segment  and  a  branch  cut  on  the  same  curvilinear 
coordinate  line,  i.e.,  on  the  same  side  of  the  transformed  region  as  in  the 
C-type  configuration  of  Fig.  14. 

A  convex  corner  in  the  transformed  region,  such  as  occurs  when  rectangular 
interior  boundaries  are  used  therein  (points  5,  6,  7,  and  8  in  Fig.  11) 
produces  the  following  configuration: 


Here  again  a  local  coordinate  system  indicated  by  the  dotted  lines  can  be 
used  in  the  same  manner  as  discussed  above. 

Branch  cuts 

Points  on  re-entrant  boundaries  in  the  transformed  region,  i.e.,  on 
branch  cuts  in  the  physical  region,  are  not  peculiar  points  in  the  above 
sense.  Such  points,  in  fact,  differ  no  more  from  the  other  field  points 
than  do  the  points  on  the  0  and  2tt  lines  in  a  cylindrical  coordinate  system. 
Care  must  be  taken,  however,  to  identify  the  interior  points  coinciding  with 
the  extensions  from  such  points  beyond  the  field.  This  correspondence 
was  noted  above  in  each  of  the  configurations  shown.  There  are  essentially 
three  types  of  pairs  of  re-entrant  boundaries  as  shown  below  in  the  discussion 
of  derivative  correspondence.  One  exterior  point  and  its  corresponding 
interior  point  are  shown  for  each  case.  The  converse  of  the  correspondence 
should  be  evident  in  each  configuration.  Note  that  while  in  the  first  and 
last  cases  the  coincident  points  are  on  the  same  coordinate  line,  in  the 
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second  case  the  coincident  points  are  on  the  same  species  of  line,  but 
at  mirror-image  distances  from  the  ends  of  the  re-entrant  segments. 

For  the  configuration  of  Fig.  20,  involving  a  change  in  the  coordinate 
species  at  the  cuts,  not  only  must  the  directions  be  taken  into  account  as 
the  cut  is  crossed  but  also  the  coordinate  species  must  be  interpreted 
differently  from  that  established  across  the  cut  in  order  to  remain  on  the 
same  sheet  as  the  cut  is  crossed.  For  example,  points  on  an  n-line  belonging 
to  section  1  but  located  outside  the  right  side  of  this  region  are  coincident 
with  points  on  a  4-line  of  region  2  at  a  corresponding  distance  below  the  top 
of  this  region. 

Derivative  correspondence  across  cuts 

Care  must  be  taken  at  branch  cuts  to  express  derivatives  of  the  coordinates 
correctly  in  relation  to  the  particular  side  of  the  cut  on  which  the  site  of 
the  computation  is  located.  The  existence  of  branch  cuts  indicates  that  the 
transformed  region  is  multi-sheeted,  and  computations  must  remain  on  the 
same  sheet  as  the  cut  is  crossed.  As  noted  above,  points  outside  the 
region  across  a  cut  are  coincident  with  points  inside  the  region  across  the 
other  member  of  the  pair  of  boundary  segments  corresponding  to  the  cut  in 
the  transformed  region.  The  positive  directions  of  the  curvilinear  coordinates 
to  be  used  at  these  points  inside  the  region  across  the  other  member  of  the 
pair  in  some  cases  are  the  same  as  the  defined  directions  there,  but  in  other 
cases  are  the  opposite  directions. 

For  cuts  located  on  opposing  sides  of  the  transformed  region,  the  proper 
form  is  simply  a  continuation  across  the  cut.  Tims  in  the  configuration  of 
Fig.  13,  with  a  computation  site  on  the  right  side  of  the  transformed  region, 
i.e.,  on  the  upper  side  of  the  cut  in  the  physical  plane,  we  have  points 
to  the  right  if  the  site  (above  the  cut  in  the  physical  plane)  coinciding 
with  points  to  the  right  of  the  left  side  of  the  transformed  region 
(below  the  cut  in  the  physical  plane)  as  noted  above.  When  ^-derivatives  and 
n-derivatives  for  use  to  the  right  of  the  right  side  of  the  transformed 
region  are  calculated  to  the  right  of  the  left  side,  the  positive  directions 
of  4  and  n  are  to  the  right  and  upward,  respectively.  This  is  illustrated 
below.  (In  this  and  the  following  two  figures,  the  dotted  arrows  indicate 
the  proper  directions  to  be  used  at  the  interior  points  coincident  with  the 
required  exterior  points,  while  solid  arrows  indicate  the  established 
directions  for  the  coordinate  lines. 


With  the  two  sides  of  the  cut  both  located  on  the  same  coordinate  line, 
i.e.,  on  the  same  side  of  the  transformed  region  as  in  the  configuration  of 
Fig.  14,  however,  the  situation  is  not  as  simple  as  the  above.  In  this  case, 
when  the  computation  site  is  on  the  left  branch  of  the  cut  in  the  transformed 
region  (on  the  lower  branch  in  the  physical  region) ,  the  points  below  this 
boundary  in  the  transformed  region  coincide  with  points  located  above  the  right 
branch  of  the  cut  (above  the  cut  in  the  physical  region) ,  as  has  been  noted 
earlier.  The  n-derivatives  for  use  at  such  points  below  the  left  branch  are 
thus  calculated  at  these  corresponding  points  above  the  right  branch.  The 
positive  direction  of  n  for  purposes  of  this  calculation  of  derivatives  above 
the  right  branch  for  use  below  the  left  branch  must  be  taken  as  downward,  not 
upward.  There  is  a  similar  reversal  in  the  interpretation  of  the  positive 
direction  of  (  when  derivatives  are  calculated  above  the  right  branch  for  use 
below  the  left.  These  interpretations  are  illustrated  below: 


Finally,  in  the  configuration  of  Fig.  17,  where  the  two  sides  of  the  cut 
face  each  other  across  a  void,  there  is  really  no  problem  of  interpretation 
since  the  directions  in  the  configuration  are  treated  simply  as  if  the  void 
did  not  exist.  This  correspondence  is  as  shown  below: 


In  all  cases ,  the  interpretation  of  the  positive  directions  of  the 
curvilinear  coordinates  must  be  such  as  to  preserve  the  direction  in  the 
physical  region  as  the  cut  is  crossed.  Thus  in  the  case  of  Fig.  20,  where  the 
coordinate  species  changes  at  the  cut,  the  situation  is  more  complicated. 

Here,  for  example ,  a  (-derivative  for  use  in  region  1  outside  the  right  side 
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of  that  region  must  be  evaluated  as  a  negative  n-derivative  at  a  corresponding 
point  below  the  top  of  region  2: 


Fig.  29. 

TRANSFORMATION  RELATIONS 

Numerical  solutions  of  partial  differential  equations  on  regions  of 
arbitrary  shape  can  be  constructed  by  transforming  the  equations  to  the 
curvilinear  coordinate  system.  All  computation  then  can  be  done  in  the 
transformed  region,  with  the  curvilinear  coordinates  as  the  independent 
variables,  which  is  inherently  rectangular  with  a  fixed  square  grid 
regardless  of  the  shape  or  motion  of  the  physical  boundary.  In  this  section 
the  transformation  relations  from  the  cartesian  system  of  the  physical  plane 
to  a  general  three-dimensional  curvilinear  coordinate  system  are  given.  In 
a  numerical  solution  the  curvilinear  derivatives  in  these  expressions  are 
represented  by  difference  expressions  along  coordinate  lines,  as  diagrammed 
below: 


Fig.  30. 

All  derivative  operations  may  thus  be  expressed  in  terms  of  points  on  the 
coordinate  lines,  using  the  transformation  relations,  without  need  of 
interpolation.  The  transformed  equations  will  contain  more  terms,  but  the 
expression  of  boundary  conditions  is  greatly  simplified. 

The  general  framework  discussed  in  this  section  is  set  in  standard  tensor 
notation.  The  development  of  many  of  the  relations  given  is  necessarily 
omitted  in  the  interest  of  space,  and  reference  can  be  made  to  Eiseman10  and 
Marsi  1 1  for  more  detail  of  tensor  usage. 
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The  geometric  meaning  of  some  of  the  metric  quantities  is  worth  noting 
here,  however:  the  quantity  g. .  is  proportional  to  the  cosine  of  the 
angle  between  a  coordinate  line  along  which  the  curvilinear  coordinate  Z 
varies  (the  other  two  coordinates  being  constant  along  such  a  line)  and  a 
coordinate  line  along  which  Z^  varies.  Thus  g^  vanishes  for  i  j  for  an 
orthogonal  system.  The  quantity  /g  ~  (no  summation)  is  proportional  to 
the  arc  length  along  this  coordinate  line  along  which  Z1  varies.  Then  the 
arc  length  along  a  general  curve  (not  necessarily  a  coordinate  line)  is  given 
by 

(ds)2  »£Ig..  d^d^ 
i  j  13 

The  quantity  /g  is  the  familiar  Jacobian  of  the  transformation  which  measures 
the  volume  of  a  cell  in  3D  (area  in  2D).  Finally,  the  cell  aspect  ratio, 


-  (no  summation) ,  measures  the  ratio  of  the  lengths  of  the  cell  sides. 

9jj 

Throughout  the  discussions,  "C1-line"  refers  to  a  line  on  which  the  coordinate 
C1  is  constant. 


Base  vectors,  tangents,  normals,  area,  and  volume 

To  establish  the  terminology,  consider  the  following  general  element 
bounded  by  six  curved  sides,  each  of  which  lies  on  a  surface  on  which  one 
of  the  curvilinear  coordinates  Z  is  constant: 


Fig.  31. 

Here  the  unit  tangent  vector  to  the  line  formed  by  the  intersection  of  surfaces 

of  constant  curvilinear  coordinate  are  indicated,  as  well  as  the  unit  normal 

vectors  to  such  surfaces.  The  positive  direction  in  each  case  is  in  the 

(£*) 

direction  of  increasing  coordinate  values.  Note  that  the  tangent,  t  s  ,  is 

tangent  to  the  line  of  intersection  of  the  surface  of  constant  £2  and  that 
,  lei) 

of  constant  Z  >  etc •  The  normal  n  ,  is  perpendicular  to  the  surface  of 
constant  51,  etc. 

Here  the  repeated  index  summation  convention  will  not  be  used,  rather  all 
summations  will  be  explicitly  indicated.  The  values  taken  by  all  indices  are 
assumed  to  be  1,  2,  3,  of  course. 
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Base  vectorg,  tangents. 


general  point  (x^  x2»  x^) , 


and  normals.  With  r 
the  unit  tangent  and 


the  position  vector  of  a 
normal  vectors  are  given  by 
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dr 
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3r 

3r 
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3£3 
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where  the  indices  (i,  j,  k)  occur  in  cyclic  order  in  Eq.(2).  These  unit 
vectors  have  the  directions  of  the  covariant  and  contravariant  base  vectors 
which  are  defined,  respectively,  as 


3x 
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(5) 


(6) 


the  elements  of  the  metric  tensor  are  defined  in  terms  of  the  base  vectors 


gij  5  V 


(7) 


It  is  convenient  to  introduce  also  the  elements  of  the  inverse  of  the  metric 
tensor : 
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g£i  =  —  18  .6  •  =  —  (g  .g  .  -  g  .g  .) 
g  ri  n  g  mj’nk  nk  n] 


(8) 


The  arc  length  along  the  i  line  is 


ds 


3r 


H 


=  *g.  . 

ii 


The  unit  tangent  and  normal  may  then  be  written  as 


,,i.  (a.)  . 

(tu  )>.  - 
D 


/g.  . 


dx. 


^ii 


(9) 


(10) 


<n(*\ 


/  i i  / ii 

g  gg 


(ii) 


so  that  the  unit  tangent  and  normal  have  the  directions  of  the  covariant  and 
contravariant  base  vectors,  respectively. 

Area.  The  area  of  a  side  of  the  element  lying  on  a  surface  of  constant  £* 


dS 


(C1) 


3r  3r 
3Cj  3^ 


_rj ..k  / ii  ..j ,rk 

dtjdl  -  gg  dfJd6 


(12) 


Volume.  The  volume  of  the  element  is  given  by 


3r  3r  3r 

dV  -  ■  (-^r-  »  -^d^d^dC  *=  •'g  dCdrar 

3C1  3C3  ii 


(13) 


Divergence,  gradient,  curl  and  Laplaclan 

With  these  relations,  the  Divergence  Theorem, 
be  applied  to  the  element  as  follows.  Thus 


,  |j  V  •  AdV  -  f  A 


•  ndS,  c..n 


(V  •  A)/g  d^d^dS3  -  k||a  •  n(?  ’dS^  5  -  ||a  •  n<?  ’dS(?  ’) 

1  <cV  (I1)’ 

where  the  notation  (i^)  +  and  ( i S  indicatesthe  corresponding  sides  of  the 
elements  that  are  located  at  the  larger  and  smaller  values  of  i^ ,  respectively. 
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(£^)  (f1) 

Substitution  for  n  and  dS  from  Eq. (11)  and  (12)  then  yields 


HI (7  •  A)  /j  d51d52dC3  = 


E(|  A  •  a1  Sg  d5jd5k  -  ||a  •  a1  d5jd5k> 


(5V 


<5V 


where  (i,  j,  k)  are  cyclic. 

Divergence .  In  the  limit,  this  reduces  to  the  general  geometrically 
conservative  expression  for  the  divergence  in  the  curvilinear  coordinates: 


*  1  r  3  ,  r~  „  i.  1  v  -  3 

•  A  =  —  E  — :  (/g  A  •  a  )  *  —  EE 


Jq  i  3C1 


.  (6. .A.) 
^  i  5  351  3 


(14) 


The  geometrically  non-conservative  form  of  the  divergence  is  obtained 
from  Eq. (14)  by  expanding  the  derivative  and  noting  that 
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E  —  (/g  a1)  -  E  — 

i  35  '  i  35 


U 


(15) 


Thus  the  non-conservative  form  of  the  divergence  is 


3A 


V  ‘  A  =  E  a 
i  ' 


35 


3A^ 
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»  —  E  E  8 


(16) 


Gradient.  With  A.  =  f  and  A  »  A  «  0,  with  (1,  ra,  n)  cyclic,  we  have 
— —  K.  bi  n 

from  Eq. (14)  the  conservative  expression  for  the  gradient: 


<Vf,i  "  if-  -  “  r  “T  (Buf) 

'  1  3  i  i  351  1 


(17) 


and  from  Eq. (16)  the  corresponding  non-conservative  form 
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It  may  be  noted  from  Eq. (18) ,  with  f  =  5J ,  that 


3£ 

3x 
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(19) 


fl 


which  again  identifies  the  contravariant  base  vectors  as  normals  to  the 
coordinate  surfaces. 

Curl.  The  conservative  and  non-conservative  forms  for  the  curl  then 

are 

(V  x  a)  =  —  Z  (/J  a1  *  A) 

'  -  ^  i  3Cl  '  ' 
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and 
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Laplacian.  The  forms  for  the  Laplacian  then  are  obtained  by  substituting 
A  =  Vf  from  Eq.  (17)  or  (18)  into  Eq.  (14)  or  (16),  respectively.  Thus  the 
conservative  form  is 


V2f  -  i  E  £  I  ~  l-i;  eki  ~  tB  £)] 
^  i  j  ucl  G  kL  35j  kj 


With  the  derivatives  expanded  the  non-conservative  form  is 


(22) 


J 


v!f  >  n  gij  — ~  -  +  E  (V2^1)  —■ 
i  j  35  3C3  i  35 


with 


v^1  Bk  -2j  (jz  \L) 

J?  j  k  3  353  <^g 


(23) 


normal  and  tangential  derivatives,  integrals 

normal  derivative.  From  Eq. (11)  and  (17) ,  the  geometrically  conservative 
expression  for  the  normal  derivative  on  a  5^  surface  is 


3f.  (51)  _  .(i1) 
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r  - .  .  ki  k£ 

/  xi  k  2  3£ 

g  g 

while  from  Eq. (18)  the  corresponding  non-conservative  expression  is 
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Tangential  derivative.  The  tangential  derivative  on  a  5 1  line  in 
geometrically  conservative  form  is,  using  Eq.  (10)  and  (17) , 
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(M)U1)  .  . 


3t 


Vf 


g  g 


—  z  r  ~i  ~T  (ek£f) 
ii  k  £  3£  3£ 


and  in  non-conservative  form. 


(26) 
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Line  integral.  The  line  integral  along  an  increment  of  a  line  is 

3x 


(27) 
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Surface  integral.  Returning  to  the  Divergence  Theorem,  it  follows  from 
Eq. (14)  that  in  the  limit  the  surface  integral  is  expressed  in  conservative 
form,  with  A  replaced  by  a  tensor,  as 


l  ([  T  n  dS  -  £  L  [8..T.  JAC'AC^C3 

j  JJ  KJ  1  i  j  3S1  31  13 

s 

and  the  non-conservative  form  is 

E  [f  T.  .n.ds  »  Z  Z  6..  — r^- 
j  iis  k3  3  n  31  35i 

Volume  integral.  From  Eq.(13),  the  volume  integral  is  simply 
||j  T^.dV  =  Tfc.  /g  A?!A«2AC3 


(29) 
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Two-dimensional  relations 

In  two  dimensions  we  have,  with  k  the  unit  vector  in  the  direction  of 
invariance  and  5  3  the  curvilinear  coordinate  in  this  direction, 

3r 

- 

Metric  elements.  Then  with  5  5  C1,  n  =  C2  and  x  =  x1,  y  =  x2  for 
convenience,  we  have 


911  *  V  +  yC2  '  g22  -  xn2  +  '  *33  =  1 


gl2  =  g21  -  XCXn  +  Vn  '  gl3  ■  g31  ■  923  =  g32  “  ° 


Then 


4  “  Vn  "  W  “d  6H  “  yn  '  B22  *  XC  '  S33  “  ^  ,  B12  -  -ye 


B21  ”  “Xn  '  S13  =  B31  “  B23  ®32  “  ° 


so  that 


11  ^22  22  *11  33  _  12  21  *12 

g  -  —  ,  g  -  —  ,g  =  i  .  g  =  g  — 


13  31  23  32 

g  =  g  »g  =  g  =  o 


The  following  two-dimensional  forms  then  result: 
Divergence,  (conservative) 

V  •  A  *  —  [  (y  A  -  X  A  )  +  <-yrA,  +  X  A  ) 

-  -  n  1  n  !  5  'U  5  2  n 

(non-conservative) 

V  •  A  ■  —  [y  (A  ).  -  X  (A  )  ,  -  y  (A  )  +  x  (A  )  ] 


IJ  -  •  r  '  '  r  Jr'  '  « 

^r-nxC  25  Cin 


2  n 


Gradient,  (conservative) 


(32) 


(33) 


(34a) 


*v  W 


(non-conservative) 


^  *  —  <y  f  -  y  £  } 


fv  *  —  (-x  f  +  x,f  ) 

y  ^  n  5  (n 


Curl-  (conservative) 

-XA*rl(^  +  We  '  <V2  +  Wn] 


(non-conservative) 

k 


Laplacian-  (conservative) 


V2f 


^'."VVV1,1 


- x_[-(x  f)t  +  (xrf)  ] 

^  n  n  5  5  n1 


-U 


-  <Yr«J 


£•«'»»  «  ^  n 


^V(“*nf)t+  'V1,1 


(non-conservative) 


,2‘  V,[« 


+  <x£2  +  y£2)fnJ  +  (y2c)ff  +  (v^Jf 
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Normal  derivative,  (conservative) 


f  - - 1 -  [v  !(y  f).  -  (y,f>  J 

»«>  ^  n  C  C  n 


X  (-(x  f)  +  (x  f)  )] 

n  n  £ 


f  „  - i -  (-y.|(y  f),  -  (y,f )J 

n(n)  G  /x^  +  y? 7  5  n  5  C  n 


+  x5[-(xnf)c  ♦  (*€«nll 


(non-conservative) 

f  „  - i -  ((X  2  +  y  2)tr  -  ( x rx  +  yry„)fj 

nlt)  4  /x  2  rr*  n  n  ^  5  n  C  n  n 

.  n  n 

f  ,  - 1 -  [-(x.x  ♦  y,y  )f,  ♦  lx,2  +  yr2>fj 

n<n>  ^  C  n  5  n  4  C  C  n 

Tangential  derivative,  (conservative) 

f  (c) l  Wc  -  W  -  yCt(xnf,C  -  W 

r  Cn)  ’  r4== i  lXn[<yn£><  "  W  '  y'W,l  ’  W1 

x  +  y^ 

(non-conservative) 


V° '  ^7^7 fc 


f ,  - . _  { 

Ttn  /x^2  +  y^  0 


i  & 
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Line  integral. 


T.  .dx  =  T,  .  (x,A£  +  x  An) 
k]  k;  5  n 


I V* 


Tkj  <  V5  +  Vn) 


Surface  integral. 


*  11  Vi-8  =  [(ynTkl  -  Vk2>5  •  (yCTkl  -  Vk2>n]&5Ari 

3  s 


Volume  integral. 


T.  .dl/  -  T,  .  /q  A5An 
k}  kj 


Time  derivatives 

With  a  moving  coordinate  system  the  time  derivatives  transform  as  follows: 


X1'X2'X3 


.3f,  r  ,9f_, 

V3t'  1  ,2  3  ”  7  dX. ' 

^  rC  t  i  X^.  'Xj^rt 


3x. 

( — -) 

at  i  2  3 

5  ,r,t 


with  (i,  j,  k)  cyclic  and  - —  given  by  Eq. (17)  or  (18).  Here  it  must  be 

OX  . 

1 

noted  that  the  partial  time  derivative  on  the  left  is  at  a  fixed  point  in  the 
physical  region,  while  that  on  the  right  is  at  a  fixed  point  in  the  transformed 
region.  The  movement  of  the  coordinate  system  is  accounted  for  by  the  time 
derivatives  of  the  cartesian  coordinates  that  appear  on  the  right.  It  is 
thus  possible  to  do  all  computation  on  a  fixed  grid  in  the  transformed 
region  regardless  of  the  movement  of  the  boundaries  and  the  grid  points  in 
the  physical  region.  A  number  of  references  to  the  use  of  time-dependent 
coordinate  systems  is  given  in  Thompson,  et  al.1 

CONCLUSION 

The  material  of  this  paper  is  applicable  to  general  boundary-conforming 
coordinate  systems,  regardless  of  how  such  systems  are  generated.  The 


configurations  and  transformation  relations  given  thus  can  serve  as  the 
basis  for  the  use  of  any  of  the  systems  discussed  in  this  volume.  Different 
configurations  of  the  transformed  region  are  naturally  more  appropriate  to 
different  physical  problems.  The  coordinate  lines  must  be  concentrated 
in  regions  of  large  variations  in  the  physical  solution  to  be  done  on  the 
coordinate  system,  and  the  ultimate  goal  is  to  have  this  need  sensed  and 
fulfilled  automatically  as  a  part  of  the  solution,  so  that  the  coordinate 
systems  continuously  adjust  to  adapt  to  the  developing  physical  solution. 

These  topics  are  discussed  specifically  elsewhere  in  this  volume.  Further 
discussions  of  the  concepts  of  tensor  and  differential  geometry  as  related 
to  coordinate  system  generation  have  been  given  by  Eiseman10  and  Warsi11. 

Using  the  transformation  relations  given,  all  derivatives  or  integrals 
in  a  system  of  equations  to  be  solved  for  some  physical  problem  can  be 
expressed  with  the  curvilinear  coordinates  as  the  independent  variables. 

A  numerical  solution  can  then  be  constructed  in  which  all  computation  is 
done  on  a  fixed  square  grid  in  the  trans formed  region  regardless  of  the 
shape  or  motion  of  the  physical  boundaries.  Although  much  of  the  impetus 
for  the  development  of  boundary-conforming  coordinate  systems  has  come  from 
fluid  mechanics,  the  techniques  are  applicable  to  field  solutions  in  all 
areas.  A  number  of  such  applications  are  discussed  in  the  papers  of  this 
volume.  An  extensive  survey  of  coordinate  system  generation  techniques 
and  the  use  thereof  in  numerical  solutions  of  partial  differential 
equations  has  recently  been  given  by  Thompson,  et  al.1 
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INTRODUCTION 

X^The  choice  of  a  curvilinear  coordinate  system  can  have  a  substantial  effect 
on  the  error  in  the  numerical  solution  of  a  partial  differential  equation.  The 
truncation  error  is  dependent  not  only  on  the  higher  order  derivatives  of  the 
solution  and  the  local  grid  spacing,  but  also  on  the  rate-of-change  of  the  grid 
spacing  and  on  the  departure  of  the  grid  from  orthogonal ity.'The  effect  of  a 
nonuniform  grid  in  one-dimension  was  analyzed  by  Kalnay  de  Rivas  That 
analysis  explained  the  reason  for  the  poor  results  obtained  by  Crowder  and _ 

O  *  ~~ - -r 

Dalton  when  the  grid  spacing  changed  suddenly.^  The  coordinate  system  influ¬ 
ences  the  smoothness  as  well  as  the  accuracy  of  the  numerical  solution.  This 
fact  is  evident  by  recalling  the  general  principal  that  the  smoothness  of  the 
solution  of  a  partial  differential  equation  depends  on  the  smoothness  of  the 
coefficients. 

The  coefficients  of  the  equation,  in  terms  of  curvilinear  coordinates,  depend 
on  the  derivatives  of  the  functions  defining  the  coordinate  system.  Examples 

where  lack  of  smoothness  can  be  traced  to  the  coordinate  system  appear  in 

3  4  5 

papers. by  Shang  ,  Dwyer,  Kee,  and  Sanders  and  McCrory  and  Orszag  . 

O  This  report  will  analyze  the  local  truncation  error  in  the  approximation  of 
first  and  second  order  derivatives  on  a  curvilinear  grid.  Standard  second  order 
central  differences  have  been  used.  An  analogous  development  could  be  carried 
out  using  one-sided  or  higher  order  difference  approximations.  While  only  two- 
dimensional  grids  are  considered  most  results  can  be  extended  in  an  obvious 
manner  to  three  dimensions.  < 

DERIVATIVE  APPROXIMATIONS 

The  traditional  approach  in  deriving  difference  equations  on  a  curvilinear 
coordinate  system  is  by  applying  the  chain  rule.  The  derivatives  of  a  function 
f  in  terms  of  the  computational  Cn  -  variables  are  related  to  the  derivatives 
with  respect  to  the  physical  xy  -  variables  by  the  following  equations. 


* 
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(1) 

(2) 

(3) 


f£  =  Vx  +  Vy 

f££  =  X££fx  +  y££fy  +  XC2fxx  +  2x£y£fxy  +  y£2fyy 


£n 


x,  f  +  y„  f  +  x,x  f  +  (x,y  +  x  y  If  +  y  v  f 
£n  x  J£n  y  £  n  xx  C  n  nJ£  xy  JtJn  yy 


Analogous  equations  hold  for  f  and  f^  giving  a  total  of  5  equations  from  which 
one  can  derive  expressions  for  the  derivatives  of  f  with  respect  to  x  and  y  in 
terms  of  derivatives  of  f,  x,  and  y  with  respect  to  the  computational  variables 
£  and  n-  The  derivatives  of  f  with  respect  to  the  computational  variables  can 
now  be  approximated  using  differences  on  a  uniform  rectangular  grid.  The  der¬ 
ivatives  of  x  and  y  may  be  computed  exactly  or  approximated,  depending  on 
whether  the  coordinate  system  is  defined  analytically  or  numerically.  Since 
the  error  analysis  is  essentially  the  same  in  both  cases,  the  subscripts  £  and 
n  may  denote  either  derivatives  of  differences  except  where  specifically  noted. 

Suppose  a  square  mesh  of  unit  width  is  constructed  on  the  computational 
region.  When  first  order  derivatives  of  f  are  approximated  by  central  differ¬ 
ences,  the  principal  part  of  the  local  truncation  error  for  f^  is  given  by 


I  f 

6  T£££- 


This  derivative  can  be  expanded  in  terms  of  physical  derivatives.  If  all  third 
order  derivatives  are  assumed  to  be  small  and  all  other  terms  retained,  we 
arrive  at  the  following  expression  for  the  difference  approximation  of  f^. 


f  - 


X£fx 


+  Vy  +  Kx££fxx  + 


Ky££  +  y£x££)fxy  +  ?V££fyy  (4) 


In  this  equation,  and  the  second  order  difference  approximations  to  follow,  the 
subscript  on  the  left  denotes  a  difference  rather  than  a  derivative.  Thus,  it 
is  easily  shown  that  the  use  of  (1)  in  deriving  difference  approximations  re¬ 
sults  in  a  truncation  error  which  is  0(h),  where  h  is  the  local  grid  spacing, 
provided  the  following  condition  is  satisfied. 


h 

J 


2 


0(1) 


J  = 


xv  -  x  y,. 
£Jn  n  £ 


where 
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Note  that  the  validity  of  this  result  depends  on  the  first  and  second  order 
derivatives  of  x  and  y  being  0(h)  and  the  third  order  derivatives  being  0(h  ). 
This  restriction  does  not  apply  when  differences  of  x  and  y  are  used. 

A  similar  expansion  for  the  second  order  difference  approximations  f  and 

f  can  be  derived  by  considering  equation  (2)  and  the  principal  truncation 
error.  Again  neglecting  terms  with  third  or  higher  derivatives,  we  arrive  at 


f«  *  Vx  +  Vy  +  (?x«2  +  x/)fxx  +  <K«y«  +  2Vc)fxy 
+  l4ycc  +  *£  )fyy’ 


(5) 


fcn  -  Vx  +  Vy  +  <  Yn  +  K/x)fxx  +  <Yn  +  Vt  +  K/y  +  K/X,fxy 


+  {ycyn  +  Knv2y)f 


yy 


(6) 


These  same  relations  hold  whether  derivatives  or  differences  are  used  provided 
the  following  approximation  for  the  Laplacian  is  understood  in  (6). 


v2x(c,n)  =  ^{x(c  +  1 . 


+  1 )  +  x(c  +  1 ,  n  -  1 )  +  x(t  -  1,  n  +  1) 


+  x(£  -  1,  n  -  1)  -  4xU,n)] 


The  approximations  (5)  and  (6)  presume  that  third  and  fourth  order  derivatives 
of  x  and  y  are  of  order  0(h  )  and  0(h),  respectively.  If  differences  are  used 
(5)  holds  without  restrictions  while  certain  third  order  differences  must  be 
0(h  )  in  (6).  These  approximations  imply  that  the  use  of  (1),  (2),  and  (3)  ii\ 
deriving  second  order  derivative  approximations  results  in  a  truncation  error 
of  0(1). 

From  the  above  analysis,  it  is  observed  that  unless  care  is  exercised  in 
selecting  the  coordinate  system,  the  usual  difference  methods  for  first  order 
partial  differential  equations  will  be  only  first  order  accurate  and  those  for 
second  order  equations  will  be  inconsistent.  However,  the  truncation  error  for 
first  and  second  order  derivatives  can  be  increased  to  0(h)  and  0(h),  respec¬ 
tively,  if  the  second  order  derivatives  of  x  and  y  are  assumed  to  be  0(h2). 

This  effectively  limits  the  rate  of  change  in  coordinate  line  spacing  and  the 
curvature  of  coordinate  lines.  Alternately,  equations  (4),  (5),  and  (6)  can  be 

used  to  derive  difference  approximations  for  the  derivatives  of  f  with  the  same 

2 

accuracy.  It  also  follows  that  truncation  errors  of  0(b  )  and  0(h)  are  the  best 
that  can  be  achieved  for  first  and  second  order  derivatives  using  only  a  nine 


'v 


34 


point  difference  molecule  on  an  arbitrary  grid. 

The  major  factor  in  the  selection  of  a  curvilinear  coordinate  system  is  the 
shape  of  the  physical  region.  Based  on  our  analysis,  other  properties  would  be 
desireable.  From  equation  (5)  one  would  certainly  desire  the  condition 


a 


4(x, 


y/) 


which  has  a  simple  geometric  interpretation  when  differences  are  assumed.  This 
means  that  the  angle  formed  by  connecting  the  successive  points 


(x(c  -  1,  n),  y(c  -  1,  n)) 
(xU.n),  y(€.n)) 

(x(c  +  1,  n),  y(t  +  1,  n)) 


is  greater  than  90  degrees.  This  condition  could  be  checked  by  inspection  of 
the  grid  and  would  most  likely  be  avoided  by  using  a  smooth  coordinate  system 
and  clustering  grid  points  near  re-entrant  boundary  points  of  the  physical 
region.  A  more  restrictive  upper  bound  on  the  second  order  derivatives  may  be 
more  difficult  to  enforce.  For  example,  if  we  consider  the  simple  exponential 
mapping 


then 


The  grid  spacing  with  this  one-dimensional  mapping  Increases  by  a  factor  of  e 
at  each  step.  Such  rapid  expansion  of  grid  spacing  should  only  be  used  in 
regions  where  it  is  know  that  the  second  order  partial  derivatives  of  the  solu¬ 
tion  will  be  relatively  small. 

We  will  now  mention  briefly  some  similar  results  which  are  valid  for  other 
commonly  used  difference  approximations.  When  solving  second  order  equations, 
terms  of  the  following  type  are  often  encountered. 


(uVx* 


(ufx)y,  (uf  )x. 


(uVy 


Each  of  these  can  be  expressed  in  terms  of  computational  derivatives  by  formulas 
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i“V, '  x'Hr  «Vt  -  &  “•„><]  -  "V. '  &  "Vn>- 


The  second  order  differences  needed  to  form  the  appropriate  difference  equation 
can  be  expanded  by  a  Taylor  series  to  arrive  at  formulas  similar  to  (5)  and  (6). 
It  also  follows  that  the  difference  approximations  of  the  four  second  order 
derivatives  may  be  inconsistent  but  will  be  0(h)  whenever  the  second  order 
derivatives  of  x  and  y  are  0(h  ). 

Another  type  of  differencing  is  frequently  encountered  when  solving  conser¬ 
vation  law  equations  of  the  type 


f  +  g  =  s. 
x  3y 

The  divergence  form  of  the  equation  is  retained  in  the  computational  region 
when  it  is  written  as 


(fyn  -  gxn)e  +  (gx^  -  fy^  =  Js. 

However,  when  the  computational  derivatives  are  replaced  by  differences  with 
respect  to  5  and  n,  a  truncation  error  analysis  reveals  the  following  approxi¬ 
mation. 

fx  +  9y  *  +  (9XC  *  Vn3 

*  0  -  f)fx  ♦  (1  -  P)9y  -  f9x  *  F*y  *  0(h) 

where 

J*  -  (xyn)s  -  (xy5)n 

-  (yx?)n  -  (yxn)5 
Z*  -  (xxe)n  -  (xxn)e 
z**  -  (yyn)5  -  (yye)„ 


This  expansion  is  primarily  of  interest  when  the  coordinate  derivatives  are 
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computed  numerically,  for  if  the  actual  derivatives  of  x  and  y  are  inserted, 
then  J  =  J*  =  J**  and  Z*  =  Z**  =  0.  It  is  clear  that  the  difference  between 
J  and  J*  (or  J**)  may  be  considerable  since  their  evaluation  requires  different 
sets  of  grid  points.  One  only  needs  to  compare  values  at  a  point  on  a  c  = 
constant  coordinate  line  where  there  is  a  large  jump  in  spacing  of  the  5  * 
constant  lines. 


NONORTHOGONALITY 

The  degree  to  which  nonorthogonality  increases  the  local  truncation  error  is 
determined  by  the  value  of  the  Jacobian  of  the  mapping.  When  the  derivatives 
of  f  with  respect  to  5  and  n  are  approximated  by  the  differences  In  (1)  and  the 
corresponding  equation  for  f  ,  the  principal  truncation  error  for  f  ,  is  given 
by 


Tx  =‘  6J^ynf«5  '  yCfnnn^- 


In  order  to  isolate  the  effect  r.f  nonorthogonality ,  it  will  be  assumed  that  the 
local  coordinate  system  is  simply  a  sheared  rectangular  coordinate  system  with 
uniform  spacing  of  h  in  the  5-direction  and  k  in  the  n-direction.  Let  $  and 
0  denote  the  angles  of  inclination  of  the  n  *  constant  and  5  *  constant  coordi¬ 
nate  lines.  Under  these  assumptions  it  is  clear  that 


T  -  _ 1 

x  6  sin(e-$) 


[h2  sin  e (cos  0  ~  +  sin  4,  ~-)3f 


-  k2  sin  <f>  (cos  9  |^  +  sin  0  ~r)3f ] . 


Therefore,  the  factor  which  causes  an  increase  in  truncation  error  due  to 
nonorthogonoality  is  l/s1n{8-$).  This  is  exactly  the  factor  by  which  the 
Jacobian  Is  decreased  by  the  shearing  of  the  coordinate  lines.  Another  obser¬ 
vation  Is  worth  noting.  If  e,  *  -*•  n/Z,  then  jTj  -*  «.  This  is  to  be  expected 
since  one  cannot  accurately  measure  the  rate  of  change  of  f  in  the  x-direction 
if  there  Is  practically  no  change  in  x  along  either  coordinate  line.  The  same 
development  carries  over  to  second  order  derivatives.  In  that  case,  the  non- 
orthogonality  introduces  a  factor  of  [s1n(e-$}]  into  the  truncation  error. 

In  conclusion,  a  slight  degree  of  nonorthogonality  has  a  negligible  effect  on 
truncation  error.  The  rate  of  Increase  In  truncation  error  does,  however,  in¬ 
crease  with  the  degree  of  nonorthogonality. 
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EXAMPLES 

There  is,  at  present,  no  completely  satisfactory  method  for  estimating  the 
truncation  error  in  the  finite  difference  solution  of  an  arbitrary  partial  dif¬ 
ferentia’  equation.  The  estimates  used  here  were  calculated  from  the  numerical 
solution  with  the  third  and  fourth  order  derivatives  approximated  by  the  stand¬ 
ard  five-point  difference  formulas.  Consequently,  these  truncation  error  esti¬ 
mates  often  exhibit  large  point-to-point  variations  due  to  the  inherent  insta¬ 
bility  in  the  numerical  approximation  of  higher  order  derivatives.  An  alternate 
method  of  analyzing  truncation  error  would  be  to  solve  the  problem  on  a  course 
and  a  fine  grid.  However,  this  would  require  considerably  more  work  unless  one 
were  using  a  multi-grid  algorithm.  It  should  also  be  emphasized  that  the  local 
truncation  error  does  not  necessarily  represent  the  actual  error  in  the  numeri¬ 
cal  solution.  It  will,  at  best,  distinguish  regions  where  the  error  is  larger. 

The  first  example  is  the  numerical  solution  of  Laplace's  equation  for  poten¬ 
tial  flow  about  a  circular  cylinder.  The  results  obtained  using  the  three  grids 
in  Figure  1  illustrate  the  effect  of  the  grid  on  the  accuracy  and  smoothness  of 
the  numerical  solution  and  on  the  values  of  the  truncation  error  estimates.  The 
uniform  grid  (A)  gave  a  smooth  approximation  of  the  solution  with  the  maximum 
absolute  values  of  the  error  and  truncation  error  estimates  occurring  at  the 
leading  edge  as  indicated  in  Figures  2  and  3  Moving  grid  points  into  the 
region  near  the  leading  edge,  as  in  grid  (B) ,  results  in  a  reduction  in  both 
actual  and  truncation  error.  Further  distortion,  as  with  grid  (C),  improves 
accuracy  but  at  the  cost  of  smoothness  in  the  numerical  solution.  The  trunca¬ 
tion  error  was  not  plotted  for  this  case  since  the  spike  in  the  graph  that  oc¬ 
curred  with  grid  (B)  extended  far  beyond  the  bounds  of  Figure  3  in  the  case  of 
grid  (C) .  Even  though  the  estimates  were  of  doubtful  accuracy,  the  computed 
truncation  error  did  perform  as  anticipated  in  the  above  analysis.  For  this 
example,  the  smoothness  of  the  numerical  solution  must  be  balanced  with  accuracy 
since  partial  derivatives  have  to  be  computed  to  arrive  at  values  for  the  pres¬ 
sure  and  velocity  components. 

The  next  example  demonstrates  the  Impact  of  the  solution  on  truncation  error 
as  well  as  grid  effects.  The  stream  function  -  vorticity  equations  for  steady- 
state  viscous  flow  about  a  circular  cylinder  were  solved  on  the  two  grids  in¬ 
dicated  In  Figure  4.  At  a  Reynold's  number  of  20,  the  boundary  layer  Is  suf¬ 
ficiently  thin  so  as  to  produce  a  large  radial  variation  in  vorticity  between 
the  forward  stagnation  point  and  the  point  of  separation.  The  choice  of  a  grid 
can  have  a  measurable  influence  on  the  numerical  solution  as  depicted  in  Figure 
5.  When  compared  with  the  values  in  Dennis  and  Chang®,  grid  (B)  gives  more 
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accurate  vorticity  values  on  the  forward  part  of  the  cylinder.  However,  the 
truncation  error  estimates  for  both  grids  were  quite  large  as  can  be  seen  in 
Figure  6.  The  larger  values  with  grid  (B)  are  a  result  of  the  grid  points  being 
closer  to  the  surface.  When  interpolated  at  common  points,  both  grids  gave 
essentially  the  same  truncation  error  estimate.  It  therefore  appears  that  the 
expected  decrease  in  truncation  error  resulting  from  a  finer  grid  is  nullified 
by  a  more  rapid  expansion  of  grid  line  spacing.  Note  that  changes  in  grid  spac¬ 
ing  would  have  a  major  influence  on  the  truncation  error  since  the  second  order 
derivatives  of  the  vorticity  are  very  large  near  the  surface.  In  fact,  any 
further  contraction  of  grid  lines  near  the  surface  resulted  in  a  loss  of  accu¬ 
racy  and  much  larger  truncation  error  estimates.  When  compared  with  previous 
numerical  and  experimental  results,  grid  (B)  proved  to  possess  a  near  optimal 
distribution  of  circular  coordinate  lines  for  this  problem.  No  results  are 
presented  for  values  on  the  aft  portion  of  the  cylinder  since  neither  gria  could 
adequately  model  the  vortex  at  the  rear  of  the  cylinder. 

No  smoothing  has  been  used  in  the  computation  of  truncation  error  estimates 
so  that  the  extreme  values  of  the  estimates  are  illustrated.  Nonphysical  oscil¬ 
lations  in  numerical  solutions,  like  those  encountered  in  problems  with  high 
Reynold’s  numbers  or  shocks,  would  need  to  be  eliminated  by  smoothing  before 
truncation  error  estimates  are  calculated. 
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Fig.  1.  Quadrants  from  three  grids 
with  different  angular  distribution  of 
grid  points. 


Fig.  2.  Absolute  value  of  error  in 
surface  potential  measured  from  leading 
edge. 
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functions  defining  the  coordinate  system.  The  second  source  is  the  higher  order 
derivatives  of  the  solution  itself.  Large  third  and  fourth  order  derivatives 
of  the  solution  must  be  offset  by  a  fine  mesh  if  accurate  results  are  expected. 
While  the  grid  effects  can  be  computed  precisely,  the  values  of  the  solution 
derivatives  must  be  approximated  from  the  numerical  solution.  Conventional 
wisdom  might  cause  one  to  be  skeptical  of  truncation  error  estimates  based  on 
the  numerical  approximation  of  higher  order  derivatives,  however,  this  proce¬ 
dure  was  successfully  used  by  Pierson  and  Kutler^  in  a  one-dimensional  grid 
generation  algorithm.  There  is  still  a  great  need  for  further  work  on  the  ac¬ 
curate  estimation  of  local  truncation  error  and  its  use  in  multi -dimensional 
grid  generation  algorithms. 
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51.  INTRODUCTION 

This  paper  examines  in  detail  the  analytical  aspects  of  three  distinct 
methods  of  coordinate  generation  based  on  partial  differential  equations, 
in  either  two  or  three  dimensions.  The  first  method  is  based  on  the  Gauss 
equations  of  a  surface  under  the  constraint  of  the  Beltrami’s  second  order 
equations.  These  equations  have  been  structured  in  such  a  way  that  an 
automatic  connection  is  established  between  the  succeeding  generated  surfaces. 
The  second  method  is  a  re-examination  of  those  equations  which  are  based 
on  the  inhomogeneous  Laplace  equations.  This  analysis  reveals  a  new  form 
for  the  terms  which  play  a  role  in  the  concentration  of  coordinate  lines 
and  in  the  adaptive  coordinate  system  generation.  The  third  method  pertains 
to  a  set  of  equations  in  the  metric  coefficients  which  is  obtained  by  setting 

the  Riemann ’ s  curvature  tensor  to  zero.  - - - - — - — 

The  problem  of  generating  spatial  coordinates  by  numerical  methods  is  a 
problem  of  much  interest  in  practically  all  branches  of  engineering  and 
physics.  At  present  a  number  of  techniques  are  under  active  development  for 
the  generation  of  two  and  three-dimensional  coordinates  in  the  regions 
between  two  or  a  number  of  arbitrary  shaped  bodies.  Among  these  efforts 
two  easily  discernable  groups  can  be  formed,  (i)  the  methods  based  on 
elliptic  PDE's,  and  (ii)  algebraic  methods.  In  the  first  group,  a  set  of 
inhomogeneous  Laplace  equations  is  taken  as  the  basic  generating  system. 

These  equations  are  then  inverted  and  solved  for  the  Cartesian  coordinates. 


^Professor 
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Some  very  useful  results  based  on  this  line  of  approach  started  with  the 

1  2 
work  of  Winslow  ,  have  been  obtained  by  Thompson,  et  al.  (TTM  method) , 

Steger,  et  al.3,  Yu4,  Graves3,  and  Thomas3.  For  an  extensive  bibliography 

refer  to  Thompson,  et  al.7  In  the  second  group  of  methods,  the  grid  points 

in  space  are  generated  by  interpolating  and  blending  functions  starting 

from  the  given  boundary  data.  This  line  of  approach  has  been  followed  by 

8  8  10 
Eiseman  ,  Smith,  et  al.  ,  Erickson  ,  and  others. 

In  this  paper  we  consider  only  the  analytical  aspects  of  the  differential 

equation's  approach  to  coordinate  generation.  The  main  effort  here  is 

to  present  only  those  results  which  are  of  permanent  interest  to  the  workers 

in  the  field  of  coordinate  generation.  The  proposed  equations  in  any  one 

of  the  groups  have  not  been  arbitrarily  selected  to  generate  some  sort  of 

coordinates.  These  equations  are  in  fact  those  which  every  numerically 

or  analytically  generated  coordinates  must  satisfy.  The  reader  will 

find  that  some  large  portions  of  sections  3  and  5  have  new  results  and 

11  12 

are  based  on  the  work  by  Wars!  '  .  In  sections  3  and  5  a  number  of 

exact  solutions  have  been  obtained  which  can  be  used  to  provide  a  testing 
ground  for  different  numerical  schemes. 


52.  NOTATION  AND  BASIC  FORMULAS 

In  this  paper  any  general  curvilinear  coordinate  system  will  be  denoted 
by  a  superscript  index  notation,  such  as  x*.  However,  when  an  expression 
has  been  expanded  out  in  full  and  there  is  no  need  for  an  index  notation  then 
we  shall  use  the  symbols 

1  .  2  3 

x  ■  C  »  x  -  n»x  -  C  . 


The  rectangular  Cartesian  coordinates  (x,  y,  z)  which  determine  the  position 
vector  r,  i.e., 

r  -  r(x,y,x) 


will  be  denoted  by  the  subscripted  variable  x^ ,  where  x^  »  x,  x2 


Two  similar  indices,  one  appearing  as  a  subscript  and  the  other  as  a 
superscript  will  always  imply  summation  over  the  range  of  index  values;  e.g., 

V1  ’  Al/  +  V2  +  A3jB2-  3 

In  an  Euclidean  space  (E  or  E  ),  the  covariant  base  vectors  a^  are  given 

by 
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so  that 


3r 


*1  “  '  *2  “  !ln  ’  -3 


(lb) 


where  a  variable  subscript  will  denote  a  partial  derivative.  Using  the 
Riemannian  metric,  the  formula  for  the  length  element  ds  is  given  by 


(ds)2  «  g^dxSix3  , 

where,  because  of  the  Euclidean  nature  of  the  space  the  metric  coefficients 
are  given  by 

3r  3r 


g  .  .  »  a .  -  a  .  »  — =-r  *  - r 

13  -1  '3  3X1  3x3 


(2a) 


The  coefficients  g. .  "  are  the  covariant  components  of  the  metric  tensor. 
13  31  i-i 

The  contravariant  cosponents  g  J  are  related  with  g^_.  through  the  equation 


aijo  -  «3 
9  9ik  °K 


(2b) 


where  (the  Kronecker  deltas)  are  the  mixed  cceiponents  of  the  metric  tensor. 
Using  (2b)  we  define  the  contravariant  base  vectors  as 


* 


(2c) 


The  quantities  g  and  g  defin  1  as 


g  -  det(g^)  , 
g  ■  det(g^)  , 


(3a) 

(3b) 


are  related  as 


gg  -  1  . 


(4) 


For  a  three-dimensional  space 

3U922933  +  2<J12913923  "  '*23'  911  ~  '*13'  922  "  ,912'  *33' 


9  ■  9,  .do-Svi  +  5^.  .,9-i  ”  9n  _  9-o  “  l?ij)  15) 
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Introducing  the  quantities, 


G1  =  g22933  '  ‘W  ' 


=2  =  gU933  ‘  (gl3'  ' 


G3  =  gUg22  "  (gl2’ 


G4  =  gl3923  "  g!2g33  ' 


GS  _  g12g23  '  913g22  ' 


(6) 


G6  =  gi2913  "  g239ll  ' 


we  have,  on  solving  Eqs.  (2b) , 

11 

g 

12 


(2b)  , 

22 

33 

Gj/g 

'  9  ’  G2/g 

,  g  «  G3/g 

13 

23 

Vg 

•  9  -  Gs/g 

*  g  *  c6/g 

(7a) 


(7b) 


The  space  Christof fel  symbols  of  the  first  and  second  kind  respectively 
are  given  by 


^ik . 

3g 

3xl 

3x 

l/gik 


l  ki. 

rjj  -  g  (ij.M 


4  , 


Using  (8b) ,  we  have 


3a, 


3x 


3 


r*  a 
i:  -4 


(Ba) 


(8b) 


(8c) 


In  the  case  of  a  two-dimensional  surface  embedded  in  a  three-dimensional 
space,  we  shall  use  the  Greek  indices  a,  0,  etc.  (with  the  exception  of  v) 
with  the  stipulation  that  they  assume  only  two  values.  Thus  the  surface 
Christoffel  symbols  of  the  first  and  second  kind  are  respectively  given  by 

t o 8 , 6 ] .  .  !!«!>  , 

2  3xB  3xa  3x6 


(9a) 
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T®  -  g6°[aB.6)  ,  (9b) 

UP 

where  for  the  purpose  of  clarification  we  have  used  the  symbol  T  (upsilon) 
to  denote  the  surface  Christoffel  symbols  of  the  second  kind  in  (9b)  and 
not  by  T  as  in  (8b) . 

In  the  process  of  formulation  of  a  3D  coordinate  generation  problem,  it 

is  helpful  to  imagine  the  coordinates  of  a  point  in  space  as  the  intersection 

of  three  distinct  surfaces  on  each  of  which  one  coordinate  is  held  fixed. 

12  3 

Using  the  convention  of  a  right-handed  coordinate  system  x  ,  x  ,  x  or 

(v) 

f. ,  n,  we  introduce  the  notation  J  as  a  surface  on  which  the  coordinate 
x  »  const.,  such  that 

2  3 

v  -  1  implies  that  (x  ,x  )  are  in  the  surface, 

v  ”  2  implies  that  (x3,  x1)  are  in  the  surface, 

1  2 

v  «  3  implies  that  (x  ,  x  )  are  in  the  surface. 

_  iv) 

Thus,  the  unit  normal  vector  on  the  surface  2  is 

n<V)  =  <raxrg)/|ra*rg|  ,  (10) 

where 

v*lia»2,8«3  (surface  x1  =  5  =  const . )  ,  . 

2  l 

v»2:a«3,B”l  (surface  x  »  n  «*  const.)  ,  >  (11) 

v*3:a«l,B“2  (surface  x3  ■  C  »  const.)  .  ' 

All  other  quantities  and  formulas  which  appear  in  the  rest  of  the  paper  have 

12  13 

been  defined  where  they  first  appear.  Refer  also  to  Harsi  and  Eisenhart  . 

§3.  GENERATING  DIFFERENTIAL  EQUATIONS  BASED  ON  GAUSS  EQUATIONS 

In  this  section  our  aim  1b  to  develop  a  method13  for  the  generation  of 
3D  coordinates  wherein  a  series  of  surfaces  are  generated  on  each  of  which 
two  previously  designated  coordinates  vary  while  the  third  coordinate  remains 
fixed.  This  method  must  also  be  structured  in  such  a  way  that  the  variation 
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of  the  third  coordinate  from  one  generated  surface  to  the  next  is  fully 
reflected  in  the  system  of  generating  equations.  With  this  aim,  we  start 
from  the  equations  of  Gauss33'34  which  for  a  surface  xv  »  const.,  are  given  by 


!aS 


T1^  r,  +  b  n 
aB  .6  aS- 


(12) 


where  the  variations  of  a,  g  and  the  range  of  6  with  v  follows  the  scheme  in 

(11) .  The  quantities  b  are  the  coefficients  of  the  second  fundamental 

v  (v) 

form  of  the  surface.  Since  on  the  surface  x  -  const.,  the  vector  n  is 
orthogonal  to  the  surface  vectors  r^  ,  hence 


(v> 


a  8 


'fag 


(13) 


To  fix  ideas,  we  envisage  a  surface  which  is  formed  of  the  coordinate  lines 
€,  n  and  on  which  (  »  const.  Dropping  the  index  v,  Eq.  (12)  yields  the 
three  equations 


"  Tii!«  +  Sr!  - 


*  T12?«  +  ^ 


!nn  “  T22!a  +  u? 


where  the  index  6  now  varies  from  1  to  2,  and 


S  -  bu  ,  T  »  b12  ,  0  -  b22 


(14a) 

(14b) 

(14c) 


(15) 


Here  n  is  orthogonal  to  both  r^  and  r^,  and  the  coefficients  of  the  first 
fundamental  form  of  the  surface  are  g  ,  g12,  and  g22?  each  evaluated  at 
t,  »  const.  Obviously 


*11 


2  2  2 


’12 


x,x  +y„y  +z,z 
(,  n  (  D 


*22 


2  2  2 
x  +y  +z 
n  n  n 


(16) 


If  Eqs.  (14)  are  considered  as  the  first  order  partial  differential 
equations  in  and  r^,  then  we  must  also  consider  the  Weingarten  equations 


v  _By_ 
blBg  rY 


(17a) 
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n 

-n 


-b  a6Yr 
2B9  lY 


(17b) 


If  now  g  ,  g12«  g22,  b^,  b12,  b22  are  arbitrarily  prescribed  then  the  set  of 
Eqs.  (14)  and  (17)  ,  which  represent  fifteen  scalar  equations  for  the  nine 
scalars  (r^  ,  r^  ,  n  )  ,  form  an  overdetermined  system.  Consequently  one 
has  to  impose  the  compatability  requirements 


(r  ) 
- ay 


6 


for  all  values  of  a,  3,  y  from  1  to  2.  This  operation  leads  to  the  Mainardi- 
Codazzi  equations  and  the  theorema  egregium  of  Gauss  which  are  higher  order 
equations  and  are  not  very  suitable  for  the  purpose  of  numerical  solution. 

We  therefore  return  to  the  Gauss  equations  (14)  and  ask  the  question:  Is 
it  possible  to  develop  a  method  which  centers  around  the  Gauss  equations  and 
is  simple  to  implement  numerically?  The  answer  is  in  affirmative  if  we 
manipulate  Eqs.  (14)  as  follows. 

Multiplying  Eq.  (14a)  by  g22,  Eq.  (14b)  by  “2g12  and  Eq.  (14c)  by  g^ 
and  adding  the  three  equations,  we  get 


£r  -  -[(A2£)r£  +  (A2n)rji)  G3 


+  <922S  -  2g12T  +  guU)n  , 


(18) 


where  £  is  the  second  order  differential  operator. 


9223C5  '  2gl235n  +  9ll3nn 


and  &2  is  the  second  order  differential  operator  of  Beltrami.  For  any  surface 

v 

x  *  const.,  (refer  to  the  scheme  in  (ID), 


,(v) 


•viv.-v.111  • 

v 


(19a) 


In  particular  for  the  surface  C  ■  const,  we  drop  the  enclosed  superscript  and 
write 
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12 "  ^  ‘V^  -  ’iA” 


*  V^'u’.-'uV"  • 


(19b) 


It  is  easy  to  show  by  using  the  definitions  of  T  that 

"p 


A2S  G3(2gl2T12  ”  g22Tll  “  gllT22)  * 


(20a) 


A2n  “  G3<2gl2T12  "  g22Tll  -  gllT22)  * 


(20b) 


The  system  of  Eqs.  (18)  is  still  untamed  and  needs  suitable  constraints. 

He  must  also  somehow  modify  the  terms  S,  T,  U  so  as  to  bring  the  variation 
of  r  with  respect  to  5,  as  was  noted  in  the  opening  paragraph  of  this  section. 
To  achieve  this  objective  we  consider  the  Eqs.  (8c)  which  for  the  surface 
5  •  const,  are 


t„  =  rX  r.  +  r2  r  +  r2  r  , 
.55  ii.5  li. n  n. c 


(21a) 


-5n  “  ri2!5  *  ri2^n  +  ri2*c  ’ 


(21b) 


*nn  “  r22^5  +  r22^n  +  r22fc  * 


(21c> 


where  all  the  derivatives  with  respect  to  C  are  assumed  to  have  been  evaluated 
at  c  *  const.  Taking  the  dot  product  of  Eqs.  (21)  with  n  and  comparing  with 
Eqs.  (13),  we  find  that 


bU  “  S  “  Xril  ' 


b12  “  T  “  Xri2  ' 


(22) 


b22  -  u  -  *r22  , 


where 


% 
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X  ■=  n-r?  »  Xx?  +  Yy?  +  Zz^  , 


(23) 


x  *  Vn  ‘  ynV//5J  ' 


Y  «  (x  z  -  x  z  )//g7  , 

n  z>  5  n  3 


(24) 


2  =  Vn  ■ 


Thus,  by  using  the  forms  in  (22)  we  have  established  a  connection  with  the 
coordinate  C  which  changes  from  one  surface  to  the  next.  We  now  rewrite 
Eq.  (18)  as 


£r  +  I  ( A20 r^  +  (42n)rTi)G3  =  nR  , 


(25) 


where 


R  -  *t9nr22  "  2g12ri2  +  922ril)  ’ 


(26a) 


Note  that 


R  «  GjO^  +  k2) 


(26b) 


where  k^  +  k2  is  twice  the  mean  curvature  of  the  surface. 

93.1  Fundamental  generating  system  of  equations 

We  now  impose  the  following  differential  constraints  on  the  coordinates 
£  and  g: 

A2£  =  0  ,  (27a) 


Ajh  “  0  , 


(27b) 


and  take  them  aa  the  fundamental  generating  equations  for  the  coordinates  in 
a  surface.  It  must  be  noted  that  e>2  is  not  a  2D  Laplace  operator  except 
when  the  surface  degenerates  into  a  plane  having  no  dependence  on  z. 

It  is  a  well  known  result  in  differential  geometry  that  the  isothermic 
coordinates  in  a  surface  satisfy  Eqs.  (27)  identically.  The  isothermic 
coordinates  £  and  n  are  those  orthogonal  coordinates  in  a  surface  which  yield 
g22  «  g^.  The  situation  here  is  parallel  to  the  choice  of  the  Laplace 
equations  v*£-  0,  v2 n  -  0  for  the  generation  of  plane  curvilinear  coordinates, 
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2 

(e.g.,  the  TTM  method  ),  which  are  also  satisfied  identically  by  the 
conformal  coordinates  in  a  plane.  This  does  not  mean  that  the  IatFlace 
equations  are  suitable  only  for  the  generation  of  conformal  coordinates . 

In  fact,  as  is  evidenced  by  the  available  body  of  numerical  results,  the 
Laplace  equations  are  capable  of  generating  very  general  coordinates  in 
arbitrary  domains.  Therefore,  there  looks  to  be  no  apparent  reason  why 
Eqs.  (27)  should  not  form  the  basic  generating  system  for  general  coordinates 
in  a  surface.  The  analytical  solutions  given  in  this  paper  and  the  numerical 
results  given  in  Warsi  and  Ziebarth15  support  this  contention. 

Having  chosen  Eqs.  (27)  as  the  generating  system,  the  equation  for  the 
determination  of  the  Cartesian  coordinates,  viz.,  Eq.  (25),  becomes 

£r  ■  nR  .  (28) 

The  three  scalar  equations  in  expanded  form  are 


(29a) 


922yu  “  29l2ytn  +  9Uynn 


YR 


(29b) 


(29c) 


where  X,  Y,  Z,  and  R  have  been  defined  in  Eqs.  (24)  and  (26).  It  must  be 
noted  that  by  cyclic  permutations,  equations  similar  to  Eqs.  (29)  can  be 
written  for  the  surfaces  n  *  const,  and  £  »  const.  However,  only  one  set, 
e.g.,  Eqs.  (29),  is  sufficient  provided  that  we  are  able  to  take  care  of  the 
derivatives  r^  appearing  in  R. 

The  set  of  Eqs.  (29)  form  a  consistent  set  of  equations  for  the  deter¬ 
mination  of  x,  y,  z  under  the  prescribed  boundary  conditions.*  For  an 

analytical  understanding  of  these  equations  we  open  the  differentiations  of 

3  3  3 

the  metric  coefficients  in  the  formulae  for  r^,  ,  and  r^.  Thus 


rU  '  “*££  * 


By££  +  y*££ 


(30a) 


r 


3 

12 


cut.  + 
£n 


0y£n  +  Y*£n 


(30b) 


*Refer  to  comment  (i)  at  the  end  of  the  paper. 


>' 


••  r  *  . 


-  A 
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r,,  »  ax  +  6y  +  y2  , 
22  nn  nn  nn 


(30C) 


where 


°  "  <G5x«  +  G6xn  +  G3XC)/g  ' 


6  -  <G5y5  ♦  G6yn  +  G3yc)/g  , 
Y  -  (G52j  +  GgJ^  +  GjZj)/g  . 


Substituting  Eqs.  (30)  in  (26)  and  after  arranging  the  terms  we  can  rewrite 
Eqs.  (29)  as  a  quasilinear  system, 


4j 

Kl  — r-  a  -  0  ,  i  -  1,  2,  3 
“8  3x“9xB 


(31) 


where  x  -  x,  x  »  y,  x  «  z  and  there  is  an  implicit  sum  on  j  from  1  to  3 
A  2  3  i-j 

and  on  i,  (  from  1  to  2.  The  coefficients  A  .  depend  on  the  metric  coefficients 

Bp 

gll'  gl2  ‘  g22  4,1(1  on  tho,e  geometric  quantities  which  depend  only  on  the  first 
partial  derivatives.  For  example 

*11  “  g22<1_aXX*  '  *12  “  ~2912tl_oXX)  '  etc"  etc- 

Equations  (31)  are  three  equations  in  three  unknowns  with  two  independent 
variables.  Refer  to  Petrovsky  for  the  classifications  of  such  equations. 

i3.2  Coordinate  redistribution  (concentration) 

Before  discussing  the  basic  solution  algorithm  for  the  set  of  Eqs.  (29) 
it  is  important  to  study  the  effect  of  a  coordinate  transformation  which 
produces  a  nonuniform  distribution  of  coordinates.  Again  using  indexed 
quantities,  let  xa  be  another  coordinate  system  defined  as 


with 


x“  »  xNx1,  x2)  ,  a  •=  1,  2  , 


aJJ 

det(^i-)  ft  o  . 
3x8 


J 


Using  x^  to  mean  either  x,  y. 


I 

\ 


•V  -W 


"l?* 


or  z,  we  have 


Using  equations  similar  to  (34)  in  the  new  coordinate  system,  Eq.  (36)  yields 
the  equations 


£x  “  XR  , 

(38a) 

£y  »  YR  , 

(38b> 

£z  «  ZR  , 

(38c) 

where 


gn3nn 


+  Pi-  +  Qi- 

6  n 


(39) 


^22Pll  "  2^12P12  +  ^11P22  ' 


(40a) 


*22P11  "  2^12P12  +  ^11P22  ' 


(40b) 


and  X,  Y,  Z,  and  R  have  exactly  the  same  expressions  as  in  (24)  and  (26a) 
in  the  new  coordinate  system. 

v 

The  structure  of  the  terms  is  quite  revealing  particularly  in  those 
situations  when  it  is  desired  to  redistribute  an  already  existing  coordinate 
system  xa  so  as  to  achieve  a  desired  concentration  or  expansion  of  the 
coordinates  xa.  Though  still  a  forcing  function  behavior  for  P^Q  has  to 
be  prescribed,  the  user  is  at  least  aware  of  its  structure,  that  is,  it  must 
be  composed  of  the  product  of  two  first  partial  derivatives  and  a  second 
partial  derivative.  These  considerations  may  be  important  in  the  adaptive 
coordinate  systems.  In  other  cases  PY  may  be  prescribed  arbitrarily.  One 
such  case  has  been  treated  numerically  in  Ref.  15.  (Refer  also  to  13.) 


S3. 3  Morphology  of  A  Solution  Algorithm 

The  discussion  that  follows  pertains  to  the  case  when  it  is  desired  to 
generate  the  30  curvilinear  coordinates  between  two  artibrary  shaped  smooth 
surfaces.  As  is  shown  in  Fig.  1,  let  the  surface  coordinates  of  the  inner 
body  n  «  n_  and  of  the  outer  body  n  “  n  be  the  same  coordinates.  Because 
of  the  right-handedness  of  the  coordinate  triple  ((,n,0,  the  ordered  pair 
((,()  is  taken  as  a  positive  ordered  pair  on  both  the  surfaces.  Since  both 
the  surfaces  n  *  hg  and  n  "  are  known  either  analytically  or  numerically, 
so  that 
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n  “  nB  =  ^  “  !b(5'°  ;  n  “  T>- 


r  =  r , 


(41) 


and  hence  the  needed  partial  derivatives  with  respect  to  (  and  ;  are  directly 
available  at  the  surfaces • 


Figure  1.  Selection  of  coordinates  on  the  inner  and  outer  boundaries. 


For  the  computation  of  r  in  the  field  one  must  first  note  that  the 

(2) 

coordinate  t  may  not,  in  general,  satisfy  the  Beltrami's  equation  A  2 \  »  0. 
Consequently,  r^  must  satisfy  the  equation 


£<2,r  ♦ 


G2(A<2)C,r? 


♦  k<2>)n{2> 


From  this  equation  we  devise  a  weighted  integral  formula 


u 


llfi(r»(!«,B+  f2‘«»>(!«>Jdc  • 


(42a) 


where 


^cc'b," 


ip-  <’ 

911  1  2  -  911  «il  *« 


’33 


3  ,913, 


and 


— —  {— (-^-) —  (_ii)  )r  1 

*u  8« 


(42b) 


f^hjj)  -  1  ,  fx(nj  -  o  ,  f2  (r^)  -  0  ,  f2(nj  -  1  .  (42c) 

Referring  to  Fig.  2(a),  we  now  solve  Eqs.  (29)  or  (38)  for  each  C  *  const., 
by  prescribing  the  values  of  x,  y  and  z  on  the  lower  curve  and  the  upper 

curve  Cj  which  represent  the  curves  on  B  and  ”  respectively.  In  Fig.  2(b) 
and  are  the  cut  lines  on  which  periodic  boundary  conditions  are  to  be  imposed. 
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Eliminating  i  between  (43b, c) ,  we  get 


f'2  -  <l-f2)f2 


which  on  integration  yields 

2e^  1-e^ 

f  (?)  =  ~~r  ,  <M?>  -  .  (43d) 

1+e  4  1+e  4 

It  can  be  verified  that  when  the  solution  (43d)  is  used  in  (43a)  then  the 
resulting  metric  coefficients  g^  and  g^  are  equal.  Thus  the  coordinates 
£,?  are  isothermic.  The  relations  between  the  standard  spherical  polar 
coordinates  0, 4  and  the  coordinates  £ , ?  are 

0 

tan  J  ' 

Refer  also  to  55.1.1. 

Example  2 :  3D  coordinates  between  a  prolate  ellipsoid  and  a  sphere. 

We  now  consider  the  case  of  coordinate  generation  between  an  inner  body 

n  =  n„  which  is  a  prolate  ellipsoid  and  an  outer  body  n  *  n  which  is  a 
B  ® 

sphere.  The  coordinates  which  vary  on  these  two  surfaces  are  £  and  ?.  A 
curve  on  the  inner  surface  designated  as  ?  »  ?Q  is 

x  =*tcosh  nB  cos  ,  y  =xsinh  sin  ?Q  cos  £,  z  -xsinh  sin  ?Q  sin  £. 

(44a) 

Similarly  the  curve  C.,  corresponding  to  ?  “  ?g  on  the  outer  surface  is 

n®  n®  n» 
x  =  e  cos  ?Q  ,  y  ”  e  sin  ?Q  cos  £  ,  z  -  e  sin  ?Q  sin  £  .  (44b) 


In  order  to  provide  the  solution  of  the  present  problem  with  coordinate 
contraction,  we  consider  Eqs.  (38)  and  assume 


£  -  £(£>  ,  n  *  n(n)  +  (45) 

where  £  *■  0  corresponds  to  £  «  0  and  n  “  corresponds  to  n  *  r^.  Thus 
£(0)  ■=  0,  n(nB)  “  0.  Under  the  transformation  (45),  the  only  nonzero 
components  of  are  and  P2j.  Writing 


M£) 


as. 

d£ 


6(n) 


1  1  dX  2 

P11  *  "  X  '  22 

<J£ 


an . 

dn 

i  de 


we  have 


(46) 
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Based  on  the  forms  of  the  boundary  conditions  (44a)  and  (44b)  we  assume 
the  following  forms  for  x,  y,  z  for  £  « 

x  -  f(n)cos;0  ,  y  -  4(ri)sin  cos  £,  z  =  4(n)sin  CQ  sin  £  .  (47) 

The  boundary  conditions  for  f  and  $  are* 

'V  ^ 

fthg)  “tcosh  “  e  ,  4(^1  “tsinh  nB  ,  ♦(n<>>)  =  e  .  (48) 

Using  the  expressions  in  (47)  we  calculate  the  various  partial  derivatives, 

metric  coefficients,  and  all  other  data  as  needed  for  the  Eqs.  (38).  On 

2  2 

substitution  we  get  an  equation  containing  sin  £Q  and  cos  £Q.  Equating  to 
zero  the  coefficients  of  sin2  £q  and  cos2£0  we  obtain 


f"  8'  .  *■ 
f  “  6  4  ' 


8*  4* 

e  +;  *  (5o) 

where  a  prime  denotes  differentiation  with  respect  to  n.  On  direct  integra¬ 
tions  of  Eqs.  (49)  and  (50)  under  the  boundary  conditions  (48),  we  get 

f  (n)  -  AeBt1  +  C  , 

♦  <i>  »  DeBn(_n>  . 


A  »t[(e  -tcosh  riglsinh  ng]/(e  -tsinh  rig) 

B  «  (n,,-  intsinh  -  rig)  , 

n»  n. 

C  »t[e  (cosh  rig  -  sinh  n^l/te  -tsinh  i^) 


D  "tsinh 


As  an  application,  we  take 


£  (?)  -  a£  ,  n(n)  -  b(n-nB)*n  . 
*t  and  hg  are  the  parameters  of  the  ellipsoid. 


where  a,  b  and  x  are  constants.  Thus 


n(n) 


(n.-y  (n-y 

V5. 


By  taking  a  value  of  *  slightly  greater  than  one  ( x  =  1.05)  we  can  have 
sufficient  contraction  in  the  n-coordinate  near  the  inner  surface.  For  the 
chosen  problem  since  the  dependence  on  t  is  simple,  we  find  that  the  generated 
coordinates  between  a  prolate  ellipsoid  and  a  sphere  are 

x  «*  [AeBn^  +  Cjcos  C,  y  =  DeBn'T1'sin  £  cos  5  ,  z  -  DeBrl^sin  5  sin  £ 

This  example'  shows  that  the  chosen  generating  system  of  equations  (38) 
are  capable  of  providing  non-isothermic  coordinates  between  a  prolate 
ellipsoid  and  a  sphere. 


S4 .  GENERATING  DIFFERENTIAL  EQUATIONS  BASED  ON  LAPLACE  EQUATIONS 

For  the  purpose  of  coordinate  generation  in  either  two  or  three  dimensions 

it  has  become  quite  popular,  particularly  after  the  publication  of  the  TTM 
2 

method  ,  to  adopt  a  system  of  inhomogeneous  Laplace'  equations  as  the 
generating  system.  The  inhomogeneous  terms  are  completely  arbitrary  and 
seemingly  there  is  no  guidance  from  the  analytical  Side  as  to  how  they 
should  be  chosen.  Because  of  this  and  due  to  other  basic  reasons  it  is 
important  to  reconsider  the  formulation  of  the  problem  of  coordinate 
generation  based  on  Laplace'  system  of  equations  from  an  analytical  point 
of  view.  The  conclusions  drawn  frcm  these  considerations  are  that  the  set 
of  Laplace  equations 

vV  -  0  ,  i  »  1,  2,  3  (51) 

are  essentially  the  basis  of  the  TTM  method  rather  than  the  set  of  inhomo¬ 
geneous  equations 

V2xA  -  P1(x1,  x2,  x3)  ,  i  -  1,  2,  3  ,  (52) 

where  P*  are  the  specified  functions.  The  reason  for  this  conclusion 
is  that  a  coordinate  transformation  from  x1  to  any  other  system  x1 ,  both 
satisfying  the  same  boundary  conditions,  automatically  gives  rise  to  the  set 
of  equations  (52)  from  (51) .  Thus  as  soon  as  the  solution  of  the  system  of 
equations  (51)  under  the  constraints  of  a  body  conforming  boundary  conditions 
has  been  obtained  a  transformation 
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_i  -i,  1  2  3, 

X  -  X  (x  ,  X  ,  X  ) 

can  redistribute  these  coordinates  in  any  desired  manner. 

To  formulate  the  above  noted  ideas  analytically,  we  consider  the  formula 

12  13 

for  the  Laplacian  of  a  scalar  $  in  the  curvilinear  coordinate  system,  ' 
which  is 


v%  -  gij(-^-  r*  -24,  . 


3xX3x3  13  3xr 


(53) 


If  4  ■  x  is  any  curvilinear  coordinate,  then  from  (53)  we  obtain 

V2xm  -  -gij  1^.  . 


ID 


(54) 


.?  <*.  x  ,  where  x  is  any  of  the  rectangular  Cartesian  coordinate,  x  »  x, 
in  m  2  * 

x,  ■  y,  x  «  z,  then  since  V  x  =  0,  we  obtain  using  (53) , 

4  3  m 


Jij  +  <72*r>  ~7  "  0  • 

3x  3xJ  3x 


(55) 


Taking  (51)  as  the  basic  generating  system,  we  get  from  (55) , 


ij 


32x 

m 

3xX3xj 


«  0  . 


(56) 


getOx  «  0,  or 
m 

Dx  -  0  , 

(57) 

O 

1 

>1 

Q 

(58) 

Dz  ”  o  , 

(59) 

where  the  operator  Dis  given  by 


D-  G,3„  +  G,3  +  G.3  +2G . 3  +  2G.3,r  +  2G,3 

l  S5  2  nn  3  4  tn  5  tc  6  nc 


(60) 


60 


In  two  dimensions*  g 


33 


1,  tt  »  0,  so  that  D  becomes 
<>5 


D"  *22*U 


2g, ,3.  +  g, ,  3 

’12  5n  ll  nn 


(61) 


Let  S  be  another  coordinate  system  which  satisfies  the  same  body  con¬ 
forming  boundary  conditions  as  the  system  x1,  and  let 


-i  -i,  1  2  3.  .  ,  ,  , 

x  =  x(x,x,x),i»l,2,3, 


with 


3x^ 

det  l—r)  ?  0  . 
Sx3 


Then  an  analysis  similar  to  S3. 2  shows  that 


3x  3x  .-l 

_ m  _ m  3x 

i  - 1  i  ' 

3xJ  3x  3xJ 


32x 


3xi3x3  S^Sx8,  3X1  3xj  35?*  3xi3x3 


3  x  3x  21 

_ m  3x  3x  _ m  3  f 


Using  the  last  expression  and  the  transformation  law 

ij  _rn  3xA  3x3 

g  »  5  — 5-  - 

^  ®  JC  n 

3x  35? 


in  Eq.  (56)  we  get 


,  „  32x  ,  .  3x 

_ki  m  .  _rn  m 

9  +9  Pr"^'0’ 


3x  35? 


(62) 


where 


.  i  ,  j  -2_1 
3x  3xJ  3  x 


rn  35^  35?"  3xi3xj 


(63) 


and  is  symmetric  in  the  lower  two  indices.  If  now  in  Eq.  (55)  we  replace 
xA  by  xl,  g*^  by  5*^  and  introduce 


*Hefer  to  comment  (ii)  at  the  end  of  the  paper. 


then  it  amounts  to  the  same  thing  as  taking  the  non-hotnogeneous  Laplace 
equations  (52)  as  the  generating  system.  Thus  we  reach  the  conclusion  that 
essentially  Eqs.  (51)  are  the  basic  generating  equations  and  that  any  redis¬ 
tribution  of  the  solution  of  Eqs.  (51)  gives  rise  to  Eqs.  (62). 

Transferring  the  second  term  of  Eq.  (62)  to  the  right  hand  side  and  using 
the  formulae  developed  in  52  w'ich  are  applicable  to  all  coordinate  systems, 
we  obtain 

3x 

5xm  '  -(G1PU  +  G2P22  +  G3P33  +  2G44  +  2G5Pl\  +  2G6  '  <64) 

dX 

where  x  »  x,  y,  or  2,  and  n  is  the  same  operator  as  (60)  in  the  new  coordinate 
m  7,17 

system.  In  two  dimensions,  Eq.  (64)  gives  rise  to  the  familiar  forms 

Dx  -  -<522P11  "  2gi2P12  +  gllP22)XC  *  <g22Pll  "  2gl2P12  +  9llP22>XfT  ' 

(65a) 

DY  -  -(922Pu  -  2%24  ♦  gHP22)yC  *  tg22Pll  '  2gl2P12  +  gllP22)yn  ' 


It  must  be  noted  that  the  preceding  analysis  guides  one  to  a  proper 

o 

selection  of  the  quantities  Prn  for  concentrating  the  coordinate  lines  in 

the  desired  regions.  This  selection,  though  still  arbitrary,  at  least 

% 

suggests  that  the  chosen  Prn  should  be  something  like  a  product  of  two  first 
and  one  second  partial  derivatives.  This  idea  is  important  in  the  adaptive 
coordinate  systems.  Furthermore,  the  preceding  analysis  also  exposes  for  the 
first  time  the  existence  of  the  cross  derivative  quantities  Pr^  (r  ^  n) 
which  do  not  appear  if  one  starts  from  the  Eqs.  (52)  and  which  may  be  important 
in  non-orthogonal  coordinates.  For  example,  in  two  dimensions  the  quantities 


P„  are 
m 


pii  ■  <5c)2?«  +  2 Wen  +  (ne’%n 

4  ■  (5e)24  +2Wen  +  ^l}\ n 


Refer  to  comment  (iii)  at  the  end  of  the  paper. 
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In  general ,  for  the  generation  of  orthogonal  coordinates  it  is  not 
necessary  that  the  coordinate  functions  should  also  satisfy  the  Laplace 
equations  in  the  xyz-space.  In  this  section  after  sunnarizing  the  basic 
generating  equations  for  the  orthogonal  coordinates  we  have  studied  the 
effect  of  constraining  the  coordinate  functions  to  be  simultaneously  harmonic. 

The  orthogonality  conditions  are 


*ij  "  0  for  i  **  i  • 


(67) 


Also,  for  orthogonal  coordinates  Eqs.  (54)  simply  become 
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Equations  (69)  are  those  fundamental  equations  which  every  orthogonal 
coordinate  system  must  satisfy.  A  program  of  calculation  using  Eqs.  (67)  and 
(69)  along  with  the  definitions  of  9^*  g22  811,3  ^33  can  116  developed. 

§4.1.1  Case  of  orthogonal  coordinates  using  the  Laplace  equations 
Case  I :  3D  coordinates. 

If  the  generating  system  of  equations  is  taken  as 

v2£  =  0  ,  v2n  =  0  ,  V2C  =  0  ,  (70) 


then  from  Eqs.  (68)  we  find  that 


hx  =  f2(S,c)f3(S.n)  ,  h2  -  f1(n,?)f3(C,n)  ,  h3  =*  f1(n,c)f2(C,t) 


(71) 


where  f^,  f ^ ,  f  are  arbitrary  functions  of  their  arguments.  Also  the 
generating  system  (69)  for  the  Cartesian  coordinates  becomes 

a2xm  32xm  a2xm 

g22g33  3?2  +  gng33  ~^2  +  gll922  ^2~  “  °  '  “  “  1’  2‘  3  ' 


(72) 


which  because  of  (71)  can  also  be  written  as 

,2  -.2  a 2 

->  <*  X  ->  3x_  ->  3x 

fl<^>  — I  -  t2K.a  — 1 *  f3(?,n)  -f 

at,  o  n  o£ 


0  ,  m  =  1,  2,  3  .  (73) 


Case  II:  2p  coordinates. 

For  the  case  of  2D  orthogonal  coordinates  the  equations 


V2?  =  0  ,  V2ti  »  0  , 


(74) 


with  the  use  of  Eqs.  (68)  yield 


g22  “  8gll  ' 

where  a  is  a  constant.  The  case  a  ■  1  gives  the  corresponding  isothermic 
coordinates  which  are  conformal.  However,  by  a  straight  forward  coordinate 
transformation  of  the  isothermic  coordinates  £,n  to  another  coordinates 
C,n  we  can  have  a  coordinate  distribution  in  which  g22  +  g^.  For,  let 

6  ■  £U»n)  ,  n  »  n(S,n) 


be  an  arbitrary  orthogonal  transformation.  Using  the  chain  rule  of  differ 
entiation,  we  get 


*xx  *  ^**  +  t'nV  +  +  «nn(V2  + 


etc . ,  etc . , 

which  when  used  in  Eqs.  (74)  along  with  the  orthogonality  condition 


5  n  +  5  n  =o 
x  x  y  y 


and  the  formulae 


ax)2  *  a/  -  r1-  .  (nx)2  +  (n  )2  “  “  -  5  =  ini22  • 
911  g22 


yield  the  equations 


^  V25  -  ^  «4ffe22/5u)  ♦  ~T  ‘t->feu/i22)  -  0  . 

o£  on 


~  "2  ~  <n7\^3,/g,, >  +  -r  <nA4,,/9,->>  -  o  . 


g  v  n  -  -  <^VJ22/gu>  ♦  —  <V»u/»22, 

35  an 


A  study  of  Eqs.  (76)  suggests  that  if  5  is  only  a  function  of  5,  and 
n  is  only  a  function  of  n(  e.g. , 


5(5)  -  v(5>d5  ,  n(n) 


dn 


v(n) 


then  Eg-*.  (76a,b)  are  identically  satisfied  by  taking 


V; 


U/g22  “ 


(76c) 
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9U  ■  u2(C)  v2(n)g22,  (75d) 

and  so  the  coordinates  \ ,  n  are  orthogonal  but  not  conformal . 

An  important  result  from  the  preceding  analysis  is  that  if  the  orthogonal 
coordinates  are  generated  through  the  solution  of  the  Laplace  equations  (74) 
then  there  exists  an  infinity  of  transformations  6  «  £  (I) .  n  ■  n(n)  in 
which  the  ratio  g1 ,/g,,  is  a  product  of  a  function  of  \  and  a  function  of 
This  result  is  not  in  general  true  for  coordinates  not  satisfying  the  Laplace 
equations . 


55 .  GENERATING  DIFFERENTIAL  EQUATIONS  BASED  ON  THE  RIEMANN  TENSOR 

In  any  given  space  there  are  endless  possibilities  for  the  introduction 
of  coordinate  curves.  Each  chosen  set  of  curves  determines  its  own  metric 
components .  For  example,  in  a  Cartesian  plane  besides  introducing  rectangular 
Cartesian  coordinates  x,  y,  we  also  have  endless  possibilities  for  introducing 
either  orthogonal  or  nonorthogonal  coordinate  curves.  However,  as  is  well 
known,  there  is  a  basic  differential  constraint  on  the  variations  of  g^'s 
irrespective  of  the  coordinate  system.  Since  the  curvature  of  an  Euclidean 
two-dimensional  plane  is  identically  sero,  the  basic  differential  constraint 
on  the  Sjj's  is 


^_2 


«V  *1212  "  t,  rIl>  -  Ti  C  rl2> 


’ll 


(77) 


where  £, n  are  any  arbitrary  coordinate  curves  in  the  plane.  Thus  no  utter 
which  coordinate  system  is  introduced  in  a  plane,  the  corresponding  metrics 

g, .  must  satisfy  Eq.  (77) .  Equation  (77)  has  also  been  used  as  the  basic 

”  18 
generating  equation  for  the  generation  of  orthogcxial  coordinates  in  a  plane 

12  13 

In  general,  the  Rieaann  curvature  tensor  R  .  defined  as,  * 

rjnp 


- 


1 

IE 


®2g 


in 


32g, 


*2g 


rjnp  2  3xj3xn  3xr3xp  3xi9*P  9xr3xn 


+  gtS([ jn,s]  [rp,t]  -  [jp,s][m,t]) 


(78) 


defines  the  components  of  the  curveture  tensor  of  any  general  space.  If  the 
space  is  N-dimensional,  then  the  number  of  components  ^  are  given  by 

N2  2 
JJ  <N-1)  . 


Thus  for  N  «  2  there  is  one  distinct  surviving  component  stated  in  Eq.  (77). 
However,  for  N  «  3,  it  has  six  distinct  components 


*1212'  R1313'  **2323'  R1213'  **1232'  R1323  ’ 

If  the  3D-space  is  Euclidean,  then  its  curvature  is  zero,  so  that  the  six 
equations 


**1212  “  0  '  R1313  “  °  '  **2323  “  °  ' 
**1213  “  °  '  **1232  ”  0  '  **1323  “  ° 


(79) 


determine  the  differential  constraints  for  the  six  metric  coefficients  g. .  in 

ij 


any  coordinate  system  introduced  in  an  Euclidean  space.  These  equations  in 
the  expanded  form  are  as  follows: 


**1212 


**1313 

**2323 


3\l 

_  o 

912 

,2 

3  g22 

3n2 

3€3n 

+ 

3€2 

*!<U 

_  o 

*2g13 

k 

353? 

T 

H2 

a2q22 

-  2 

,2 

3  g33 

at2 

3n3c 

+ 

an2 

+  2gtS ( [ 22 , s ] [ 11 , t ]  -  [12 ,s) [ 12 ,tj)  -  0  , 


(80a) 


+  23tS((33,s][ll,t]  -  [13 ,s] [13 ,t] )  -  0  , 


(80b) 


+  2gt*([33,s][22,t]  -  [23,s][23,t]>  -  0  , 


(80c) 


**1213 


**1323  ’ 


gn 

3n3C 

3  g12 
3C3C  ‘ 

3  g13 
3C3n 

+ 

3  g23 
3C2 

+ 

_  ts 

2g 

([23, s] [11, t] 

-  [  12 , s]  ( 13, t]  )  -  0, 

(80d) 

,2 

_2 

,2 

,2 

g22 

3  g12 

3  g23 

3  g13 

.a. 

2otS 

f  f  59  -1  f  1  9  e-1 

_  f  91  sin?  *1l  m 

3?3C  " 

3n3c 

3£3n 

+ 

3n2 

▼ 

\  { 4* f S  J  \ XJ  J 

1  •  J  f  •  i  l  X*  f  v  J  J  *  U| 

(80e) 

,2 

,2 

.2 

,2 

1  g33 

3  g13 

3  g23 

3  g12 

rr mi ri9  ♦- 1 

_  f 99  ttlfll  ♦ll  m  n 

3C3n 

3n3C 

3C3C 

♦ 

3C2 

♦ 

*9 

1 l JJ/8J l 14 

1  *  J  fS  J  l  X  J  /  w  J  }  ■  V, 

(80f ) 

where  t 1} ,k)  are  the  Christoffel  symbols  of  the  first  kind  defined  in  (8a). 
Equations  (80)  are  those  consistent  set  of  partial  differential  aquations 


which  must  always  be  satisfied  by  the  SMtric  coefficients  g^.  In  the  3D  case 


Eqs.  (80)  are  six  equations  in  six  unknowns  and,  therefore,  they  form  a  closed 
system  of  equations.  In  contrast,  for  the  2D  case  there  is  only  one  equation 
(Eq.  (77))  and  three  unknowns  g..,  g,,,  g.,  and  therefore  scsm  constraints 


are  needed  to  turn  Eq.  (77)  (such  as  orthogonality")  into  a  solvable 
equation.  This  author  is  not  aware  of  any  numerical  solution  of  the  complete 
set  of  equations  (80) ,  though  there  are  some  possibilities  of  developing 
solution  algorithms  using  Eqs.  (80)  as  the  core  equations.  For  example, 
in  the  problem  of  obtaining  the  3D  coordinates  for  the  configuration  of 
Fig.  1,  one  can  judiciously  choose  g^ ,  ,  and  g^  based  on  the  given  bound 

ary  data  for  the  whole  field  and  then  solve  Eqs.  (80)  for  the  remaining 
ccafficients  gz2,  g2J,  and  g12-  It  should  also  be  noted  that  in  any  physical 
problem,  e.g.,  the  Navier-Stokes  problem,  one  only  needs  the  metric  coeffi¬ 
cients  and  their  derivatives  (Christoffel  symbols)*  which  become  available 
after  solving  Eqs.  (80).  Nevertheless,  for  graphical  and  other  purposes, 
one  also  needs  the  functions  x(£,n,0  etc. 

To  obtain  the  Cartesian  coordinates  on  the  basis  of  the  available  g. . 's, 

ij 

we  introduce  the  unit  base  vectors  X.  as 

X^  »  a^//g^  ,  no  sum  on  i.  (81 

Let  the  components  of  X^  along  the  rectangular  Cartesian  axes  be  denoted  as 
“i*  Vi'  Wi'  S°  that 

Ai  ”  <Ui'  Vi'  wi)  ' 

where 

ui  "  x5/l^n  '  vi  "  yc/,/®ii  '  wi  =  zc/,/®ii  ' 

U2  *  '  V2  ■  '  W2  *  ' 


u3  -  *c//g 


33  '  V3 


y£//922  '  W3 


Knowing  u^,  v^,  w^,  it  is  possible  to  evaluate  the  Cartesian  coordinates 
through  the  line  integrals 


j(Y^  d£  +  X2/g ~  dn  +  d5>  * 


(83 


The  determination  of  u^,  v^,  w^  is  a  separate  problem  which  we  now 
consider.  First  of  all  usinr  (81)  in  Eq.  (8c),  we  get  a  system  of  first 
order  partial  differential  equations 


3*i  .  ,911.1’  _1  *22  11  2 

7T"  ^i(iT~)  rij+  2(— >  rij 

3x  11  J  ’11  J 


^33  ^  3 

+  A,(— )  r: . 

-3  git  i3 


2gii  3xj 


where,  as  before,  there  is  no  sun  on  the  repeated  index  i.  Equations  (84) 

form  a  system  of  27  first  order  PDE's  in  nine  independent  variables  u^, 

v  ,  w  This  system  of  equations  is  overdetermined  and  thus  its  solvability 

should  depend  on  certain  compatibility  conditions.  According  to  a  theorem 

19 

on  the  overdetermined  system  of  equations  ,  if  the  compatibility  conditions 
hold  then  the  solution  of  Eqs.  (84)  exists  and  is  unique.  The  conditions 


3xm3x3  3x3  3xm 

for  all  values  of  i,  m,  and  j  are  the  compatibility  conditions.  To  prove  (85) 
we  use  Eq.  (8c) ,  which  on  cross  differentiation  yields 


m  i 
3x  3xJ 


Zi 

3x3  ax*  -  * 


i  12 

where  R  ,  .  is  the  Riemann-Chri stof fel  curvature  tensor  and  is  related 

•  £ 
with  the  Riemann's  tensor  R.  ..  0.  Evidently  in  our  present  case  R  .  .  =  0, 

x  jfvJt  •  unj 

since  the  space  is  Euclidean.  Inserting  (81)  in  (86)  we  find  that  Eq.  (85) 
are  identically  satisfied. 

It  is  interesting  to  note  that  for  a  two-dimensional  curvilinear  coordinate 
system  there  is  no  need  to  solve  the  system  of  equations  such  as  (84) .  in 
this  case  the  single  differential  equation  with  g3  *  g 

r- .3  /*_  ril.  3  ri2,  . 

*1212  “  ^[3n(  gu  ’  "  35(  gu  >]  ”  0 

implies  the  existence  of  a  single  function  a(i,n)  such  that 

-  /g  2  -  /g"  2 

5  gxl  ll  n  glx  12 

Consequently 


cos  a,  v,  «  -sin  a,  u,  ■  cos(a-8)  ,  v,  *  -sin(a-8)  , 
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where  a  is  the  angle  made  by  the  tanget  to  the  coordinate  line  n  »  const,  in 
a  clockwise  sense  with  the  x-axis,  and 

c°s  e  -  g12/4ug22 


is  known. 


55,1  Case  of  orthogonal  coordinates 

We  again  return  to  the  case  of  3D  orthogonal  coordinates.  Refer  also  to 
§4.1.  Under  the  constraint  of  orthogonality. 


912  “  g13  *  g23  "  0  '  [12,3}  ”  tl3,2]  “  123(11  “  0  ' 


ri2  “  ri3  "  r23  "  °  '  g  “  gllg22g33  ' 
the  set  of  equations  <80)  reduce  somewhat.  They  are 


(87) 


ac'r— — - 
/glig22 

H  1 

3(  1 

3g33) 

3?  — 

3€ 

/gllg33 

A(  1 

a* 

1  *11 


^gllg22 


3n  ’’  +  2g33^ 


1 _  8gll  "22 

ac  ac 


llg22 


3  ,  1 _  3gll 


gilg33 


„  )  + 


22-gllg33 


8gll  ag33 
3n 


3n  r — ~ —  an  35  r 
/g22g33  /C 


g22g33 


35 


ag22  ag33 

at  at 


0  ,  (88a  > 


0  ,  (88b) 


0  ,  (88c) 


11  ’22a33 


1  *11  ■  1  agil  1  *22 

2  "Vgu  a;  +  g22  a; 


♦ 


8  g22  1  *22  1  8g22  1  *33  1  3gll  *22 

a«ac  "  2  “5T"  g22  n  *  g33  ac'  +  2gu  35  K  ’ 

3  g33  l  *33.  1  aqll  1  *33  1  8g22  *33 

a?3n  ■?  35  'gn  an  *  g33  3n  '  2g22  H  3n  ' 

which  are  the  Lame's  equations. 


(88d) 


(88e) 


(88f) 
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55.1,1  The  case  of  isothermic  coordinate*. 

Isothermic  coordinates*  in  a  surface  embedded  in  a  30  Euclidean  space 
are  those  coordinates  in  which  the  metric  coefficients  g^  and  gJ3  in  the  sur¬ 
face  n  »  const,  are  equal.  That  is,  the  element  of  length  ds  on  n  -  const,  is 
given  by 


“‘Const.  -9Ut“C>2+  WO2], 


where  £,;  are  chosen  to  be  the  surface  coordinates .  Setting 


g33  “  gU'  and  922  “  F(n) 


in  Eqs.  (88),  we  obtain  the  basic  equations  for  g^j,  which  are 


-L(-L_  Iln,  +  !!ii,  +  2  -  o , 

U  lu  35  35  gu  35  2Fgu‘  3n  1 


(89a) 


3  ,_L_  XI.  „ 
^  3n 


(89b) 


J-(JL  !!ii,  -  0  , 

35  ‘gu  3n  ' 


(89c) 


It  can  easily  be  verified  that  the  only  solution  of  Eqs.  (89c, d)  is 

■  [a+p(vi)  ]2f  (5,0  ,  a  ■  const.  (90) 

Thus  from  (89b) 

d»  2 

r(n>  -  <j~)  .  (91) 

Substituting  (90)  and  (91)  in  Eq.  (89a),  the  differential  equation  for 


*Refer  to  the  comment  (iv)  at  the  end  of  the  paper. 


72 


f (5,0  becomes 


±(L  «,  +  J_(I  M) 

3«'f  3?'  35  f  3qJ 


+  2f 


(92) 


14 

In  Kreyszig  we  have  the  result  that  if  in  a  portion  of  a  surface 
isothermic  coordir-tes  can  be  introduced  then  that  portion  of  the  surface  can 
conformally  be  mapped  onto  a  plane.  Thus  in  effect  the  solution  of  Eq.  (92) 
provides  that  mapping  function  which  conformally  maps  a  surface  onto  a  plane. 
As  a  verification  of  the  above  conclusion,  we  verify  that  the  function 


f  = 


4e 


2  S 


(l+e2‘)2 


(93) 


is  a  solution  of  Eq.  (92) .  This  function  is  related  with  the  isothermic 
coordinates  on  a  sphere.  Using  the  parametric  equations of  a  sphere 


x  =  [a+P(n)]  cos  0,  y  =  [a+P(n)]sin  0  sin  z  =  [a+P(n)]sin  0  cos  $ 


and  writing 


in  tan 


where  0  <  4>  <  2  it  and  0  <  8  <  it,  we  obtain 


*33 


*11 


4  (a+P) 2e2i* 
(1+e2  S  2 


Thus  the  equations 


(a+P)  (l-e2S 


1+e 


2C 


2 (a+P) e  sin  C 
'  '  l+e2< 


2 (a+P) e  cos  5 


1+e 


2C 


(94) 


represent  a  sphere  of  radius  a+P(n>  in  terms  of  the  isothermic  coordinates 
in  the  surface.  Since  P(n)  is  an  arbitrary  function  of  n,  we  have  the 
capability  of  prescribing  a  suitable  function  P(ti)  to  achieve  any  sort  o' 


contraction  or  expansion  in  the  field,  it  looks  that  the  representation  (94) 
should  prove  useful  in  the  computational  problems  associated  with  a  sphere. 


Comment  (i)  : 

As  a  further  justification  for  the  consistency  of  the  set  of  Eqs.  (29)  it 
has  beer.' shown  below  that  these  equations  can  be  combined  to  obtain  the  equation 
for  a  surface  z  =  z(x,y)  in  the  well  known  form 

az  -  2gz  +  yz  «  2HM  ,  (i) 

xx  xy  yy 

where 

2  2 

2H  =  kx+k2  =  R/G3  ,  M  =  1+p  +q  ,  p  «  Z*.  q  =  z^  , 
a  =  (l+q2)/>^r  ,  6  *  pq//M  ,  y  «  (l+p2)/4l  . 


First  note  the  following  definitions  and  identities: 

G3  =  gll922  "  (g12)2  '  X  =  '  Y  “  '  2  =  1/’^  ' 


Ax(x,x)  =  (1-X2)G3  ,  A^x.y)  -  -XYG3  .  ^(y.y)  =  (1-Y2)G3  , 


V*'b)  =  g22a^  -  +  •„*»*>  +  .  J| 

Calculating  z^,  z^,  z^  from  z^,  z^,  substituting  these  expressions  in 
Eq.  (29c)  while  using  the  equations  in  (ii)  and  Eqs.  (29a, b)  we  recover 
Eq.  (i)  given  above. 

6  11 

We  now  compare  the  equations  obtained  by  Thomas  with  those  of  Warsi 
Thomas'  equations  in  the  present  notation  are 


£x  +  2pG  H/4<  »  0  ,  £y  +  2qG,H//M  -  0  ,  where  G  «  (x  y  -x  y  )2M  ,  (iii) 
i  i  3  t  n  n  \ 


which  are  exactly  the  same  as  Eqs.  (29a, b)  of  this  paper.  It  must,  however, 

6 

be  pointed  out  that  the  derivation  of  Eqs.  (iii)  involves  four  steps: 

(a)  orthogonality  of  (  with  (,n,  (b)  vanishing  of  the  curvature  of  the 
(-lines,  (c)  elimination  of  an  arbitrary  parameter  (which  may  be  zero), 

(d)  prescription  of  z(x,y)  for  the  surface  to  be  generated. 


Comment  (11) 

In  two  dimensions  another  differential  system  is  provided  by  a  first  order 
Beltrami  equation  20 ,  which  in  the  complex  form  is 

fj  -  K<z,z)tg  -  0  ,  U) 

where 

f  -  f(s,s>  , 

z«x  +  iy,**x-iy,i«  /T  . 

Writing 

f(z,z)  «  'C(x.y)  +  in(x,y)  »  H(z,z)  »  p(x,y)  +  iv(x,y)  ,  (ii 

we  obtain  the  following  two  real  equations  from  (i) : 

*  <**  '+  '  (ii 

ny  -  o5x  +  8Cy  ,  (iv 

where 

a  -  [(1-m)2  +  v2]/fl  ,  6  •  “2v/A  ,  r  *  {(1+u)2  +  v2]/A  ,  A  *  l-(li2  +  v2)  . 
Note  that 

onr  -  62  -  1  , 

o  +  y  -  2  (2- A) /A 

A  quasiconformal  mapping  becomes  conformal  when  H  «  0,  or  equivalently 
a  «  y  «  1 ,  6  ■  0.  The  resulting-  equations  are  then  the  Cauchy - Rieaann 
equations 

e*  -  \  '  V  ■  ' 

and  then  f(s)  is  an  analytic  function  in  the  domain  D. 

equations  (lii)  and  (iv)  can  be  inverted  so  that  only  the  partial 
derivatives  of  x  and  y  appear.  Thus 


f 
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x  -  0x  -  ay  ,  (v) 

n  t  f, 

y  -  yx  -  By.  •  (vi) 

n  t  t 

For  Eq» .  (v)  and  (vi)  it  is  important  to  write  a,  6>  y  in  t«rms  of  th«  metric 
coefficients,  which  ere7'*2. 


B  -  4*^/1  j/g  +  (gu  ♦  922>]  , 

<»  *  y  -  <gxl  *  922>/»/9  » 

<*»Y  ■  C9ll  +  922  *  {<9ll  *  g22)2  ■  4(1  *  82)g)^]/2^g  . 


Co— nt  (iii)  i 

As  is  expected. 


[.  (82)  can  be  seduced  to  the  fora 

3x_ 


-kt 


a2x 


3xk8*1 


+  (V2!* 


) 


a* 


by  using  the  formula 

aV  u  pP  ail  ft  ix*  agr 
ax13x1  ij  a X**  qr  ax1  ax^ 


in  the  expression  for  — ~  .  However,  for  gaining  a  new  insight  into  the 

axxax3 


J 


! 

( 

i 

I 


structure  of  the  redistribution  teres  it  looks  profitable  to  keep  the  fore 
(62)  with  p*  defined  in  (63) . 


Consent  (jy) » 

Generation  of  isothermic  coordinates  can  also  be  achieved  by  the  Method 

detailed  in  Hsf.  14.  Let  x1  and  x2  be  some  sort  of  coordinates  introduced 

in  a  portion  of  the  surface  (for  exasple  from  the  subroutine  developed  by 
21  12 

Craidon  )  $  and  lat  x  ,  x  ba  tha  daairad  Isotharmic  coordinates .  Than 


x1  -  **(?.?, 


Because  of  x*  being  isothermic,  we  have 

*22  *  «U  * 


Using  the  transformation  law  for  the  covariant  and  the  contravariant  metric 
tensor  components  we  get 

^4=  g..ejlci4  -  « 

3X1  1]  3** 


ejk  -  -e..  f 

^  3k 


en  "  0  '  e22  "  °  '  el2  “  +1  '  e21  "  -1 


From  Eqs.  (i)  and  (ii)  we  find  the  second  order  differential  equations 


3  .  rr  ,ij  3x  , 

— T  W  4  — T>  =  0  , 

n  -.J 


where  k  =*  1,  2.  Note  that  in  the  Eqs.  (i)  -  (iii)  the  indices  range  over  the 
values  1,  2. 

Equations  (iii)  provide  two  linear  uncoupled  equations  for  the  deter¬ 
mination  of  the  isothermic  coordinates,  since  the  values  of  g^  are 
known  a*  priori. 


CONCLUSIONS 

Three  distinct  methods  of  numerical  coordinate  generation  based  on  PDE's 
have  been  analyzed  in  detail .  In  the  two  newly  proposed  methods ,  viz . ,  the 
methods  discussed  in  S 53  and  5,  some  useful  results  have  been  obtained  by 
looking  at  the  generating  system  of  equations  as  a  system  of  forcing  differ¬ 
ential  relations  among  the  metric  coefficients  g^ .  For  example,  in  the 
method  of  S3  and  g^'s  are  forced  to  satisfy  Eqs.  (27)  (refer  also  to  their 
forms  in  Eqs.  (20)).  In  the  method  of  55,  the  g^^ ' s  naturally  satisfy  Eqs.  (80) 
since  the  space  is  intrinsically  Euclidean.  In  the  TTM  method  discussed  in 
S4  the  generating  Laplace  or  Poisson  equations  also  amount  to  specifying  a  set 
of  differential  constraints  on  the  g^'s. 

In  the  process  of  obtaining  the  above  noted  results  a  number  of  other 
results  and  equations  have  been  obtained  which  should  be  satisfied  by  all 


coordinate  systems .  For  example,  the  orthogonal  coordinates  in  an  Euclidean 
space  must  satisfy  Eqs.  (69) ,  (88) ,  and  the  nonorthogonal  coordinates  must 
satisfy  Eqs.  (80),  no  matter  which  method  is  used  to  generate  them,  in 
effect  all  these  results  provide  enough  material  for  proposing  more  efficient 
calculation  algorithms  for  the  coordinate  generation  on  a  computer. 
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ABSTRACT 

Various  types  of  generating  systems  for  boundary-conforming  coordinate 
systems  based  on  the  numerical  solution  of  systems  of  elliptic  partial 
differential  equations  are  discussed.  Particular  emphasis  is  given  to  the 
determination  of  functions  in  these  equations  which  control  the  distribution 
of  the  curvilinear  coordinate  lines  in  the  field. 

INTRODUCTION 

In  general,  the  generation  of  a  boundary-conforming  coordinate  system  is 
accomplished  by  a  determination  of  the  values  of  the  curvilinear  coordinates 
in  a  region  from  specified  values  (and/or  slopes  of  the  coordinate  lines) 
on  the  boundary  of  the  region.  One  coordinate  will  be  constant  on  each 
segment  of  the  physical  boundary  curve  (surface  in  3D) ,  while  the  other  varies 
monotonically  along  the  segment. 

The  equivalent  problem  in  the  transformed  region  iB  the  determination  of 
values  of  the  physical  (cartesian  or  other)  coordinates  in  the  interior  of 
the  transformed  region  from  specified  values  on  the  boundary  of  the  transformed 
region,  as  discussed  in  the  first  paper  of  this  volume.  This  is  a  more 
reasonable  problem  for  computation,  since  the  boundary  of  the  transformed 
region  is  comprised  of  horizontal  and  vertical  segments,  so  that  this  region 
is  composed  of  rectangular  blocks  which  are  contiguous,  at  least  in  the 
sense  of  being  joined  by  re-entrant  boundaries  (branch  cuts). 

Now  the  generation  of  field  values  of  a  function  from  boundary  values  can 
be  done  in  various  ways,  e.g.,  by  interpolation  between  the  boundaries,  etc., 
and  several  methods  are  discussed  elsewhere  in  this  volume.  The  solution  of 
such  a  boundary-value  problem,  however,  is  a  classic  problem  of  partial 
differential  equations,  so  that  it  is  logical  to  take  the  coordinates  to 
be  solutions  of  a  system  of  partial  differential  equations.  If  the  coordinate 
points  (and/or  slopes)  are  specified  on  the  entire  closed  boundary  of  the 
region,  the  choice  of  equations  must  be  elliptic,  while  if  the  specification 
is  on  only  a  portion  of  the  boundary  the  choice  would  be  hyperbolic.  This 
latter  case  would  occur,  for  instance,  when  an  inner  boundary  of  a  region  is 
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specified,  but  a  surrounding  outer  boundary  is  arbitrary.  The  present 
discussion,  however,  treats  the  general  case  of  a  completely  specified 
boundary,  which  requires  an  elliptic  partial  differential  system. 

ELLIPTIC  GENERATION  SYSTEMS 

The  extremum  principles,  i.e.,  that  extrema  of  solutions  cannot  occur 
within  the  field,  exhibited  by  some  elliptic  systems,  can  serve  to  guarantee 
a  one-to-one  mapping  between  the  physical  and  transformed  regions.  Thus, 
since  the  variation  of  the  curvilinear  coordinate  along  a  physical  boundary 
segment  must  be  monotonic,  and  is  over  the  same  range  over  facing  boundary 
segments,  it  clearly  follows  that  the  extrema  of  the  curvilinear  coordinates 
must  occur  on  the  boundaries  of  the  physical  field  and  not  in  the  interior. 
(Note  that  it  is  the  extremum  principles  of  the  partial  differential  system 
in  the  physical  plane,  i.e.,  with  the  curvilinear  coordinates  as  the  dependent 
variables,  that  is  relevant  since  it  is  the  curvilinear  coordinates,  not  the 
cartesian  coordinates,  that  must  be  constant  or  monotonic  on  the  boundaries.) 

Another  important  property  in  regard  to  coordinate  system  generation  is 
the  inherent  smoothness  that  prevails  in  the  solutions  of  elliptic  systems. 
Furthermore,  boundary  slope  discontinuities  are  not  propagated  into  the 
field.  There  are  then  a  number  of  advantages  to  using  a  system  of  elliptic 
partial  differential  equations  as  a  means  of  coordinate  system  generation. 

The  historical  progress  of  the  choice  of  elliptic  systems  for  this  purpose 
has  been  traced  in  Thompson,  et  al.1  Consequently,  in  the  interest  of  space, 
references  to  all  earlier  work  will  not  be  made  here.  Numerous  examples  of 
the  generation  and  application  of  coordinate  systems  generated  from  elliptic 
partial  differential  equations  are  covered  in  the  above  reference,  as  well  as 
in  other  papers  in  the  present  volume. 

Laplace  system.  The  most  simple  elliptic  partial  differential  system, 
and  one  that  does  exhibit  an  extremum  principle  and  considerable  smoothness, 
is  the  Laplace  system 


This  generation  system  guarantees  a  one-to-one  mapping,  c.f..  Mas tin  & 
Thompson2,  for  boundary-conforming  curvilinear  coordinate  systems  on  general 
closed  bowdaries. 


With  this  generating  system  the  coordinate  lines  will  tend  to  be  equally 
spaced  in  the  absence  of  boundary  curvature  because  of  the  strong  smoothing 
effect  of  the  Laplacians,  but  will  become  more  closely  spaced  over  convex 
boundaries  and  less  so  over  concave  boundaries  as  is  illustrated  below: 


In  the  first  case  shown  here,  we  have  n  >0  because  of  the  convex  (to  the 

xx 

interior)  curvature  of  the  lines  of  constant  n  (n-lines) .  Therefore,  by 

Fig.  la,  it  follows  that  <  0,  and  hence  the  spacing  between  the  n-lines 

must  increase  with  y.  The  n-lines  thus  will  tend  to  be  more  closely  spaced 

over  such  a  convex  boundary  segment.  For  concave  segments,  illustrated  in 

Fig.  lb,  we  have  n  <  0,  so  that  n  must  be  positive,  and  hence  the  spacing 

xx  yy 

of  the  n-lines  must  decrease  outward  from  this  boundary. 


This  system  still  possesses  an  extremum  principle  if  the  inhomogeneous  functions 
do  not  change  sign  in  the  field.  It  should  be  noted,  however,  that  the  presence 
of  an  extremum  principle  is  a  sufficient,  but  not  necessary,  condition  for  a 
one-to-one  mapping,  so  that  some  latitude  can  be  taken  in  the  form  of  the 
inhomogeneous  functions.  ThiB  system  is  the  basis  of  the  TOMCAT  code  of 
Thompson ,  et  al . 3 

Effect  of  control  functions.  Since  a  negative  value  of  the  control  function 
would  tend  to  make  more  negative,  it  follows  that  negative  values  of  g  will 
tend  to  cause  the  coordinate  line  spacing  in  the  cases  shown  above  to  increase 
more  rapidly  outward  from  the  boundary.  Generalising,  negative  values  of  the 
control  function  g  will  cause  the  n-lines  to  tend  to  move  toward  lines  with 
lower  values  of  n,  while  negative  values  of  P  will  cause  (-lines  to  tend  to 
save  toward  lines  having  lower  values  of  (.  These  effects  are  illustrated 
below  for  an  n-line  boundary. 
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Fig.  2. 

Note  that  since  the  boundary  values  are  fixed,  the  (-lines  cannot  change  the 
intersection  with  the  boundary.  The  effect  of  the  control  function  P  at 
the  boundary  in  this  case  is  thus  to  change  the  angle  of  intersection, 

■>  causing  the  (-lines  to  rotate  toward  lines  with  lower  values  of  (.  These 

effects  are  illustrated  in  the  following  figures: 


Fig.  3. 

Here  the  (-lines  are  radial  and  the  n-li*>es  are  circumferential.  In  the 
left  illustration  the  control  function  Q  is  locally  non-zero  near  a  portion 
of  the  inner  boundary,  while  in  the  right  figure  P  is  locally  non-zero. 

In  general,  a  negative  value  of  the  Laplacian  of  one  of  the  curvilinear 
coordinates  causes  the  lines  on  which  that  coordinate  is  constant  to  move 
toward  lines  having  lower  values  of  that  coordinate.  For  coordinate  lines 
intersecting  a  boundary,  this  has  the  effect  of  causing  such  lines  to  rotate 
toward  lines  having  lower  values  of  this  coordinate  while  maintaining  fixed 
intersections  with  the  boundary.  Positive  values  of  the  Laplacian  naturally 
result  in  the  opposite  effect,  i.e.,  displacement  toward  lines  having  higher 
values  of  the  coordinate. 

Effect  of  boundary  point  distribution.  Because  of  the  strong  smoothing 
tendencies  that  ara  inherent  in  the  Laplacian  operator,  in  the  absence  of  the 
control  functions,  i.e.,  with  P  -  Q  »  0,  the  coordinate  lines  will  tend  to  be 
generally  equally  spaced  far  from  the  boundaries  regardless  of  the  boundary 
point  distribution.  For  example,  the  simple  case  of  a  coordinate  system 
comprised  of  horizontal  and  vertical  lines  in  a  rectangular  region  cannot  be 
obtained  as  a  solution  of  Eq. (2)  with  P  ■  Q  ■  0  unless  the  boundary  points 


are  equally  spaced.  This  is  easily  seen  since  with  vertical  £- lines  we  have 

£  ■  0.  if  these  lines  are  not  equally  spaced  then  £  cannot  vanish,  and 

yy  xx 

hence  the  Laplacian  cannot  be  zero. 

Thus  t  if  the  coordinate  lines  in  the  interior  of  the  region  are  to  have 

the  same  general  spacing  as  the  point  distributions  on  the  boundaries  which 

these  lines  connect,  it  is  necessary  to  evaluate  the  control  functions  to  be 

compatible  with  the  boundary  point  distribution.  Continuing  the  simple 

example  of  the  rectangular  field  with  horizontal  and  vertical  coordinate  lines, 

since  £  »  n  •  0,  Eq. (2)  reduce  to 

yy  xx  1 


where  P  and  Q  cannot  vanish  if  the  point  distribution  is  not  uniform  on  the 
horizontal  and  vertical  boundaries,  respectively.  These  effects  are  illustrated 
in  the  figures  below.  Here  the  control  functions  are  zero  in  the  left  figure. 


Fig.  4. 

Note  that  although  the  spacing  is  not  uniform  on  the  semi-circular  outer 
boundary  in  this  figure,  the  angular  spacing  is  essentially  uniform  away 
from  this  boundary.  By  contrast  non-zero  control  functions  in  the  right 
figure,  evaluated  from  the  boundary  point  distribution,  cause  the  field 
spacing  to  fellow  that  on  the  boundary.  This  evaluation  of  the  control 
functions  from  the  boundary  point  distribution  is  discussed  more  fully  in 
a  later  section. 


General  Poisson  system 

Generalizing  the  Poisson  system  of  Eq. (2)  to  three-dimensions ,  we  have , 

with  the  cartesian  and  curvilinear  coordinates  denoted,  respectively,  as 
.  i 


where  i,  j,  and  k  all  range  over  1-3.  In  the  transformed  plane,  this  system 
becomes,  using  Eq. (23)  of  the  first  paper  in  this  volume, 


3  3  .  .  o  x  . 

l  (  Z  gi3  ■  r~:  +  P*  — £)  -  0 
i=i  j-i  ara?3  at 


g13  *  7<gkmgin  '  gknW 


with  (i,  k,  l )  and  (j,  m,  n)  cyclic  and 

g.  »  r  . *r  .  (6) 

13  -t1  't3 

g  -  [r  ,-(r  x  r  ))2  (7) 

‘t  't  *t 

Here  r  is  the  general  position  vector  in  cartesian  coordinates.  . 

*•  ^  J 

Note  that  if  p  is  not  a  function  of  the  coordinate  derivatives.  —  , 

3xk 

the  system  is  linear  in  the  physical  region,  cf.  Eq. (2) ,  but  quasi’inear 
in  the  transformed  region,  cf.  Eq. (4) .  The  equations  are  thus  more  complicated 
in  general  in  the  transformed  region,  but  this  is  overshadowed  by  the  great 
simplification  in  the  boundary  conditions  that  arises  from  the  fact  of  the 
rectangular  boundaries  in  the  transformed  region. 

Alternate  form.  Eq. (4)  can  be  made  to  reduce  to  a  particularly  simple 
form  in  one  dimension  by  taking  P1  to  be  of  the  form 

P*  -  g11^  (8) 

(No  summation  is  implied  here.  All  summations  are  explicitly  indicated 
throughout  this  paper.)  Eq. (4)  then  becomes 

3  3  .  32x^  3x 

t  Z  g13(— — +  6  r  ~f>  -  0  (9) 

i-i  j«i  ac  ae3  3  ar 


This  form  becomes  particularly  simple  in  one  dimension,  since  then  we  have 


which  can  be  integrated  analytically  if  P  is  a  function  only  of  t.  to  give 
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x(C)  =  xQ  +  aj  exp[-j  P(5“><35"  Jd£'  (11) 

0  0 

with  a  *  (x^) q .  In  general,  the  function  P*'  may  depend  on  the  same  variables 
as  did  p1  in  its  original  definition.  The  magnitude  of  the  function  P1  should 
be  some  orders  of  magnitude  smaller  than  that  of  the  function  P1  because  of  the 
multiplication  of  the  former  by  g^,  which  is  a  measure  of  the  ratio  of  the 
arc  length  of  a  cell  side  to  the  cell  volume. 

Vector  form.  In  vector  form,  Eq. (9)  can  be  written  as 

3  3.. 

I  l  g13(r  .  .  +  6.  /r  .)  =  0  (12) 

i=l  j-l  13  '51 

In  two  dimensions  we  have,  with  k  the  unit  vector  in  the  direction  of  invariance 
and  £3  the  curvilinear  coordinate  in  this  direction. 


r  =  k  and  r  -  r  =  r  •  r  =0 

“C3  '  ~C!  ~53  '52  ~53 

Then  Eq. (12)  reduces  to  the  following,  with  P  =  P1  and  2  :  P2,  for  a  two- 
dimensional  plane  surface: 


(r 


55 


Pr5)  -  2<r?- 
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rr  + 

An 


(t  t  Or) 

.nn  -h 


(13) 


Other  systems 

Two  other  forms  of  elliptic  system  that  have  been  considered  in  the 
literature  are  Eq. (2)  with  the  control  functions  taken  of  the  forms 


and 


P  =  gr  Godunov  &  prokopov  (14) 

P1  .  -  i  TO  ■  VC1  Winslow5  (15) 


This  latter  choice  puts  Eq. (2)  in  the  form  of  a  diffusion  equation  with  a 
variable  diffusitivity : 

V  •  (DVtS  =  0  (16) 

in  which  the  "diffusitivity,"  D,  becomes  the  control  function. 

Elsewhere  in  this  volume  Brackbill  discusses  elliptic  generating  systems 
developed  from  a  variational  approach  based  on  minimizing  the  integral  of 
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(<7€)2  +  (Vn)2]  +  Xy(w^g)  +  XQ(Vt  •  7n) 2 

over  the  field.  The  Euler  equations  for  this  functional  provide  the  elliptic 
partial  differential  system  for  £  and  n,  which  consists  of  two  quasilinear 
equations  in  all  six  second  derivatives,  with  coefficients  that  are  quadratic 
functions  of  the  first  derivatives.  The  term  involving  w  causes  the  mesh  to 
adjust  so  that  the  product,  wg,  is  more  nearly  constant  over  the  mesh.  The 
last  term  in  the  functional  serves  to  minimize  the  departure  from  orthogonality, 
while  the  first  term,  which  contributes  the  Laplacian  to  the  Euler  equations, 
regulates  the  smoothness.  Larger  values  of  Xy  and  Xq  give  added  weight  to 
the  corresponding  features  in  the  solution.  The  non-negative  weight  function, 
w(x,y) ,  may  be  taken  to  be  a  measure  of  some  physical  solution  variation  or 
magnitude,  or  may  measure  the  truncation  error  in  some  manner.  Obviously, 
the  mesh  will  tend  to  be  fine  where  this  function  is  large. 


Systems  for  curved  surfaces 

A  two-dimensional  coordinate  system  can  be  generated  on  a  curved  surface, 
but  the  curvature  of  the  surface  must  be  taken  into  account. 


Pig.  5. 


two  approaches  are  discussed  below.  The  first  requires  specification  of  the 
surface  while  the  second  determines  the  surface  along  with  the  coordinate 
system  thereon  using  information  from  specified  bounding  surfaces  intersected 
by  the  surface  in  question. 

Specified  surfaces  (Thomas  ) .  Consider  for  definiteness  a  surface  of 
constant  C  and  assume,  for  the  moment,  that  the  coordinate  lines  emanating 
from  this  surface  are  normal  to  the  surface,  i.e.,  rr ■  r  »  r  •  r  -  o. 

Then  Eq. (12)  reduces  to  the  following  on  the  surface: 


11 , 

9  (f«  + 


+  g22<r  +  <Jr  ) 

-nn 


+  g33(?« + 


2gl2fCh 


0  (17) 


*  -  r<.  r  ■  V*  J 


3-«  "  ^  &M--r  .V  -  r  1 


Let  the  (-surface  be  specified  by  z  -  f(x,y).  Then  on  the  surface 


!=£*,  +  f  y, 
5  x  5  y  5 


z  »  f  x  +  f  y 
n  x  n  y  n 


z  =  f  x.  +  f  y  +  f  x?  +  f  y2  +  2f  x  v, 
((  X  CC  y  5C  XX  5  yyyC  xy 


s  =fx  +fy  +  f  x2  +  f  y2  +  2f  xy 
nn  x  nn  y  nn  xx  n  yy  n  xy  n  n 


z  *=fx.  +  f  y,  +  f  xrx  +  f  y,y  +  f  (x.y  +  x  y,) 

Cn  x  y  Cn  xx  t  n  yy  5  n  xy  5yn  nyC 

Now  eliminating  R  between  the  x  and  z  components  of  Eq.  (17)  we  have 

gll<X«  +  PV  +  g22(Xnn  +  +  g33x((  +  2^\n 


t  lgUl2«  +  PV  +  g22(Znn  +  &V  +  g33z«  +  2gl2ztn] 


Eliminating  R  between  the  y  and  z  components  yields  a  similar  equation  with  x 
replaced  by  y. 

In  order  to  treat  the  (-derivatives,  assume  for  the  moment  that  the 
curvature  of  the  coordinate  lines  crossing  the  surface  vanishes  thereon.  Now 
the  principal  curvature  of  a  line  is  given  by 

dT 

where  T  is  the  tangent  to  the  line,  s  is  arc  length  along  the  line,  and  N  is 
a  unit  vector  normal  to  T,  called  the  principal  normal  to  the  line.  The 
tangent  to  a  (-line  is  given  by  T  ■  r^/ | r^ | ,  and  the  arc  length  is  ds  - 
|r^|d(,  so  that 


f^TdT  ^  *1?^"“% 


The  vanishing  of  the  curvature  of  the  (-lines  crossing  the  surface  is  then 
expressed  by 


**a|PK*e*  %**■**»*  1*  ?-*■**&*"- 


86 


defining  function  f(x,y)  of  the  surface.  Note  also  that,  again  using  Eq. (18) 


:  derivatives,  we  have 

|r  I2  =  (1+f  2)x  2  + 

'  _n'  x  ri 

(1+f  2)y  2  +  2f  f  x  y 

y  n  x  y  n  n 

(28a) 

|r?|2  =  a+fx2)x*  + 

(1+f  2)y  2  +  2f  f  x.y 
y  S  x  y  C  C 

(28b) 

rf-  r  =  (1+f  2)x  x 
-£  -n  x  5  n 

2 

+  (1+f  )y  y  +  f  f  fx  y  +  x  yp) 
y  J  £  n  x  y  £  n  r\  £ 

(28c) 

Eq. (25)  can  thus  be  used  to  generate  a  two-dimensional  coordinate  system 
on  a  specified  curved  surface.  These  equations  are  applicable  to  a  surface 
specified  by  the  equation  z  =  f(x,y).  Analogous  equations  can,  of  course, 
be  inferred  for  other  surfaces.  The  assumptions  made  in  obtaining  these 
equations  all  relate  to  the  behavior  of  the  coordinate  lines  crossing  the 
surface,  i.e.,  that  these  lines  are  normal  to  the  surface  and  have  vanishing 
curvature  at  the  surface.  The  curvature  of  the  surface  is  taken  account  of 
through  the  terms  involving  the  function  G,  without  which  Eq. (25)  reduce  to 
the  plane  two-dimensional  equation  (13). 

A  three-dimensional  coordinate  system  can  be  constructed  by  connecting 
corresponding  points  on  a  sequence  of  surfaces  on  which  two-dimensional 
systems  have  been  generated  by  Eq. (25) ,  but  the  equation  of  each  surface 
would  have  to  be  specified,  of  course.  The  resulting  three-dimensional  system 
will  not  necessarily  actually  have  the  coordinate  lines  crossing  the  surfaces 
normally  with  vanishing  curvature,  however,  since  the  successive  surfaces 
are  specified  independently. 

Gaussian  surfaces.  Another  approach  to  the  generation  of  three-dimensional 
coordinate  systems  by  generating  two-dimensional  systems  on  surfaces  is  given 
by  Wars!  elsewhere  in  this  volume,  using  the  Gaussian  equations  for  a  surface. 

In  contrast  to  the  development  of  Eq. (25) ,  here  the  surface  is  not  specified. 
Therefore,  three  coupled  two-dimensional  equations  result  on  the  surface  of 
constant  (, 

Dx  -  XR  =  0  (29a) 


where  0  is  again  defined  by  Eq. (26),  and  (X,  Y,  Z)  are  the  component*  of  the 
normal  to  the  surface, 


<y5%  ' 


Y  <•  (x  z.  -  x,z  )/</j 
n  t  5  n 


(xry„  -  x^y^/Zj 
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R  =  (Xx5  +  Yy5  +  ZZ',)  -  2912ri2  +  ^^l* 


and  T*k  are  the  space  Christof fel  symbols : 

i  1  3  U  9gjl  3gklt  3gjk, 
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In  this  procedure  the  {-derivatives ,  rather  than  the  equation  of  the 
surface,  must  be  specified.  This  can  be  done  evaluating  these  derivatives  on 
specified  bounding  surfaces  intersecting  the  surface  in  question  at  its 
edges,  and  interpolating  these  boundary  values  onto  the  surface  for  use  in 
Eq. (31) .  Again  three-dimensional  coordinate  systems  can  be  constructed  by 
connecting  corresponding  points  on  the  successive  surfaces. 


CONTROL  FUNCTIONS 

As  discussed  above,  negative  values  of  the  control  function  P*  will 
cause  the  £  coordinate  lines  to  concentrate  toward  lines  with  lower  values 
of  Several  approaches  to  the  determination  of  the  control  functions  are 

discussed  below. 


Attraction  to  coordinate  lines/points 

This  effect  was  utilised  in  the  TOMCAT  Code  of  Thompson,  et  al.3  to 
achieve  attraction  of  coordinate  lines  to  other  coordinate  lines  and/or 
points  by  taking  the  form  of  the  control  functions  to  be,  in  2D, 

n 

p(C,n)  -  -  1  a. sign (6  -  £.)exp(-c  |?-€  |) 
i»l 

“  >1 
-  t  bi  ai.gn(£  -  <£  -  ^)2  +  (n  -  n^)2]  / 
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and  an  analogous  form  for  Q (( , n)  with  (  and  n  Interchanged.  (Here  the 
subscripts  identify  particular  (-coordinate  lines  and  are  not  to  be  confused 
with  the  superscripts  used  to  refer  to  the  curvilinear  coordinates  in  general.) 
In  this  foro,  the  control  functions  are  functions  only  of  the  curvilinear 
coordinates . 

In  the  P  function,  the  effect  of  the  amplitude  a^  is  to  attract  (-coordinate 
lines  toward  the  C^-line ,  while  the  effect  of  the  amplitude  is  to  attract 
(-lines  toward  the  single  point  ((^ ,  n^) •  Note  that  this  attraction  to  a 
point  is  actually  attraction  of  (-lines  to  a  point  on  another  (-line,  and 
as  such  acta  normal  to  the  (-line  through  the  point.  There  is  no  attraction 
of  n-lines  to  this  point  via  the  P  function.  In  each  case  the  range  of  the 
attraction  effect  is  determined  by  the  decay  factors,  and  d^.  With  the 
inclusion  of  the  sign  changing  function,  the  attraction  occurs  on  both  sides 
of  the  (-line  or  the  ((^,  n^)  point,  as  the  case  may  be.  Without  this  function, 
attraction  occurs  only  on  the  side  toward  increasing  (,  with  repulsion  occurring 
on  the  other  side.  A  negative  amplitude  simply  reverses  all  of  the  above- 
described  effects,  i.e.,  attraction  becomes  repulsion  and  vice  versa.  The 
effect  of  the  Q  function  on  n-lines  follows  analogously. 

In  the  case  of  a  boundary  that  is  an  n-line,  positive  amplitudes  in  the 
Q  function  will  cause  n-lines  off  the  boundary  to  move  closer  to  the 
boundary,  assuming  that  n  increases  off  the  boundary.  The  effect  of  the  P 
function  will  be  to  alter  the  angle  at  which  the  (-lines  intersect  the  boundary, 
since  the  points  on  the  boundary  are  fixed,  with  the  (-lines  tending  to  lean 
in  the  direction  of  decreasing  (.  These  effects  are  evident  in  Figures  2  and 
3  above.  Further  examples  are  given  below. 
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Fig.  7. 

The  first  two  figures  show  the  result  of  attraction  to  the  two  circled  points 
in  comparison  with  the  case  with  no  control  function.  The  other  figure 
illustrates  strong  attraction  to  the  coordinate  line  coincident  with  the 
inner  boundary  and  the  branch  cut  in  this  C-type  system.  If  the  boundary 
is  such  that  n  decreases  off  the  boundary,  then  the  amplitudes  in  the  Q 
function  must  be  negative  to  achieve  attraction  to  the  boundary.  In  any 
case,  the  amplitudes  a^  cause  the  effects  to  occur  all  along  the  boundary 
(as  in  the  last  figure  above) ,  while  the  effects  of  the  amplitudes  b^  occur 
only  near  selected  points  on  the  boundary  (cf.  Fig.  3  above.) 

Effect  of  cuts.  In  configurations  involving  branch  cuts,  the  attraction 
lines  and/or  points  in  this  type  of  evaluation  of  the  control  functions  should 
be  considered  to  exist  on  all  sheets.  In  the  O-type  configuration  shown  in 
Fig.  13  (cf.  also  Fig.  26)  of  the  first  paper  of  this  volume,  where  the  two 
sides  of  the  cut  are  on  opposite  sides  of  the  trans formed  region,  the  control 
function  P  for  attraction  to  the  ^-line  would  strictly  involve  an  infinite 
summation  over  k,  with  replaced  by  +  kd£  where  A?  is  the  jump  in  t,  at 

the  cut.  Thus  ^  in  Eq. (33)  would  be  replaced  by  +  kA£  and  the  right 
side  would  be  summed  from  k  *  -"  to  +  However,  because  of  the  exponential 
decay  the  terms  usually  decrease  rapidly  as  k  increases,  so  that  only  two 
terms  in  the  k  summation  really  need  be  included.  Note  that  since  there  is  no 
jump  in  n  across  the  cut  in  this  configuration,  the  evaluation  of  Q  is 
affected  by  this  cut  only  through  the  replacement  of  5^  as  above  in  the  term  for 
the  point  attraction,  with  summation  over  k  of  only  this  part  of  the  right  side. 

For  the  C-type  configuration  of  Fig.  14  (cf.  also  Fig.  27)  of  the  first 
paper,  with  the  two  sides  of  the  cut  on  the  same  side  of  the  transformed  region, 
n  is  reflected  in  the  cut,  so  that  in  the  evaluation  of  the  control  function  Q, 
two  terms  should  appear  for  each  i,  in  the  second  of  which  would  be  replaced 
by  -ni  +  2nc  where  nc  is  the  value  of  n  on  the  cut.  Again,  however,  the  con¬ 
tribution  of  the  second  term  may  be  small  because  of  the  exponential  decay. 
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Here  the  evaluation  of  the  control  function  P  is  affected  by  the  cut  only 
through  the  point  attraction  part,  with  replaced  as  above. 

The  third  type  of  cut  illustrated  in  the  first  paper.  Fig.  18  (cf.  also 
Fig.  28),  for  which  the  two  sides  of  the  cut  face  across  a  void  of  the 
transformed  region,  is  the  most  simple  since  here  the  jump  in  n  across  the  void 
is  simply  to  be  removed  from  the  distance  to  the  attraction  line  by  replacing 
n.  with  ni  -  An  in  both  the  control  functions.  There  is  no  additional  sumna- 
tion  in  this  case. 

The  case  in  Fig.  20  of  the  first  paper,  where  the  coordinate  species  changes 

sign  at  the  cut,  requires  individual  attention  at  each  cut.  For  example,  the 

contribution  to  the  control  functions  in  region  1  at  a  point  (5,n)  from  an 

attraction  site  (5^,n.)  in  region  2  would  be  evaluated  using  distances  of 

(5-5  )  +  (n  -  p.)  and  (n  -  5j>'in  place  of  5.  and  r» . ,  respectively, 

max  max  x  1  x  1 

Attraction  to  lines/points  in  space 

If  the  attraction  line  and/or  the  attraction  points  are  in  the  field, 
rather  than  on  a  boundary,  then  the  above  attraction  is  not  a  fixed  line 
or  point  in  space,  since  the  attraction  line  or  points  are  themselves  deter¬ 
mined  by  the  solution  of  the  generation  system  and  hence  are  free  to  move. 

It  is,  of  course,  also  possible  to  take  the  control  functions  to  be  functions 
of  x  and  y,  instead  of  5  and  n,  and  thus  achieve  attraction  to  fixed  lines 
and/or  points  in  the  physical  field.  This  case  becomes  somewhat  more  compli¬ 
cated,  since  it  must  be  ensured  that  coordinate  lines  are  not  attracted 
parallel  to  themselves.  The  following  development  is  from  Thompson7. 

Recall  that  in  the  above  discussion,  n-lines  are  attracted  to  other  n- lines, 
and  5-lines  are  attracted  to  other  5-lines.  It  is  unreasonable,  of  course,  to 
attempt  to  attract  n-lines  to  5-lines ,  since  that  would  have  the  effect  of 
collapsing  the  coordinate  system.  When,  however,  the  attraction  is  to  be  to 
certain  fixed  lines  in  the  physical  region,  defined  by  curves  y  *  f(x),  care 
must  be  exercised  to  avoid  attempting  to  attract  coordinate  lines  to  specified 
curves  that  cut  the  coordinate  lines  at  large  angles .  Thus,  in  the  figure 
below, 


Fig.  8. 
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it  is  unreasonable  to  attract  (-lines  to  the  curve  £  (x) ,  while  it  is  natural 
to  attract  the  n-lines  to  f (x) . 

However,  in  the  general  situation,  the  specified  line  f(x)  will  not 
necessarily  be  aligned  with  either  a  5  or  n  line  along  its  entire  length. 

Since  it  is  unreasonable  to  attract  a  line  tangentially  to  itself,  some 
provision  is  necessary  to  decrease  the  attraction  to  zero  as  the  angle  between 
the  coordinate  line  and  the  given  line  f(x)  approaches  90°.  This  can  be 
accomplished  by  multiplying  the  attraction  function  by  the  cosine  of  the 
angle  between  the  coordinate  line  and  the  line  f(x).  It  is  also  necessary 
to  change  the  sign  on  the  attraction  function  on  either  side  of  the  line  f(x). 
This  can  be  done  by  multiplying  by  the  sine  of  the  angle  between  the  line  f  (x) 
and  the  vector  to  the  point  on  the  coordinate  line. 

These  two  purposes  can  be  accomplished  as  follows.  Let  a  general  point 
on  the  (-line  be  located  by  the  vector  R(x,y),  and  let  the  attraction  line 
y  =>  f(x)  be  specified  by  the  collection  of  points  S(x.,y^l,  i  «  1,  2,  — ,  n. 

Let  the  unit  tangent  to  the  attraction  line  be  t(x.,y. ),  and  the  unit  tangent 

If)  -IX 

to  a  (-line  be  r  .  Then  with  k  the  unit  vector  normal  to  the  two  dimensional 
plane,  and  with  reference  to  the  following  figure. 


Fig.  9. 

the  control  functions  P(x,y)  and  2(x,y)  may  logically  be  taken  as 


n  It  x  <R  -  S.)  ]■  k 

P(x,y)  =  -  £  ai(ti  •  |R~:  f1 - —  expI-djR-  sj)  (34) 

The  equation  for  Q  simply  has  (  replaced  by  n  in  the  above.  These  functions 
depend  on  x  and  y  through  both  R  and  or  and  thus  must  be  recalcu¬ 

lated  at  each  point  as  the  iterative  solution  proceeds.  This  form  of 
coordinate  control  will  therefore  be  more  expensive  to  implement  than  that 
based  on  attraction  to  other  coordinate  lines. 

There  is  no  real  distinction  between  "line"  and  "point"  attraction  with 
this  type  of  attraction.  "Line"  attraction  here  is  simply  attraction  to  a 
group  of  points  that  form  a  line,  f(x).  If  line  attraction  is  specified,  then 
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the  Unftnt  to  the  line  t (x)  is  computed  from  the  adjacent  points  on  the  line. 

If  point  attraction  is  specified,  then  the  "tangent*  must  be  input  for  each 
point,  the  tangents  to  the  coordinate  lines  axe  computed  frca  relations  given 
in  the  first  paper  of  this  volume , 

t<U  -  — <ixn  +  jyn>  (35a) 

x<n)  -  — (ix?  ♦  jy?>  (35b) 

Effect  of  cuts.  The  presence  of  branch  cuts  introduces  no  cosplication 
with  this  type  of  attraction  since  the  distances  involved  are  in  terms  of  the 
cartesian  coordinates,  rather  than  the  curvilinear  coordinates.  This  form 
of  attraction  makes  the  control  functions  dependent  on  both  the  curvilinear 
and  cartesian  coordinates,  and  thus  attraction  to  space  lines  and/or  points 
involves  more  complicated  equations  in  the  transformed  region  than  does 
attraction  to  other  coordinate  lines  and/or  points,  since  for  the  former 
the  coefficients  of  the  first  derivatives  are  functions  of  the  dependant 
variables. 

Determination  from  related  systems 

If  the  cartesian  coordinates  were  known  in  the  field,  i.e.,  the  coordinate 
system  had  already  been  generated,  the  control  functions  used  could  obviously 
be  determined  at  each  point  by  substituting  these  known  values  in  the 
generation  system  equations  and  solving  algebraically  for  the  control  functions. 
More  important,  control  functions  for  use  in  a  general  case  might  be  determined 
from  a  more  simple  case  of  related  geometry.  The  effect  of  the  control 
would  be  qualitatively  the  same  in  the  more  general  case. 

Thus,  the  control  functions  for  a  case  of  a  rectangular  physical  region 
with  coordinate  lines  parallel  to  the  sides  are  given  by  one -dimensional 
equations  as  in  Bq. (10)  which  are,  with  t-lines  parallel  to  the  y-axis  and 
rr lines  parallel  to  the  x-axis. 

Pm - g.-  Ina  (36) 

*5  yn 

for  use  in  Iq. (13) .  The  effect  of  the  use  of  these  control  functions, 
evaluated  from  arc  lengths  along  the  boundaries,  in  related,  but  more  general, 
regions  would  be  qualitatively  the  same. 


w 


Similarly,  for  an  annular  physical  region  bounded  by  two  concentric 
circles,  a  solution  of  Eq. (13)  of  the  form  x  -  r (n)  cos&(£) ,  y  =  r(n)sin8(£) 
exists  for  the  control  functions,  given  by 


P.-51,  1 

6*  '  -  r  r* 


which  may  be  verified  by  direct  substitution.  If  the  control  functions 
determined  by  substituting  desired  radial  and  angular  point  distributions  in 
Eq. (37)  are  used  in  a  more  general  case  with  opposing  n-line  boundaries,  the 
line  spacing  will  be  qualitatively  the  same  as  these  point  distributions. 

This  topic  is  treated  in  more  general  form  in  the  next  section. 

Results  of  the  two  applications  discussed  above  are  shown  in  the  following 
figures,  the  first  of  which  illustrates  the  application  of  the  one-dimensional 
evaluation  from  arc  length  along  the  boundary  of  a  simply-connected  region, 
while  in  the  second  the  evaluation  is  from  Eq. (37)  using  concentric  circles 
of  diameters  equal  to  the  maximum  chord  of  the  true  inner  and  outer  boundaries. 


Another  approach  would  be  to  use  a  different  generation  procedure,  e.g., 
algebraic,  to  generate  a  preliminary  coordinate  system  for  the  same  configura¬ 
tion  from  which  to  determine  the  control  functions  by  substitution  in  Eq.(13). 
(The  control  functions  could  be  smoothed  before  use  in  the  elliptic  generation 
system  if  desired. )  In  this  way  some  of  the  advantageous  features  of  other 
generation  systems  could  be  employed,  while  using  the  inherent  smoothness 
of  the  elliptic  systems  to  produce  a  final  system  without  slope  discontinuities 
in  the  coordinate  lines. 


Determination  from  bounda 


point  distributions 


The  more  general  question  of  the  determination  of  the  control  functions 
so  as  to  reflect  the  boundary  point  distributions  directly  in  the  spacing  of 
the  coordinate  lines  in  the  field  for  general  regions  is  still  under  study. 

A  reasonable  approach  in  some  cases  is  that  of  Thomas6,  which  is  outlined 
below  and  discussed  at  greater  length  by  Thomas  elsewhere  in  this  volume. 
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Determination  from  edge  distributions.  The  projection  of  the  two- 
dimensional  vector  equation  (13)  in  the  direction  tangent  to  a  line  of  constant 
n  is  obtained  by  taking  the  dot  product  with  r^.  If,  for  the  moment,  the 
coordinate  lines  are  assumed  to  be  orthogonal  on  this  n-line,  so  that  r^-  r^ 
vanishes  thereon,  this  projection  will  be 

!((  +  pl^|2>  +  !nn>  “  0  (38> 

Then,  solving  for  the  control  function  P,  we  have 


ir  •  xre  r_-  r 

.(  -6S  .C  ~nn 


Now  the  derivative  of  arc  length  along  the  n-line  is 


s  <n>  =  I  r  I 

(  -i' 

so  that  the  first  term  in  this  expression  for  P  is 


and  is  thus  related  to  the  rate  of  change  of  the  arc  length  spacing  along  the 
n-line.  This  term  can  be  evaluated  from  the  point  distribution,  r((),  along 
the  n-line. 

In  regard  to  the  other  term  in  P,  the  principal  curvature  of  the  (-lines 

crossing  the  n-line  is  given  by  Eq. (20)  with  (  replaced  by  n-  Then,  under 

the  assumption  that  ^he  coordinate  lines  are  orthogonal  on  the  n-line  so  that 

r,-  r  “0  and  N  ■  ,  ~S  ,  we  have  for  this  curvature 
-S  ,n  -  (r  I 


r  •  r 


Thus  the  other  term  in  the  expression  above  for  P  is  the  product  of  the  arc 
length  spacing,  «  |r^|,  along  the  n-line  with  the  local  curvature 

of  the  (-lines  crossing  the  n-line.  Since  this  term  involves  n-derivatives , 
it  cannot  be  evaluated  from  the  point  distribution  on  the  n-line.  The 
distribution  of  the  local  curvature  of  the  (-lines  must  be  specified  along 
the  n-line,  either  by  direct  specification  or  by  interpolation  between  points 
where  a  specified  (-line  is  available,  e.g.,  boundary  lines  on  the  ends  of  the^ 
n-line . 
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We  thus  have  a  procedure  for  evaluating  the  control  function  P  along  an 
n-line  if  the  point  distribution  thereon  is  specified  and  if  the  distribution 
of  local  curvature  of  the  £-lines  crossing  this  n-line  is  also  specified, 
either  directly  or  by  interpolation  between  known  £-lines: 

s(n) 

P  »  -  -  s£n)C(5)  (43) 

using  Eq. (41)  and  (42)  above.  (Recall  that  this  evaluation  is  made  under  the 
assumption  that  the  coordinate  lines  are  orthogonal  on  the  n-line.) 

A  similar  equation  can  be  obtained  for  the  evaluation  of  the  control 
function  2  along  a  C-line: 

s<0 

n  =  -  -22-  -  s<5>c(n>  (44) 

8(U  n 
n 

where  now  the  arc  length  is  along  the  5-line  and  the  curvature  is  that  of  the 
n-lines  crossing  this  line: 


If  the  control  functions  are  evaluated  in  this  manner  along  pairs  of 
facing  boundaries  in  the  transformed  region,  values  for  these  functions  in 
the  interior  can  be  obtained  by  interpolation  between  the  corresponding 
facing  boundaries,  i.e.,  interpolation  for  P  between  n-line  boundaries 


Note  that  although  orthogonality  at  the  boundaries  was  assumed  in  the 
development  of  the  above  relations  for  the  control  functions  thereon,  there 
has  be  n  no  enforcement  of  this  condition.  Therefore,  the  resulting  coordinate 
system  will  not  necessarily  be  orthogonal  anywhere.  Control  functions 
determined  in  this  manner  will,  however,  serve  to  project  the  influence  of 


I 


Che  boundary  point  distributions  into  the  field,  so  that  the  line  spacing 
in  the  field  will  generally  follow  that  on  the  boundaries. 
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Determination  from  surface  distributions 

These  ideas  may  be  extended  to  three  dimensions,  with  the  control  functions 
first  being  determined  from  the  point  distribution  on  the  edges  of  a  surface 
on  which  a  curvilinear  coordinate  is  constant  in  the  manner  discussed  above 
for  the  two-dimensional  case.  These  edge  values  are  then  interpolated  onto 
the  surface,  and  a  two-dimensional  solution  is  done  for  the  coordinate  system 
on  the  surface  as  discussed  above.  Then  the  new  control  functions  are 
determined  from  the  resulting  point  distribution  on  the  surface.  When  this 
has  been  done  for  all  the  boundary  surfaces ,  the  surface  control  functions  are 
interpolated  into  the  interior  of  the  three-dimensional  region. 

The  surface  solution  requires  a  version  of  the  two-dimensional  equations 
that  takes  into  account  the  curvature  of  the  surface,  such  as  Eq. (25)  given 
above.  As  in  the  two-dimensional  case,  the  control  function  P  for  use  in 
Eq. (25)  can  be  determined  from  the  projection  of  Eq. (17)  along  a  coordinate 
line  of  constant  n,  with  the  momentary  assumption  that  the  coordinate  lines 
are  orthogonal  on  this  line.  Thus  dotting  r^  into  Eq.  (17) ,  and  taking 

r^  *  0,  as  well  as  the  previously  assumed  condition  of  r^-  r^  -  0,  we  have 


(47) 


But  by  Eq. (21)  we  have 


o 


so  that  the  expressions  for  the  control  functions,  P  and  Q.,  reduce  to  the 
expressions  obtained  in  the  two-dimensional  case,  Eq.(43)  and  (44). 

With  the  points  known  on  a  (-surface,  values  of  the  control  function 
thereon  can  be  determined  by  forming  the  projection  of  Eq.(17)  along  lines 
of  constant  5  and  along  lines  of  constant  n  on  this  surface,  again  assuming 
that  the  (-lines  emanating  from  the  surface  are  normal  thereto.  Thus,  dotting 
r^  and  rn  into  Eq.  (17) ,  we  have 
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which  can  be  solved  for  P  and  (>  on  the  5-surface. 

In  like  manner,  values  of  the  control  functions  P  and  R  can  be  determined 
on  an  n-surface  from  a  point  distribution  thereon,  and  the  functions  (*  and  R 
can  be  determined  on  a  C-surface.  The  function  P  in  the  interior  of  the  three- 
dimensional  region  then  is  determined  by  interpolation  of  the  values  on 
facing  n-sur faces .  The  functions  £  and  R  in  the  interior  are  determined  in 
a  similar  manner  using  £  and  5  surfaces  and  £  and  n  surfaces,  respectively. 


Another  approach  to  the  determination  of  the  control  functions  is  to 
interatively  adjust  their  values  until  some  desired  specification  is 
achieved.  Thus  in  Sorenson8,  in  two  dimensions,  the  control  functions  P  and  Q 
of  Eq. (2)  are  iteratively  adjusted  to  achieve  a  specified  spacing  of  the  first 
coordinate  line  from  the  boundary  and  a  specified  angle  of  intersection  at 
the  boundary.  Here  the  control  functions  are  taken  to  be  of  the  form 


P(£,n)  «  p(£)exp(-an)  +  r(£)exp[-c(n  -  n)  J 

max 

Q(£.n)  *  q(£)exp(-bn)  +  s {£) exp  [-d  (n  -  n)  1 

max 

With  the  desired  intersection  angle  at  the  boundary  and  the  spacing  of 
the  first  line  off  the  boundary  specified  at  each  boundary  point 


(49a) 

(49b) 


(and  with  a  priori  choices  for  the  decay  factors) ,  the  code  determines  the 

values  of  the  functions  of  £  in  the  control  functions  automatically  as 

follows:  specification  of  the  intersection  angle  and  first  line  spacing  at 

the  boundary  points  determines  x^  and  y^  at  each  boundary  point,  values  of  x^ 

and  y^  being  known  from  the  boundary  point  distribution.  Since  x^  and  y^ 

can  then  be  determined  at  each  boundary  point,  and  x^  and  y^  are  known 

from  the  boundary  point  distribution,  it  remains  only  to  determine  x  and 

y  at  each  boundary  point  in  order  to  evaluate  the  functions  of  £  in  (4) 

at  each  boundary  point.  With  assumed  values  for  these  functions,  the 

system  of  Eq. (2)  is  solved  on  the  field.  Values  of  x  and  y  at  each 
-1  nn  nn 

boundary  point  are  then  determined  from  this  solution  on  the  field,  and  new 
values  of  the  functions  of  £  are  calculated  at  each  boundary  point.  This 
process  is  repeated  until  convergence.  This  procedure  is  utilized  in  the 
GRAPE  code  and  its  extensions  which  is  discussed  by  Sorenson  elsewhere  in 
this  volume. 

NUMERICAL  SOLUTION 

The  elliptic  generating  system  of  equations  can  be  solved  numerically 
in  a  variety  of  ways.  The  first  step  is  generally  to  replace  the  derivatives 
with  difference  expressions ,  and  second-order  central  differences  are  most 
widely  used.  (There  have  been  some  solutions  using  first-order,  directed 
one-sided  differences  for  the  first  derivatives,  keyed  to  the  sign  of  the 
control  functions. )  The  representation  of  difference  expressions  across 
branch  cuts  is  discussed  in  the  first  paper  of  this  volume.  The  solution  is 
thus  cast  on  the  square  grid  of  the  rectangular  transformed  region.  Values 
of  the  cartesian  coordinates  (or  other  basis  system)  and/or  the  coordinate 
line  slopes  are  specified  on  the  boundary  of  the  transformed  region,  except  on 
the  re-entrant  portion  corresponding  to  the  branch  cuts.  The  non-linear 
difference  equations  can  then  be  solved  by  iteration. 

Iterative  solutions 

The  most  simple  and  tne  -'siesl  iterative  procedure  to  apply  in  general 
configurations  is  point  SOR  (cf.  Thompson3).  The  convergence  for  Eq. (12) 


102 


has  been  found  to  be  rapid  and  dependable  for  a  wide  variety  of  configuration* 
using  overrelaxation.  The  optimum  acceleration  parasteters  and  the  convergence 
rate  decrease  as  the  control  functions  increase  in  magnitude.  Scats  considera¬ 
tion  has  been  given  to  the  calculation  of  a  field  of  locally-optimum  accelera¬ 
tion  parameters  (cf .  Thompson3) ,  but  the  predicted  values  generally  tend  to 
be  too  high,  and  the  desired  increases  in  convergence  rate  were  not  obtained. 
Since  the  equations  are  nonlinear,  it  is  necessary  that  the  initial  guess  lie 
in  a  neighborhood  of  the  solution.  A  logical  and  versatile  procedure  is  to 
use  linear  interpolation  between  closest  facing  boundary  segstents  for  the 
initial  guess  as  illustrated  below. 


Fig.  14. 

The  generating  system  has  also  been  solved  using  S LOR- iteration  as  in 
Sorenson8,  ADI  iteration  (cf.  Ghia,  et  al.9),  the  strongly-ijqplicit  procedure 
SIP  (Ghia  t  Ghia10),  and  by  multi-grid  procedures  as  in  Camarero  and  Younis11. 

Problems 

Since  the  coordinate  lines  tend  to  concentrate  near  a  convex  boundary, 
very  sharp  convex  comers  My  cause  problems  with  the  convergence  of  iterative 
solutions  of  the  generation  equations.  These  equations  are  nonlinear,  and 
therefore  convergence  of  an  iterative  procedure  requires  that  the  initial 
guess  be  within  some  neighborhood  of  the  solution.  With  control  functions 
designed  to  cause  attraction  to  the  boundary,  it  is  possible  for  the  coordinate 
lines  to  overlap  a  very  sharp  convex  comer  during  the  course  of  the  iteration 
even  though  a  solution  with  no  overlap  exists. 


Fig.  15. 

This  problem  may  be  handled  by  first  converging  the  solution  with  the 
coordinate  lines  artificially  locked  off  the  comer.  Thus,  if  newly 
calculated  values  of  the  cartesian  coordinate*  at  a  point  during  the 
iteration  would  cause  this  point  to  move  farther  from  its  present  location 
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than  the  distance  to  the  adjacent  point  on  the  curvilinear  coordinate  line 
to  the  comer,  then  these  new  values  are  replaced  by  the  average  of  the 
coordinates  of  the  old  point  and  the  adjacent  point.  After  convergence, 
this  lock  is  removed  and  final  convergence  to  the  solution  is  obtained.  Note 
that  this  problem  does  not  arise  when  the  curvilinear  coordinate  line 
emanating  from  the  comer  is  the  same  as  that  on  the  boundary,  as  in  the 
C-type  configuration  of  Fig.  14  of  the  first  paper  of  this  volume. 


Fig.  16. 

since  then  the  lines  do  not  wrap  around  the  comer. 

With  very  large  cell  aspect  ratio,  e.g.,  for  g^  >>  g22,  the  generation 
equation  is  dominated  by  the  term  containing  the  second  derivative  along 
the  curvilinear  coordinate  line  on  which  the  shorter  arc  length  lies.  This 
causes  the  cartesian  coordinates  to  tend  strongly  toward  averages  of  adjacent 
points  on  this  line  during  the  course  of  the  iteration.  Therefore,  when 
strong  control  functions  are  used  to  attract  coordinate  lines  to  the  boundary  in 
a  C-type  configuration. 
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Fig.  17. 

the  points  on  the  line  1-2  are  very  slow  to  move  from  the  initial  guess 
during  the  iteration.  Convergence  in  such  a  case  is  very  slow,  and  it  is 
expedient  to  artificially  fix  the  points  on  such  a  line  as  if  it  were  a 
boundary.  This  will  cause  the  coordinate  lines  crossing  this  line  to  have 
discontinuous  slopes  at  this  line,  but  since  the  spacing  along  these  crossing 
lines  is  very  small,  the  error  thus  incurred  in  difference  solutions  on  the 
coordinate  system  is  small. 


CONCLUSION 

The  generation  of  boundary-conforming  coordinate  systems  through  numerical 
solution  of  elliptic  partial  differential  equations  has  great  versatility  and 
is  capable  of  treating  a  wide  range  of  configurations  without  requiring 
special  adaptation.  This  type  of  generation  system  provides  smooth  coordinate 
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systems  and  does  not  propagate  boundary  slope  discontinuities  into  the  field. 
The  coordinate  line  distribution  can  be  controlled  through  functions  in  the 
elliptic  equations,  and  effective  means  for  the  evaluation  of  such  functions 
have  been  developed.  The  control  functions  can  be  automatically  determined 
to  control  both  the  line  spacing  off  a  boundary  and  the  angle  of  intersection 
of  the  lines  with  the  boundary.  These  generating  systems  can  be  quickly  and 
effectively  applied  in  the  numerical  solution  of  partial  differential 
equations  for  physical  problems .  The  necessary  transformation  relations 
therefor  are  given  in  the  first  paper  of  this  volume,  where  various  possible 
configurations  of  the  transformed  plane  and  the  treatment  of  branch  cuts 
and  other  special  points  are  also  discussed.  As  noted  at  the  beginning, 
further  discussions  and  applications  of  elliptic  generation  systems  appear 
in  other  papers  of  this  volume.  Further  development  is  needed  particularly 
in  three  dimensions  and  in  improvement  of  the  automation  of  the  determination 
of  the  control  functions,  especially  for  more  complicated  configurations. 
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ABSTRACT 

~  >  This  paper  treats  conformal  mapping  as  it  relates  to  the  generation  of  grids 
to  be  used  for  flow  simulation.  Classical  and  contemporary  mapping  methods  are 
discussed  and  compared  in  some  detail.  Numerous  suggestions  are  Included  to 
help  the  reader  avoid  common  pitfalls,  and  the  mapping  methods  believed  irost 
promising  are  identified.  / _ 


INTRODUCTION 

Conformal  mapping  is  a  versatile  component  of  the  spectrum  of  grid  generation 
techniques,  yet  its  use  is  sometimes  avoided  by  investigators  who  feel  uneasy 
about  its  implementation  due  to  unfamiliarity.  The  object  of  this  paper  is  to 
put  conformal  mapping  into  perspective,  to  discuss  alternate  implementations, 
and  to  Induce  the  reader  to  use  conformal  mapping,  when  appropriate,  as  one 
component  of  a  grid  generation  process. 

Although  this  paper  discusses  the  generation  of  grids  using  conformal  mapping 
techniques,  the  grids  themselves  are  not  restricted  to  being  conformal  or 
orthogonal.  Algebraic  techniques  are  considered  for  the  latter  stages  of  a 
mapping  sequence,  and  elliptic  techniques  are  considered  for  "filllng-ln"  the 
Interior  of  a  grid  once  the  boundary  correspondences  have  been  obtained  through 
a  mapping  sequence.  The  emphasis  Is  on  grids  on  a  surface,  rather  than  through¬ 
out  a  volume,  since  a  conformal  mapping  is  basically  a  surface-to-surface 
correspondence . 

This  paper  starts  with  a  discussion  of  the  basic  differences  between 
algebraic,  orthogonal,  and  conformal  coordinate  systems.  Some  implications  of 
these  differences  are  considered  as  they  relate  to  flow  simulation  and  design 
considerations.  A  brief  review  of  complex  variable  notation  and  various  types 
of  conformal  mappings  is  followed  by  a  discussion  of  the  problem  of  multiple 
valuedness,  which  can  be  the  most  troublesome  aspect  of  conformal  mapping  from 
a  computer  Implementation  viewpoint.  Various  mapping  techniques  in  current  use 
are  reviewed  and  techniques  useful  for  creating  new  conformal  mappings  are  out¬ 
lined.  The  generation  of  a  grid,  once  the  mapping  la  known,  is  discussed. 
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Suitable  reference  material  is  listed  by  problem  type  and  packaged  computa¬ 
tional  tools  are  described.  The  closing  remarks  highlight  techniques  that  are 
believed  to  be  the  most  promising  in  this  evolving  field. 


COORDINATE  TRANSFORMATIONS 

This  section  illustrates  some  of  the  differences  between  generalt  independ¬ 
ent  algebraic,  orthogonal,  and  conformal  coordinate  systems. 

A  general  two-dimensional  transformation  between  (x,y)  physical  coordinates 
and  (£,n)  computational  coordinates  (where  (£,n)  are  taken  to  be  orthogonal 
throughout  this  paper)  can  be  written  as 

x  -  x(5,n) 
y  -  y(5,n) 

or  in  differential  form  in  terms  of  a  Jacobian  matrix  as 


dx 

a  b' 

m 

• 

.dy. 

c  d. 

dn. 

where,  from  the  chain  rule, 
given  by 


the  four  independent  parameters  a,  b,  c,  and  d  are 


3x1 

a"  H|n 

b  -  lad 

3n|C 

c- 

Hln 

d  -  1*1 

3nk 


Here  dx  and  dy  are  components  of  a  differential  vector  dZ  in  the  physical  plane, 
while  d£  and  dn  are  orthogonal  (perpendicular)  components  of  a  differential 
vector  d;  in  a  computational  plane.  For  a  general  algebraic  transformation,  dx 
and  dy  are  not  orthogonal,  and  their  magnitudes  need  not  be  equal  when  the 
magnitudes  of  d£  and  dn  are  equal.  An  elliptic  technique  as  in  Ref.  [1],  for 
example,  falls  into  the  above  class  if  orthogonality  is  not  enforced. 

A  less  general  algebraic  transformation  (referred  to  as  an  independent 
algebraic  transformation)  composed  of  Independent  transformations  in  each  direc¬ 
tion  can  be  written  as 


dx 

h  0 

<ie 

m 

• 

dy 

0  8. 

dn 

'I 


where  h  and  g  are  two  Independent  parameters.  For  this  transformation,  dx  and 
dy  are  orthogonal  but  their  magnitudes  are  not  equal  when  the  magnitudes  of  d£ 
and  dn  are  equal. 

An  orthogonal  differential  coordinate  transformation  can  be  written  In  a 
similar  manner  as 


xl  Th  01  c 

yj  |o  gJ  La 


where  h,  g,  and  6  are  three  independent  parameters,  8  la  the  angle  between  the 
dx  and  d£  directions,  and  dx  Is  orthogonal  to  dy. 

A  conformal  differential  coordinate  transformation  can  be  written  as 


dx'  h  01 

dyj  [o  hj 


cos0  -sinGl  [d? 


sin0  cosej  Ldn 


where  h  and  8  are  two  Independent  parameters.  For  this  transformation,  dx  and 
dy  are  orthogonal  and  their  magnitudes  are  equal  when  the  magnitudes  of 
d£  and  dq  are  equal.  Thus  the  magnification  h  (called  the  metric  or  mapping 
modulus)  between  the  (x,y)  and  (£,n)  planes  is  not  a  function  of  direction;  It 
Is  Just  a  function  of  location.  A  conformal  transformation  Is  also  angle  pre¬ 
serving  In  a  local  sense,  so  that  If  two  differential  vectors  meet  at  the  angle 
a  In  the  (€,n)  plane,  they  also  meet  at  the  angle  a  In  the  (x,y)  plane. 


FLOW  SIMULATION  IMPLICATIONS 

A  grid  can  affect  the  storage  and  speed  of  a  flow  simulation.  This  section 
touches  on  some  of  the  aspects  of  this  dependence  of  a  flov  simulation  on  the 
grid. 

The  computer  storage  required  for  a  grid  was  once  an  Important  consideration 
for  flow  simulation.  For  a  finite  difference  solution,  the  Independent  para¬ 
meters  In  the  differential  coordinate  transforms  above  were  usually  stored  (for 
an  orthogonal  grid)  or  regenerated  as  required  (for  a  grid  constructed  using 
only  two  independent  algebraic  stretchings) .  For  a  limited  set  of  flow 
problems,  which  fortunately  Includes  two-dimensional  transonic  potential  flow, 
it  turns  out  that  a  conformal  mapping  requires  the  storage  of  only  the  metric, 
h,at  each  grid  point  in  addition  to  the  potential,  4 ■  The  x  and  y  physical 
plane  coordinates  and  the  parameter  9  In  Eq.  (4)  are  not  needed  throughout  the 
grid  In  this  case,  due  to  the  way  the  gradient  operator  transforms  under  a 
conformal  mapping,  so  only  two  quantities  need  be  stored  for  each  grid  point. 
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This  is  one  reason  why  conformal  grids  were  popular  in  the  early  days  of  com¬ 
puters  for  finite  difference  solutions  using  a  velocity  potential.  Purely 
algebraic  grids  were  also  popular  as  they  could  be  regenerated  as  required,  so 
that  only  the  potential  need  be  stored  at  each  grid  point.  The  rapidly  declin¬ 
ing  cost  of  computer  memory  has  made  storage  requirements  a  minor  issue*  at 
many  installations  for  two-dimensional  and  axisymmetric  inviscid  flow  problems; 
in  fact,  a  modern  finite  volume  technique  may  routinely  store  twenty  to  thirty 
quantities  at  each  grid  point.  The  storage  requirements  of  a  grid  system 
therefore  need  not  be  a  deciding  factor  in  the  choice  of  a  grid  system. 

The  computer  time  required  by  a  flow  algorithm  depends  on  the  nature  of  the 
grid  system.  For  example,  when  a  conformal  grid  (or  an  orthogonal  grid  using 
a  conformal  step  followed  by  Independent  algebraic  stretchings)  is  used,  a 
byproduct  is  the  solution  for  the  two-dimensional  incompressible  flow  as  dis¬ 
cussed  later.  This  incompressible  solution  may  often  be  used  with  a  compressi¬ 
bility  transformation  as  an  accurate  first  guess  for  an  Iterative  solution  of 
the  compressible  problem,  reducing  the  computer  time  needed  to  converge  the 
iterative  process.  In  addition,  a  suitable  conformal  mapping  often  automati¬ 
cally  provides  a  two-dimensional  concentration  of  the  mesh  in  regions  of  high 
gradient  (because  the  mapping  modulus  is  Independent  of  direction  for  a  con¬ 
formal  mapping),  without  simultaneously  producing  a  one-dimensional  concentra¬ 
tion  where  not  needed.  This  allows  the  use  of  fewer  grid  points,  which  results 
in  faster  calculations. 

DESIGN  IMPLICATIONS 

A  number  of  modern  aerodynamic  design  methods.  Refs.  (2,3),  wherein  the 
pressure  is  specified  and  the  body  shape  giving  this  pressure  is  calculated, 
use  conformal  transformation  techniques.  The  computer  programs  required  for 
such  a  conformal  mapping  based  aerodynamic  design  process  are  minor  variations 
of  the  conformal  mapping  programs  required  to  generate  an  orthogonal  grid. 

For  self-consistency,  one  might  as  well  use  the  same  routines  for  both.  This 
may  prove  to  be  a  significant  justification  for  conformal  grid  generation. 

OOMPLEX  VARIABLE  NOTATION 

Complex  variable  notation  allows  us  to  write  the  differential  conformal 
transformation,  Eq.  (4) ,  in  a  compact  form  as 

*  In  some  computing  installations,  the  charging  algorithm  recognises  this  fact 
so  that  the  charge  for  a  calculation  only  depends  on  the  CPU  time  and  not  on 
the  product  of  CPU  time  and  storage. 


or 


or 

or 

where 

and 

and 


dx  +  idy  »  he*®(d£+idn) 
dZ  »  H  dC 
Z  dC 

2  -  F<G) 

2  -  x  +  ly 
H  -  heiQ 
C  -  5  +  in 


Thus  given  the  relation  Z  -  F(;)  we  can  easily  calculate  the  mapping  modulus  as 
h  »  |^~j  »  |F'(C)|.  Complex  notation  greatly  simplifies  the  use  of  conformal 
transformation  techniques,  and  is  well  supported*  on  most  modern  computing 
systems. 


CONFORMAL  MAPPING 

Conformal  mapping  provides  a  surface  correspondence  that  is  not  limited  to 
planar  surfaces.  Conformal  mappings  from  non-planar  surfaces,  such  as  from 
spheres  or  general  cylindrical  surfaces,  to  a  plane  have  been  employed  by 
cartographers  under  the  title  of  projections.  We  now  will  discuss  some  charac¬ 
teristics  of  these  different  types  of  mappings,  starting  with  some  simple  planar 
mappings . 

Planar  mappings,  relating  points  in  two  different  planes,  are  the  most 
familiar.  An  important  planar  mapping  is  the  bilinear  transform  given  by 


where  the  points  Z  ■  a,  b,  and  c  correspond  to  the  points  C  “  A,  B,  and  C 
respectively.  It  can  be  shown  that  Eq.  (5)  transforms  circles  or  straight  lines 
In  the  Z  plane  to  circles  or  straight  lines  in  the  C  plane.  A  region  at 
Infinity  can  be  treated  as  a  point  in  this  equation.  This  mapping  Illustrates 
that  one  may  specify  the  correspondence  of  only  three  specific  points  between 
planes  (l.e.,  one  may  assign  a,  b,  c  and  A,  B,  C  in  an  arbitrary  manner).  The 
bilinear  transformation  Is  often  used  after  another  conformal  mapping  step  to 
produce  a  canonical  (or  standardized)  contour  for  the  next  step. 


*  A  breakup  into  real  and  Imaginary  parts,  and  then  using  real  arithmetic  only 
can  produce  a  two  to  one  speed  Improvement  on  IBM  systems.  This  means  that 
inner  loops  for  heavily  used  routines  should  be  considered  for  such  a  breakup. 
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Often  a  contour  la  conformally  mapped  onto  a  unit  circle  and  then  the  con¬ 


formal  transformation 


m  ■  in(;) 

■  An(re*®) 


Inr  +  10 


is  applied, followed  by  the  independent  algebraic  transformation 

_  inr 
R  -  e  -  r 


to  map  the  interior  of  the  unit  circle  to  the  interior  of  the  rectangle  given 
by 

0  t  R  s  1 
0  S  0  i  2ir  . 

A  uniform  grid  in  this  rectangle  plane  may  then  be  constructed  and  mapped  back 
to  the  physical  plane  where  the  resulting  grid  will  be  orthogonal. 

A  simple  conformal  mapping  to  map  a  general  axlsymmetric  cylindrical  surface 
onto  a  plane  has  been  variously  reported  in  the  literature  and  is  well  recog¬ 
nized  overseas.  Refs.  [4,  5,  6,  7,  8,  9],  but  evidently  not  at  present  in  the 
United  States.  This  mapping  is  given  by 

dZ  -  r  d?  ,  (8) 


dZ  -  ds  +  irde  ,  dc  -  d£  +  idn  ,  and 


,  dr  2  2 

8  “  arc  length  along  cylinder  in  axial  direction  »  /  [1  +  ]  dx  . 

The  modulus  of  this  transformation  is  simply  r,  the  radius  in  the  cylindrical 
coordinate  system  (x,r,6)  describing  the  physical  surface.  For  a  constant 
radius  axisywetric  cylinder,  the  radius  r  drops  out  of  the  flow  equations  and 
one  can  think  of  simply  unwrapping  the  cylinder,  but  in  fact  one  is  implicitly 
performing  a  conformal  mapping.  For  an  axisysnetrlc  conical  surface,  the  above 
relation  becomes 

Z  -  e?,in*  .  (9) 
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where  $  is  Che  angle  between  Che  axis  and  Che  cone  surface.  One  obvious  use 
of  cylindrical  mappings  is  in  Che  generation  of  grids  for  quasi  three-dimensional 
blade-to-blade  flow  simulations  for  axial,  mixed  (meaning  both  significant 
radial  and  axial  flow  components),  and  centrifugal  flow  turbomachines.  For 
♦  “  w/2,  Eq.  (9)  reduces  to  Eq.  (6)  which  has  been  used  in  Ref.  [10]  to  map  a 
centrifugal  impeller  with  near  log-spiral  blades  onto  a  two-dimensional  cascade 
of  blades. 

The  requirements  for  constructing  a  useful  geographical  or  astronomical  map 
(i.e:  local  angles  are  preserved  and  the  local  scale  factor  does  not  depend 
on  orientation)  are  identical  to  the  definition  of  a  conformal  mapping.  Thus, 
the  mappings  developed  by  cartographers  to  represent  a  spherical  surface  by  a 
planar  map  apply  directly.  Among  such  maps  are  stereographic  and  Mercator 
projections,  and  a  more  general  projection  used  for  star  maps.  Ref.  [9]. 
Stereographic  projections,  invented  by  the  Greek  astronomer  Ptolemy  as  cited 
in  Ref.  [11],  were  used  to  develop  grid  systems  for  the  computation  of  super¬ 
sonic  flow  over  conical  bodies.  Ref.  [12],  and  more  general  bodies.  Ref.  [13]. 

A  spiral  groove  spherical  bearing  lubrication  study.  Ref.  [14],  also  used 
stereographic  projection.  Stereographic  projections  have  been  known  for  13 
centuries;  the  recent  Innovation  was  in  how  to  use  them  for  flow  calculations. 

RIEMANN  SHEET  DETERMINATION 

The  bane  of  conformal  mapping  is  the  possibility  of  getting  on  the  wrong 
Riemann  sheet,  or  equivalently,  choosing  an  inappropriate  root.  Development 
of  conformal  mapping  computer  programs  would  be  substantially  easier  were  it 
not  for  the  multivalued  nature  of  many  mappings.  This  section  discusses 
techniques  that  have  proven  useful  for  determining  the  appropriate  root. 

To  illustrate  the  problem,  consider  the  mapping 

Z  -  Ck  (10a) 

where  k  is  a  real  number.  We  can  express  ;  in  polar  coordinates  as 

C  -  rei(9+2,m)  ,  (10b) 

where  n  is  any  integer,  since 

,i2jn  , 

e  ■  1 

_  k  ik0  ik2xn 
Z  ■  r  e  e 


Then 
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For  a  square  root  transformation  k  =  1/2,  and  the  e*k2xn  term  is  1  if  n  is  even 
and  -1  if  n  is  odd  so  that  there  are  two  different  solutions  for  Z  for  the  same 
C  (while  there  is  only  one  value  of  ?  for  each  value  of  Z) .  This  multivalued- 
ness  can  be  visualized  in  terms  of  Riemann  sheets,  with  each  different  value  of 
C  lying  on  a  different  sheet  as  illustrated  in  Fig.  1.  For  k  «  1/3,  there  are 
three  values  of  Z  for  each  value  of  ?.  For  irrational  values  of  k,  there  are 
an  infinite  number  of  values  of  Z  for  each  value  of  S. 


Z  plane  f  plane 

FIGURE  1.  RIEMANN  SHEETS 

1/2 

A  computer  implementation  of  Z  ■  C  using  the  CSQRT  complex  square  root 
FORTRAN  function  will  return  only  the  iuot  having  a  positive  real  part;  the 
other  root  will  be  the  negative  of  this  root.  It  is  up  to  the  investigator  to 
provide  program  logic  to  choose  which  of  these  two  roots  is  appropriate. 

For  k  =  1/2,  which  is  rather  common,  physical  reasoning  can  often  be  used 
to  select  the  appropriate  value  of  Z.  In  particular,  mappings  using  the 
principle  of  .eflection  (covered  later)  produce  quadratic  equations  with  two 
roots  which  are  image  points  with  respect  to  a  circle.  In  this  case  one  may 
choose  the  root  either  inside  or  outside  the  circle  based  on  physical  reasoning. 
For  the  square  root  transformation,  as  often  used  in  airfoil  or  wing  grid 
generation,  or  the  transformation, 

Z  -  c  +  e5 


(11) 
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which  also  has  two  roots  and  is  often  used  for  inlet  grid  generation,  the  root 
selection  is  rather  simple.  Referring  to  Figs.  2  and  3,  the  initial  value  at 
"A"  is  the  root  with  a  negative  real  value,  and  as  one  traverses  the  airfoil  in 
a  clockwise  direction  and  the  inlet  in  a  counterclockwise  direction,  the  root 
to  the  right  of,  and  (of  those  remaining,  if  any)  nearest  to,  the  previous  root 
is  chosen.  This  simple  algorithm  has  worked  well  for  a  large  variety  of  airfoil 
and  inlet  grid  calculations. 


Z  plane  Z  plane 


f  plane 


FIGURE  2.  AIRFOIL  MAPPING 


FIGURE  3.  NACELLE  MAPPING 


For  a  transformation  in-wlving  an  irrational  power  of  k  near  (but  not 
exactly)  1/2,  there  are  many  values  of  Z  that  lie  near  each  other  and  the 
selection  is  less  obvious.  The  von  Karman-Treff tz  transformation.  Ref.  [15], 
given  by 


which  transforms  an  airfoil  in  the  Z  plane  into  a  near  circle  in  the  c  plane, 
is  one  such  case.  When  k  •  y  ,  the  trailing  edge  is  cusped  and  Eq.  (12) 
becomes  the  Joukowski  transformation. 

One  technique  to  deal  with  the  root  problem  is  that  of  "tracking",  where  one 
chooses  the  value  of  n  such  that  (0+2irn)  in  Eq.  (10b)  is  closest  to  the  value 
of  (0+2ira)  for  a  nearby  point.  The  value  of  0  is  obtained  from  the  real  and 
Imaginary  parts  of  5  using  the  FORTRAN  ATAN2  function,  which  returns  a  value 
of  6  between  -it  and  it.  In  ct.la  manner  one  "tracks"  the  argument  (0+2itn)  con¬ 
tinuously  along  a  curve  and  chooses  n  to  make  this  argument  continuous.  There 
remains  the  problem  of  how  to  choose  the  root  for  the  initial  point.  This  may 
often  be  accomplished  from  knowledge  of  the  behavior  of  the  transformation  at 
the  point  in  the  mapped  plane  which  corresponds  to  the  far  field  in  the  physical 
plane. 
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Another  method  of  root  selection  Is  to  introduce  a  "branch  cut"  based  on 
physical  reasoning,  and  then  preassign  n  on  each  side  of  the  cut.  The  choice 
of  root  for  a  reflection  mapping  as  described  earlier  is  equivalent  to  using  a 
circle  for  the  cut.  For  many  problems  the  cut  may  be  taken  as  a  straight  line 
and  is  chosen  so  as  to  not  cross  the  boundary  being  mapped.  Some  mappings  may 
require  more  than  one  cut,  as  illustrated  in  Refs.  [16]  and  [17].  Using  a 
branch  cut  can  be  considered  as  a  static  technique  to  preassign  n  on  a  global 
basis,  while  tracking  is  a  dynamic  technique  to  determine  n  on  a  local  basis. 

It  1s  not  unusual,  for  complicated  mappings,  to  occasionally  encounter  root 
selection  errors  in  a  conformal  mapping  program  which  had  been  thought  to  be 
resistant  to  such  effects.  This  usually  happens  when  attempting  to  map  a 
geometry  significantly  different  from,  but  still  in  the  same  class  as,  the 
geometry  used  to  develop  the  program.  For  simple  mappings  (i.e:  those  quoted 
so  far  in  this  discussion  with  the  possible  exception  of  Eq.  (12))  root  selec¬ 
tion  problems  are  not  expected  if  the  above  techniques  have  been  carefully 
implemented.  In  any  case,  an  error  is  easily  detected  by  defining  a  uniform 
grid  in  the  rectangular  computational  plane  and  mapping  this  grid  back  to  the 
physical  plane  where  it  is  plotted.  If  the  physical  plane  grid  is  continuous, 
does  not  overlap,  and  does  not  exhibit  open  sections  or  jumps,  the  roots  have 
probably  been  selected  correctly.  It  is  important  to  visually  Inspect  the  grid 
created  for  each  new  geometry  before  it  is  used  for  a  flow  calculation  if  there 
is  any  doubt  on  this  point. 

CLASSICAL  MAPPING 

The  classical  technique  of  mapping  consists  of  mapping  a  contour  (an  airfoil, 
a  cascade,  an  inlet,  etc.)  to  a  near-circle  by  a  single  transformation  or  a 
sequence  of  simple  transformations.  The  near-circle  is  then  mapped  tc  a  circle 
by  a  near-circle  to  circle  transformation,  such  as  proposed  by  Theodorsen  and 
Garrick,  Ref.  [18]. 

The  curve  to  near-circle  transformation(s)  often  require  a  substantial  level 
of  ingenuity  and  luck,  and  even  then  can  fall  prey  to  root  selection  errors. 

In  simple  cases,  such  as  for  an  isolated  airfoil  or  an  inlet,  the  near-circle 
is  actually  near  to  being  a  circle.  For  other  cases  (inlet  with  centerbody  far 
inside  or  far  outside,  turbine  cascade,  small  gap/chord  compressor  cascade),  the 
near-circle  may  not  even  resemble  a  circle.  When  this  happens,  the  investigator 
must  either  find  a  better  mapping  to  a  near-circle  (which  may  not  be  easy  in 
practice,  even  afteT  many  years  of  experience),  or  change  to  a  nonclasslcal 
technique  such  as  discussed  later  in  the  section  on  one-step  mappings. 
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SEQUENTIAL  MAPPINGS 

For  a  complicated  mapping  of  the  form  Z  «  f(s)»  roots  are  often  more  easily 
selected  and  the  mapping  is  more  easily  created,  if  the  process  is  broken  up 
into  an  equivalent  sequence  of  simpler  mappings.  For  instance,  the  von  Karman- 
Trefftz  transformation  of  Eq.  (12)  can  be  restated  as  the  sequence 


u 

n 


Z-A 

Z-B  * 


r  . 

^  l-n 


(13a) 

(13b) 

(13c) 


The  bilinear  transformations,  Eqs.  (13a)  and  (13c)  require  no  root  selection, 
while  Eq.  (13b)  requires  keeping  track  of  only  a  single  angle.  Other  schemes 

k 

may  require  the  separate  tracking  of  the  angles  related  to  both  the  (Z-A)  and 
the  (Z-B)k  term. 

The  logarithmic  transformation,  Eq.  (6),  and  its  inverse 


C  -  eZ  (14) 

are  the  key  elements  of  conformal  mappings  for  a  cascade  of  airfoils,  such  as 
occur  in  turbomachinery.  For  this  case,  there  are  an  infinite  number  of 
identical  airfoils  in  the  Z  plane,  all  of  which  map  onto  the  same  contour  in 
the  4  plane.  When  mapping  from  the  ;  plane  to  the  Z  plane,  the  correct  root 
is  the  one  that  "tracks"  a  nearby  point;  the  other  roots  will  be  different  by 
an  Integral  multiple  of  2ir  in  the  vertical  (or  imaginary  axis)  direction.  Most 
of  the  cascade  mappings  which  the  author  has  seen.  Refs.  [19],  [20],  [21]  and 
[22],  can  be  restated  as  a  simple  sequence*  with  Eq.  (14)  (possibly  combined 
with  a  bilinear  transformation)  as  the  first  element. 

As  a  general  principle,  it  is  highly  recommended  for  mappings  of  the  form 
Z  ”  f(c)  that  a  complicated  mapping  be  restated  as  a  sequence  of  simpler  map¬ 
pings  for  actual  implementation  in  a  computer  program. 


NEAR-CIRCLE  TO  CIRCLE  MAPPING 

If  an  orthogonal  grid  is  desired,  the  mapping  of  a  near-circle  to  a  circle 
is  often  chosen  as  one-step  of  the  mapping  process.  Although  there  are  now  a 
plethora  of  ways  to  accomplish  this  mapping**,  the  classical  technique  is  that 
of  using  the  Theodorsen-Garrick  transformation.  Ref.  [18],  given  by 


*  The  author  has  not  yet  been  successful  in  breaking  up  the  Garrick  transform, 
Ref.  [23],  into  a  simple  fora. 

**  Including  panel  techniques,  Schwartt-Christoffel  techniques,  and  elliptic 
techniques  with  orthogonal  boundary  control. 
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j-N 


or,  in  its  derivative  form  by 

2j(a,+ib  )tJ 
dZ  ,  J-0  3  3 

dt 


(15a) 


(15b) 


What  is  frequently  not  appreciated  is  that  when  Eqs.  (15a,  15b)  are  implemented 
in  the  required  iterative  manner  (see  Ref.  (18  or  24]  for  details),  the  itera¬ 
tion  may  not  necessarily  converge  unless  the  near-circle  is  sufficiently  "near" 
to  being  a  circle.  In  particular,  there  is  a  requirement  on  the  maximum  value* 
allowed  for  ^  for  t*le  napping  in  Eq.  (15a) ,  where  r  and  0  are  the  polar 

coordinates  describing  the  near-circle.  For  the  vast  majority  of  airfoils,  the 
classical  von  Karman-Tref ftz  transformation  produces  a  near-circle  that  meets 
the  above  requirement.  For  turbine  cascades,  on  the  other  hand,  the  above 
requirement  is  usually  not  met.  It  is  possible  to  underrelax  the  iteration, 
but  the  required  underrelaxation  parameter  may  need  to  be  quite  small  for 
Eq.  (15a)  to  ensure  convergence,  resulting  in  unrealistic  computation  time 
requirements.  The  form  given  by  Eq.  (15b)  is  much  less  sensitive,  and  with  an 
underrelaxation  factor  of  .5  has  converged  even  for  a  case  where  r  was  a 
multiple-valued  function  of  0,  so  that  j^~-J  was  infinite!  Obviously,  the 
convergence  criterion  for  Eq.  (15b)  is  substantially  different  than  that 
derived  for  Eq.  (15a)  in  Ref.  [25].  In  short,  if  one  uses  the  derivative  form, 
the  chances  for  success  are  much  higher.  Of  course,  the  derivative  form 
requires  the  integration  of  a  complex  function,  but  an  excellent  technique 
using  a  spline  exists  as  discussed  later.  Both  of  the  above  forms  can  employ 
fast  Fourier  techniques,  as  in  Refs.  [24,  26],  to  efficiently  evaluate  the 
series  y'.Ca^-t-lb^ ) t3  at  evenly  spaced  increments  on  the  unit  circle  in  the  t 
plane  and  thus  keep  the  required  computing  time  modest. 


ONE-STEP  MAPPINGS 

A  one-step  mapping  maps  a  contour  onto  a  canonical  shape,  such  as  a  circle 
or  the  real  axis,  in  a  single  step.  Such  transformations  are  usually  given  in 

J7 

derivative  form,  namely  —  ■  f(C). 

at 

*  For  a  relaxation  parameter  of  unity,  this  maximum  value  is  .2955. 
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The  classic  Schwarz-Christof fel  transformation  for  a  polygon  with  H  straight 
sides  takes  the  form 


dZ 

d5 


j-N  k 
TT  (?- b.)  1 
J-l  J 


(1C) 


while  for  a  polygon  with  curved  sides,  Davis,  Ref.  [27],  uses  a  differential 
form  of  the  product  term  in  Eq.  (16)  so  that 


dZ  ^/*^-b)d6 
d5  "  6 


(17) 


where  B  is  an  angle  related  variable.  Davis  employs  a  composite  integration 
formula  to  resolve  the  curvature  effects.  Equation  (16),  as  used  by  Skulsky, 
Ref.  [28],  can  be  considered  a  subset  of  the  Davis  technique.  The  Davis  tech¬ 
nique  has  been  successfully  employed  in  Refs.  [12],  [29],  and  [30]  to  map  a 
wide  range  of  complicated  configurations. 

An  alternative  is  to  use  the  form 


dZ 

dt 


j-N 


g(Oe 


‘W' 


(18) 


where  g(c)  is  chosen  to  resolve  angles  or  general  behavior*,  while  the  expo¬ 
nential  term  accounts  for  the  curvature.  This  form  can  take  advantage  of  fast 
Fourier  techniques  to  evaluate  the  coefficients  a^  and  b  ^  . 

One  example  of  such  a  mapping  is  given  by 


j-N 

k  £(a,+ib  );"j 

i-Kp-0  • 

which  is  used  in  Ref.  [26]  to  map  an  airfoil  in  the  Z  plane  to  a  circle  in  the 
5  plane.  Another  mapping  of  this  type  is  given  by 


*  The  g(c)  function  is  easily  constructed  using  the  Schwarz-Christof  fel  tech¬ 
nique,  as  illustrated  in  Kober,  Nehari,  or  Milne-Thomson,  Refs.  [31],  [32] 
or  [33]. 
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where 


and 


dZ 

dC 


(I-IRqHC+I)2^-!) 


(20) 


Rq  “  1  +  2/jre  , 

_  nose  radiua _ 

inlet  interior  radius 


This  mapping  was  developed  by  the  author  to  map  the  region  exterior  to  a  semi- 
infinite  inlet  and  above  the  centerline  to  the  interior  of  a  circle  as  illu¬ 
strated  in  Fig.  4.  A  similar  form,  suggested  by  Jameson,  Ref.  [34],  given  by 


dZ 

d? 


<?+l)3(l-C) 


(21) 


was  used  to  map  an  inlet  and  centerline  to  a  half  circle  as  illustrated  in 
Fig.  5. 


rp*« 


FIGURE  4.  INLET  TO  CIRCLE  MAPPING  FIGURE  5. 

INLET  TO  HALF  CIRCLE  MAPPING 


The  latter  mapping  did  not  adequately  resolve  the  exterior  inlet  contour  far 
downstream  (but  was  good  otherwise) ,  while  a  mapping  based  on  Eq.  (20)  ade¬ 
quately  resolved  the  inlet  in  all  areas.  The  reason  is  that  the  evenly  spaced 
point  distribution  (as  required  by  fast  Fourier  techniques)  on  the  4  plane 
circle  Is  too  sparse  when  transformed  back  to  the  Z  plane  to  accurately  repre¬ 
sent  the  nacelle  far  downstream  for  Eq.  (21).  This  example  illustrates  the 
need  to  choose  the  correct  canonical  domain.  Of  course,  the  two  canonical 
domains  are  related  in  a  simple  quadratic  manner  through  the  transformation 


■ 


z-i 

Z+l 


,2 


(22) 
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which  transforms  a  unit  circle  in  the  Z  plane  to  a  unit  upper  half  circle  (and 
to  the  real  axis  from  -1.  to  1.)  In  the  C  plane  as  Illustrated  In  Fig.  6. 


Z  plans 


fplsns 


CIRCLE  TO  HALF  CIRCLE  MAPPING 


The  one-step  mapping  of  Eq.  (18)  Is  far  simpler  to  program*  than  the  con¬ 
ventional  classic  technique  described  earlier,  converges  stably  and  rapidly, 
and  is  easy  to  modify  later  for  a  new  class  of  geometries.  If  one  wishes  to 
use  fast  Fourier  techniques  for  conformal  mapping,  Eq.  (18)  Is  recommended  as 
the  method  of  choice  rather  than  using  a  sequence  resulting  in  a  near-circle 
followed  by  a  derivative  transform  like  Eq.  (15b),  especially  since  Eqs.  (18) 
and  (15b)  differ  only  by  a  very  few  lines  of  computer  code. 

It  Is  recommended  that  one  should  not  expect  the  FouTier  series  in  Eqs.  (15a), 
(15b),  or  (18)  to  resolve  a  slope  discontinuity  by  the  sheer  brute  force  of  a 
large  nuaber  of  Fourier  terms.  One  might  "get  away"  with  doing  so  for  small 
discontinuities  in  slope  (e. g. ,  5  degrees)  where  a  high  accuracy  near  the  dis¬ 
continuity  is  not  required,  but  for  larger  slope  discontinuities  the  accuracy 
and  convergence  of  the  transformation  will  suffer.  It  is  easy  to  remove  such 
slope  discontinuities  using  the  hinge  point  transformations  covered  next  or  by 
Incorporating  slope  discontinuities  into  the  g(c)  term  in  Eq.  (18)  so  that  the 
Fourier  series  only  has  to  resolve  a  function  with  a  continuous  derivative. 

HINGE  POINT  TRANSFORMATIONS 

At  the  other  extreme  from  one-step  mappings,  the  hinge  point  transformations 
due  to  Moretti  and  Hall,  Rsfs.  [17]  and  [35],  break  the  problem  up  into  a 
large  nuaber  of  sequential  applications  of  a  single  mapping.  For  problems  with 
a  plane  of  symmetry,  Moretti  applied  a  von  Karman-Trefftz  transformation  to  each 
pair  of  slope  discontinuities  in  turn,  to  produce  a  smooth  near-circle.  Hall 


*  Note  that  the  computer  program  in  Ref.  [26]  can  be  easily  modified  to  imple¬ 
ment  a  mapping  using  Eq.  (18),  instead  of  using  Eq.  (19)  for  the  airfoil. 
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v 

repeatedly  applied  the  transformation  Z  •  (C~Cq)  (Ed-  (10a)),  where  and  k 
have  been  chosen  to  remove  the  left-most  remaining  slope  discontinuity  at  each 
stage,  to  produce  a  smooth  near  half  plane.  Once  a  near-circle  or  near  half 
plane  is  obtained,  a  non-conformal  shearing  or  a  conformal  mapping  can  be  used 
to  produce  a  canonical  domain. 


MULTIPLE  BODIES 

Techniques  to  map  multiple  bodies  can  be  classified  as  simultaneous,  sequen¬ 
tial,  iterative,  and  periodic.  This  section  discusses  these  techniques. 

A  simultaneous  multiple  body  mapping  maps  two  or  more  bodies  simultaneously 
to  near-canonical  or  canonical  domains.  The  single  mapping 


j-N 

TT 

j-1 


I-N 

TT 

i-1 


[z-2ti 

‘Z_ZIM 


(23) 


taken  from  Ref.  [24]  simultaneously  maps  N  airfoils  to  N  near-circles.  The 
Garrick  transformation  in  Ref.  [36]  simultaneously  maps  two  concentric  near¬ 
circles  to  two  concentric  circles. 

A  sequential  multiple  body  mapping  maps  two  contours  to  canonical  contours 
by  first  mapping  one  contour  to  a  canonical  contour,  then  mapping  the  second 
contour  to  a  canonical  contour  while  preserving  the  nature  of  the  first 
canonical  contour.  Two  examples  of  this  are  given  in  Ref.  [24],  where  trans¬ 
formations  are  given  to  map  an  airfoil  to  a  near-circle  (or  to  map  a  near-circle 
to  a  circle)  while  keeping  a  nearby  circle  a  circle.  Another  example  is  illu¬ 
strated  in  Fig.  7,  where  a  centerbody  is  mapped  onto  the  real  axis  using  a 
technique  similar  to  that  in  Ref.  [37],  and  then  a  nearby  inlet  is  mapped  to  a 
circle,  using  the  Eq.  (20),  while  keeping  the  real  axis  a  straight  line. 


FIGURE  7.  INLET/ CENTERBODY  TO 
CIRCLE  MAPPING  SEQUENCE 
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After  doing  a  number  of  problems  both  simultaneously  and  sequentially,  the 
author  has  found  that  a  sequential  multiple  body  technique  usually  works  better 
in  practice  than  a  simultaneous  technique  since  the  branch  cuts  required  to 
resolve  the  root  selection  problem  are  simpler.  This  more  than  balances  the 
increase  in  computer  time*  required  for  a  sequential  approach. 

An  Iterative  technique  to  map  multiple  contours  to  canonical  contours  has 
recently  been  developed  by  Halsey,  Ref.  [38].  In  this  technique  each  contour 
is  individually  mapped  to  a  circle  in  sequence,  with  no  special  constraints 
on  holding  the  other  contour  shapes.  By  repeatedly  cycling  through  all  the 
contours  one  at  a  time,  the  contours  are  all  mapped  to  circles  to  engineering 
accuracy.  That  this  process  converges  is  not  particularly  surprising;  what 
is  surprising  is  that  only  about  five  cycles  through  all  the  contours  are 
required  to  achieve  four  digit  accuracy  for  practical  cases. 

A  periodic  mapping  maps  a  finite  or  Infinite  number  of  identical  (but  other¬ 
wise  displaced  or  rotated)  contours  onto  overlayed  (but  otherwise  identical) 
contours  on  different  Riemann  sheets.  As  an  example,  the  logarithmic  trans- 
formation  of  Eq.  (6),  when  appropriately  scaled,  maps  a  cascade  of  airfoils  in 
the  u  plane  onto  a  single  (highly  distorted)  airfoil-like  contour  in  the  c 
plane.  The  transformation  Z  ■  (which  is  a  subset  of  Eq.  (10a)),  where  N  is 
an  integer,  maps  a  region  with  H  angular  periodic  boundaries  in  the  Z  plane  onto 
a  region  with  one  periodic  boundary  in  the  C  plane.  By  these  means,  a  periodic 
configuration  can  be  reduced  to  a  form  wherein  the  periodicity  condition  reduces 
essentially  to  a  continuity  condition  (except  for  circulation-type  terms 
associated  with  branch  cuts) . 

CREATING  NEW  MAPPINGS 

This  section  includes  a  discussion  of  a  few  general  techniques  that  can  be 
used  to  create  new  conformal  mappings,  and  some  restrictions  to  keep  in  mind 
while  doing  so. 

The  first  step  when  considering  the  development  of  a  new  mapping  is  to 
verify  that  the  desired  mapping  has  not  already  been  created.  The  bool  by 
Kober,  Ref.  [31],  includes  an  extensive  survey  of  mappings  developed  up  to  the 
mid  1940's,  and  should  be  reviewed  first.  The  reference  material  In  Table  1, 
included  later  in  this  paper,  can  be  consulted  by  topic.  If  none  of  the  above 
include  the  desired  mapping,  a  careful  literature  search  may  be  warranted.  Only 
when  the  investigator  la  reasonably  sure  of  not  "reinventing  the  wheel"  should 
a  new  mapping  be  attempted. 

*  A  2-body  sequential  approach  may  typically  require  twice  the  computer  time  of 
a  simultaneous  approach. 
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If  Che  complex  potential  u>  for  Che  two-dimensional  incompressible  flow  over 
(or  through)  a  body  is  known,  l.e.t  if 

(it  «  $  +  iiji  •  f(Z) 

is  known,  then  the  mapping  from  the  Z  plane  to  the  a  plane  (with  coordinates 
(♦»)  is  known.  Thus, knowing  the  Incompressible  flow  is  equivalent  to  knowing 
the  mapping  from  the  Z  plane  to  a  rectangle  in  the  u  plane,  and  vice  versa. 

This  principle  can  be  used  to  construct  conformal  mappings.  In  particular,  a 
"panel  method"  potential  flow  program  can  be  used  to  construct  a  conformal 
mapping.  Ref.  [391. 

Another  technique  for  the  creation  of  new  mappings  can  be  summarized  by  the 
description  "guess  and  plot."  Using  this  technique  a  function  having  appro¬ 
priate  zeroes,  poles,  and  singularities  is  guessed*,  and  its  effect  is  deter¬ 
mined  by  plotting  a  transformed  contour  or  a  transformed  grid.  About  one  third 
of  the  functions  this  author  has  guessed  over  the  years  have  had  the  appropriate 
action.  Indicating  that  this  technique  is  more  viable  than  might  be  thought  at 
first  glance. 

Since  a  conformal  mapping  is  simply  a  functional  relationship,  if  one  knows 

Z  -  f(<»)  , 

and 

C  -  g<“)  , 

then  one  has 

Z  -  f(g-1(C))  . 

In  short,  if  one  knows  how  to  map  two  different  contours  to  the  same  contour, 
then  one  can  map  one  of  these  contours  onto  the  other.  Refs.  [31]  and  [40]. 

Put  another  way,  a  conformal  mapping  of  a  conformal  mapping  is  a  conformal 
mapping.  One  then  begins  to  think  in  terms  of  building  up  a  sequence  of  map¬ 
pings,  with  each  step  bringing  a  contour  closer  to  a  canonical  contour  such  as 
a  (silt  circle.  Thus  by  combining  known  mappings  in  a  new  sequence,  one  can 
construct  new  mappings. 

In  generating  an  orthogonal  grid  with  conformal  mapping,  there  are  two 
processes  Involved.  The  first  process  is  to  conformally  map  the  desired  con¬ 
tour  (l.e:  an  airfoil,  or  inlet,  etc.  ...)  to  a  rectangle  (or  equivalently 
to  a  circle  or  half  plane).  The  computing  time  required  for  this  step  is  often 

*  These  singularities,  poles,  and  zeroes  are  placed  at  points  on  the  contour 
where  the  slope  is  discontinuous,  and  when  necessary  (e.g. ,  near  regions  of 
high  convex  curvature  of  the  contour) ,  Inside  the  contour  along  a  line  join¬ 
ing  the  local  contour  point  of  maximum  curvature  and  its  center  of  curvature. 

Row  far  along  this  line  depends  on  the  total  slope  change  nearby,  and  the 
singularity  powers  also  depend  on  these  slope  changes. 
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nearly  linearly*  proportional  to  L,  the  number  of  Input  points.  The  second 
process  Is  classically  to  map  an  orthogonal  rectangular  grid  in  the  mapped 
plane  back  to  the  physical  plane.  This  Involves  a  computing  time  proportional 
to  MxN,  the  total  number  of  grid  points.  It  is  common  for  MxN  to  be  substan¬ 
tially  larger  than  L.  This  implies  that  the  forward  transformations  can  be 
somewhat  Inefficient  (i.e.,  implicit)  but  the  inverse  transformations  should 
be  efficient  (i.e.,  explicit),  if  possible.  This  should  be  kept  in  mind  when 
creating  mappings  that  are  to  be  used  to  transform  a  grid  back  to  the  physical 
plane. 

When  creating  new  mappings,  one  principle  to  be  followed  is  "do  not  create 
singularities**  within  the  flow  field";  however,  singularities  are  often  neces¬ 
sary  and  completely  acceptable  within  a  body,  on  a  bounding  surface,  or  at 
images  of  "Infinity."  An  example  of  creating  a  singularity  within  the  flow 
field  is  shown  In  Fig.  8,  taken  from  Ref.  (19].  Figure  9  from  this  same 
reference  shows  a  grid  system  with  the  same  number  of  grid  points  which  is 
better  suited  for  flow  computations.  The  above  principle  was  used  in  Ref.  [24] 
to  determine  some  mapping  parameters  that  were  otherwise  undetermined.  With 
another  choice  of  parameters,  the  mappings  therein  looked  something  like  those 
in  Fig.  10  rather  than  like  those  in  Fig.  11  where  the  parameters  were  chosen 
to  obey  this  principle. 


FIGURE  8.  GRID  SYSTEM  WITH  FIGURE  9.  GRID  SYSTEM  WITHOUT 

SINGULARITY  IN  FLOW  FIELD  SINGULARITY  IN  FLOW  FIELD 


*  Actually  the  operation  count  goes  as  Lxin2L,  as  dictated  by  using  fast  Fourier 
techniques  for  Eqs.  (15a),  (15b),  or  (18). 

**  A  singularity  occurs  when  ^  ■  0  or  infinity. 
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FIGURE  10.  INCORRECT  CHOICE  OF 
MAPPING  CONSTANTS 
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FIGURE  11.  CORRECT  CHOICE  OF 
MAPPING  CONSTANTS 


REFLECTION  PRINCIPLE 

It  is  possible  to  map  a  contour  to  a  desired  shape  while  simultaneously 
keeping  a  nearby  straight  line  straight  by  using  a  reflection  principle.  If 
the  relation 

f(Z)  -  g(c) 

conformally  maps  a  contour  from  the  Z  plane  to  the  t  plane  in  a  desirable 
manner,  then  the  relations 


f (Z) *  f  (Z)  -  g(5)-g(C)  , 

and 

g(e) 


(24a) 

(24b) 


where  the  superscript  denotes  the  complex  conjugate  operator,  will  both 
have  a  "similar"*  effect  but  will  preserve  the  shape  of  the  real  axis.  A 
proof  of  the  real  axis  shape  preservation  is  outlined  in  Appendix  A.  Examples 
involving  mappings  symmetric  with  respect  to  a  line  appear  in  Refs.  [16]  and 
[17].  An  extension  of  the  above  concept  allows  the  construction  of  mappings 
which  preserve  a  circle  by  utilizing  operators  involving  image  points  with 
respect  to  circles  rather  than  the  complex  conjugate  operator.  Examples  of 
circle  preserving  mappings  are  contained  in  Refs.  [24]  and  [36].  The  question 
of  whether  to  use  the  product  mapping,  Eq.  (24a),  or  the  ratio  mapping, 

Eq.  (24b),  can  be  resolved  by  simply  programming  both  and  then  choosing  the 
one  which  produces  the  most  desirable  effect. 


*  "Similar"  is  taken  here  to  mean  not  identical,  but  generally  of  the  same 
nature. 
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CALCULATING  THE  GRID 

Recently,  Sockol  and  Adamczyk  in  Ref8.  [39]  and  [41]  have  observed  that  the 
generation  of  an  orthogonal  grid  can  be  broken  down  into  two  Independent  steps, 
namely ; 

1)  calculation  of  the  boundary  point  correspondence  between  the 
physical  and  computational  planes  by  means  of  conformal  mapping 
or  some  other  orthogonality  preserving  technique,  and 

2)  the  generation  of  a  grid  given  this  boundary  point  correspondence. 

This  observation  is  to  conformal  grid  generation  as  the  finite  volume  (or 

finite  element)  technique  is  to  flow  calculations;  it  breaks  the  grid  genera¬ 
tion  problem  up  into  two  nearby  independent  steps  just  as  the  finite  volume 
technique  breaks  a  flow  simulation  up  into  two  nearby  independent  steps 
(namely  the  generation  of  a  grid  and  the  solution  of  the  flow  equations  on  the 
grid).  This  allows  a  great  deal  of  flexibility  to  be  attained.  In  short,  what 
is  the  most  efficient,  simple,  or  general  technique  required  to  complete 
step  #1  (which  is  basically  a  boundary  operation)  is  not  necessarily  the  same 
as  the  most  efficient,  simple,  or  general  technique  required  to  complete 
step  #2  (which  is  basically  an  area  operation).  This  represents  a  major  step 
forward  in  orthogonal  grid  generation.  This  section  reviews  some  methods  used 
to  complete  step  #2. 

One  obvious  way  to  generate  an  orthogonal  grid  is  to  invert  the  conformal 
mapping  used  in  step  #1 ,  and  then  map  an  orthogonal  grid  constructed  in  the 
computational  plane  back  to  the  physical  plane,  as  mentioned  earlier.  If  one 
has  used  an  algebraic  stretching  in  the  direction  tangential  to  the  body  to 
create  the  computational  grid,  fast  Fourier  techniques  cannot  be  easily  employed 
in  the  mapping  inversion.  Depending  on  the  mapping  complexity,  the  number  of 
Fourier  terms,  and  the  presence  of  implicit  expressions  in  the  inverse  mapping, 
the  creation  of  a  grid  at  NxM  points  can  require  the  order  of  CxLxNxM  operations, 
where  L  is  the  number  of  Fourier  terms  and  C  is  a  relatively  large  constant. 

In  practical  terms,  this  can  require  about  six  seconds  of  time  on  an  IBM  3081 
computer  for  a  typical*  case.  For  a  non-stretched  isolated  airfoil  mapping, 
where  fast  Fourier  techniques  can  be  used  in  the  Inverse  mapping,  a  typical 
grid  can  be  generated  in  about  two  seconds  of  IBM  3081  computer  time,  once  the 
conformal  mapping  is  known. 


*  For  the  purposes  of  this  paper  "typical"  means  a  128x32  grid  using  296  Fourier 
terms  for  an  inlet/centerbody  configuration,  unless  otherwise  specified.  The 
IBM  3081  computing  time  quoted  can  be  taken  as  roughly  equivalent  to  an  equal 
amount  of  CDC  7600  computer  time. 


128 


Another  way  to  generate  an  orthogonal  grid  is  to  solve  a  Laplace  problem 
(with  Dirichlet  boundary  conditions)  on  the  computational  grid  for  both  x  and  y 
(the  physical  plane  coordinates),  which  are  known  on  the  boundary  as  described 
in  Refs.  [39]  and  [41],  Since  the  Laplacian  operator  will  retain  orthogonality, 
the  (x, y)  values  thus  calculated  will  describe  an  orthogonal  grid  in  the 
physical  plane.  A  fast  Poisson  solver,  Ref.  [42],  with  an  operation  count  of 
CxNxMxi^N,  where  C  is  a  relatively  small  constant,  may  be  used  to  solve  the 
Laplace  problem.  For  a  typical  grid,  this  will  require  about  two  seconds  on  an 
IBM  3081  computer.  This  solver  is  sufficiently  general  even  for  use  when 
independent  stretchings  are  used  following  a  conformal  mapping  to  generate  the 
rectangular  grid  in  the  computational  plane. 

THREE  DIMENSIONS 

Conformal  mapping  is  basically  a  surface  technique,  but  it  can  be  used  as 
one  component  of  a  three-dimensional  grid  generation  system.  One  example  is 
shown  in  Fig.  12,  taken  from  Ref.  [16],  where  a  three-dimensional  inlet/ 
centerbody  grid  was  constructed  using  conformal  mapping  in  each  circumferential 
plane,  or  slice,  followed  by  independent  algebraic  stretchings  to  construct  an 
orthogonal  grid  in  the  sliced  plane,  one  of  which  is  shown.  The  resultant 
three-dimensional  grid  is  orthogonal  in  two  directions,  but  not  in  the  third. 
Similar  techniques  are  used  to  construct  near-orthogonal  grids  in  Refs.  [13], 
[43],  and  [44], 

REFERENCE  MATERIAL 

The  following  table  summarizes  a  limited  amount  of  reference  material  for 
conformal  mapping  of  aerodynamic  configurations.  The  book  by  Kober,  Ref,  [31], 
is  particularly  useful  when  attempting  to  map  a  new  configuration.  The  paper 
by  Moretti,  Ref.  [45],  Is  highly  recommended  as  an  alternate  review  of  the 
field. 


FIGURE  12.  PERSPECTIVE  VIEW  OF 
THREE-DIMENSIONAL  COORDINATE  SYSTEM 


PACKAGED  TOOLS 

To  accomplish  simple  conformal  transformations,  one  does  not  need  much  In 
the  way  of  supporting  tools.  For  more  complex  transformations,  a  number  of 
packaged  tools  can  substantially  simplify  program  development.  Among  these 
tools  are  spline  fits,  fast  Fourier  transforms,  efficient  matrix  techniques, 
fast  Poisson  solvers,  near-circle  to  circle  transformation  packages,  and  good 
graphics.  The  need  for,  use,  and  availability  of  these  packages  is  covered  In 
this  section. 

Happing  procedures  often  require  interpolation  between  points.  A  spline  fit 
Is  a  good  way  to  accomplish  such  an  interpolation.  Ref.  [52].  In  addition,  it 
may  be  necessary  Co  numerically  Integrate  a  function.  Such  an  integration  can 
be  accomplished  by  analytic  integration  of  a  spline  passed  through  the  function 
values.  A  spline  routine  accomplishing  both  of  these  objectives  is  listed  In 
a  FORTRAN  program  form  on  pages  279-281  of  Ref.  [26].  By  simply  declaring  all 
floating  point  variables  In  this  routine  as  COMPLEX,  this  program  is  suitable 
for  integrating  a  complex  function.  The  derivative  form  of  transformations  of 
Eqs.  (15b),  (16),  (17),  and  (18)  require  such  an  integration. 

A  fast  Fourier  transform,  such  as  given  in  Ref.  [26],  is  a  key  element  of  an 
efficient  implementation  of  transformations  using  Eqs.  (15a) ,  (15b)  ,  or  (16) . 
The  program  lls'ting  contained  within  pages  202  to  240  of  Ref.  [26]  uses  fast 
Fourier  techniques,  and  makes  a  good  starting  point. 

The  LINPACK  package  available  from  the  Society  for  Industrial  and  Applied 
Mathematics  (SIAM),  Ref.  [53],  contains  linear  equation  solvers  that  can  be 
useful  in  mapping  operations.  If  one  uses  a  near-circle  to  circle  transform 
at  unevenly  spaced  points  in  the  circle  plane  (namely  at  points  corresponding 
to  the  input  points  in  the  physical  plane),  fast  Fourier  techniques  cannot  be 
used.  By  using  LINPACK  routines  on  a  fast  computer  (l.e:  IBM  3081)  moderate 
computation  times  (about  one  minute  of  CPU  time)  are  required  for  a  representa¬ 
tion  involving  one  or  two  hundred  points.  A  typical  FFT  mapping  time  for  the 
same  lumber  of  points  is  two  seconds. 

Fast  Poisson  solvers  are  available  for  filling-in  the  grid,  as  mentioned 
previously.  A  rather  versatile  fast  Poisson  solver  is  reported  In  Ref.  [42]. 

Good  graphics  routines  for  plotting  intermediate  contours  and  grids  have, 
in  practice,  been  found  to  be  the  most  Important  element  of  the  process  of 
Inventing  new  mappings,  or  new  combinations  of  mappings.  By  using  extensive 
graphics,  a  defective  mapping  is  soon  discovered  with  little  effort.  This 
allows  a  wider  range  of  functions  to  be  tried  (guessed)  in  the  given  amount  of 
time  allowed  for  completion  of  a  project.  The  graphics  package  must  be  general 


-  •< 


V 


131 


enough  Co  plot  both  contours  and  grids  and  should  be  accessible  by  a  simple 
subroutine  call.  It  Is  not  unusual  to  plot  fifty  different  Intermediate  results 
during  the  development  of  a  mapping  sequence  such  as  that  In  Ref.  [16].  Of 
course,  each  plotting  call  is  sequentially  commented  out,  but  not  deleted, 
during  the  development  process.  Such  an  extensive  use  of  graphics  greatly 
simplifies  debugging,  but  would  be  unbearably  tedious  without  a  simple  calling 
sequence.  Since  graphics  tends  to  be  tailored  to  a  particular  computer 
Installation,  a  sufficiently  versatile  and  easy  to  use  package  often  must  be 
written  locally  and  thus  Is  not  usually  available  to  the  public. 


CLOSING  REMARKS 

Modern  finite  volume  flow  solvers  do  not  require  an  orthogonal  grid,  but  a 
near-orthogonal  grid  Is  usually  beneficial.  Often  a  simple  conformal  trans¬ 
formation,  followed  by  Independent  algebraic  transformations,  can  be  used  to 
generate  such  a  near-orthogonal  grid  with  little  difficulty  to  be  expected  In 
a  computer  program  implementation.  This  is  a  good  way  to  get  involved  with 
conformal  mapping. 

The  conformal  mapping  of  a  contour  onto  a  canonical  contour  is  far  easier 
to  accomplish  using  a  one-step  technique  based  on  Eq.  (18),  as  opposed  to 
classically  mapping  a  contour  onto  a  near-circle  and  then  mapping  the  near- 
circle  onto  a  circle.  This  is  especially  true  since  Ref.  [26]  contains  a  one- 
step  conformal  mapping  computer  program  which  is  easily  modified  to  map  new 
geometries.  This  one-step  mapping  technique  is  faster,  simpler,  more  resistant 
to  root  selection  problems,  and  more  stable  than  the  classical  technique. 

It  is  not  necessary  to  generate  the  grid  using  the  inverse  of  the  transform 
employed  to  map  the  contour  to  a  canonical  contour.  In  fact,  it  would  seem 
that  use  of  a  fast  Poisson  solver  to  generate  the  grid  using  the  known  boundary 
correspondence  offers  a  flexibility,  simplicity,  and  economy  that  may  not  be 
surpassed  by  other  methods. 
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PRODUCT  MAPPING 

Consider  the  product  mapping 


APPENDIX  A 


f(Z)-?(Z)  -  g(C)-g(C)  -«-♦  +  !*  . 


The  real  axis  in  the  Z  plane  can  be  specified  by  the  relation  Z  «  Z,  so  on 
the  real  axis 

f (Z)  •  f (Z)  -  f (Z)  ■  f (Z) 

-  f (Z)  •  HZ) 

*  pure  real  *  ♦  +  i1> 

Therefore,  the  real  axis  Z  ■  Z  asps  to  the  real  axis  (  ■  0  in  the  u-plane. 
In  a  similar  manner,  the  real  axis  C  »  5  also  maps  to  the  real  axis  ♦  *  0  in 
the  u  plane.  Thus  the  real  axis  Z  •  1  maps  to  the  real  axis  C  «*  C. 


RATIO  MAPPING 

Consider  the  ratio  mapping 
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APPENDIX  A  (continued) 

The  real  axis  In  the  Z  plane  Is  specified  by  Z  •  Z,  bo  on  the  real  axle. 


It,  ££1 

ia  W> 


tn 


it?) 


rm 
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«  pure  Imaginary  »  ♦  +  !♦ 


r  Therefore,  the  real  axis  Z  ■  Z  nape  to  the  Imaginary  axis  ♦  •  0  in  the  id 

ft’’ 

<  plane.  In  a  similar  manner,  the  real  axis  t  -  ?  also  maps  to  the  imaginary 

e  axis  $  »  0  in  the  u  plane.  Thus  the  real  axis  Z  -  Z  maps  to  the  real  axis 
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ABSTRACT 


~  J)  Three  methods  are  described  for  transforming  grids  in  bounded  two-  and  three- 
dimensional  physical  domains  into  a  uniform  grid  in  a  rectangular  computational 
domain.  The  methods  are  based  on  mathematical  interpolation  functions 
and  do  not  require  the  solution  of  differential  equations  or  the  use  of  complex 
variables.  They  are  simply  referred  to  as  algebraic  methods  and  are  called 
transf inite  interpolation,  the  multisurface  method,  and  the  two-boundary 
technique.  The  primary  advantage  of  the  methods  is  that  they  provide  explicit 
oontrol  of  physical  grid  shape  and  physical  grid  spacing.  Secondly,  they 
require  relatively  few  computations.  Consequently,  the  application  of  inter¬ 
active  computer  graphics  in  conjunction  with  the  methods  is  advocated  for  rapid 
generation  of  grids.  The  basic  mathematical  structure  of  each  method  is 
described,  and  particular  attention  is  given  to  surface  representation, 
parameter  variable  generation,  and  control  function  generation.  Physical 
boundary  topology  and  grid  derivative  requirements  are  presented. 


NOMENCLATURE 


vector  valued  representation  of  surface  points 
vector  valued  representation  of  surface  derivatives 
function  relating  normalized  arc  length  to  the  computational 
variable  spanning  between  surfaces 
magnitude  of  vectors  tangent  to  a  spanning  function 
control  functions 

vector  valued  representation  of  the  physical  domain 
Intermediate  vector  valued  representations  of  the  physical  domain 
integral  of  Interpol  ants 
Jacobian  matrix,  inverse  Jacobian  matrix 
control  parameter  in  a  grid  concentration  function 
number  of  defining  points  in  the  I,  J,  and  K  directions  in 
the  physical  domain 
normalized  arc  lengths 
a  aet  defining  points  on  a  surface 
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s 

T 

-► 

V 

u,v,w 

x,y,s 

X.Y.Z 

cx.B.Y 

6 

X 

V 

£.n,c 
Ae, An, Ac 

Superscripts 


a  set  defining  points  in  the  computational  doaain 

a  set  defining  points  in  the  physical  doaain 

vector  valued  representation  of  a  surface 

orthogonality  magnitude  coefficient 

vector  tangent  to  a  piecewise  linear  curve 

dependent  variables  from  the  physical  doaain 

physical  coordinates 

physical  coordinate  functions 

blending  functions 

kronecker  delta  function 

blending  function  for  linear  interpolation 

blending  function  for  cubic  interpolation 

computational  coordinates 

increments  for  a  uniform  computational  grid 


n,m  nth,  mth  partial  derivative 


Subscripts 

I,J,K  index  for  known  points  in  the  physical  domain 

k  index  for  surfaces 

1  index 


INTRODUCTION 

The  numerical  solution  of  partial  differential  equations  about  irregular 
geometries  and  with  varying  characteristic  scales  has  created  the  need  for 
coordinate  systems  and  associated  transformations  that  reflect  both  geometric 
and  physical  requirements.  Coordinate  transformations  can  complicate  the  basic 
equations  of  motion,1'2  but  they  can  simplify  the  application  of  boundary 
conditions  and  refine  solution  accuracy  in  critical  regions.  The  process  of 
finding  coordinate  transformations  in  discrete  representations  is  called  "grid 
generation, "  and  in  this  paper  three  algebraic  grid  generation  methods  are 
examined.  The  methods  are  trans finite  interpolation,  the  multisurface  method, 
and  the  two-boundary  technique,  interpolation  formulas  in  terms  of  homo  topic 
mappings3  and  constraints  in  terms  of  point  positions  and/or  derivatives 
are  the  essential  elesmnts  of  the  techniques. 

Transfinite  interpolation4  described  by  Gordon  and  Hall  in  the  early  1970* s 
is  a  highly  generalised  algebraic  grid  generation  method.  It  is  an  outgrowth 
of  msthods  of  surface  definition5  pioneered  by  Steven  Ooons.  Transfinite 
interpolation  is  applied  through  a  series  of  univariate  interpolations  where 
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blending  functions  and  the  associated  parameters  (point  position  and/or 
derivatives)  determine  a  grid.  Eriksson6  and  Riasi  and  Eriksson7  have  adapted 
the  original  transfinite  interpolation  formulation  to  use  only  exterior  boundary 
descriptions  and  derivatives  of  certain  boundaries.  They  have  also  incorporated 
exponentials  into  the  blending  functions  to  concentrate  the  grid  near  an 
exterior  boundary.  The  developers  of  the  GIN  code8'9  use  transfinite  interpola¬ 
tion  for  grid  generation.  They  define  boundaries  in  terms  of  algebraic 
geometric  formulas  (linear  segments,  circular  arc,  conic,  etc.)  and  use  linear 
blending  functions  for  the  interior  grid  computation. 

The  multisurface  method*0' **  developed  by  Peter  Eiseaan  provides  formulas 
for  grid  definition  based  on  grid  descriptions  of  two  boundary  surfaces  and  an 
arbitrary  number  of  intermediate  control  surfaces.  Choosing  interpolants 
(defined  similar  to  blending  f\sictiona)  and  the  placement  of  the  control 
surfaces  determines  grid  shape  and  spacing.  The  multisurface  method  has  been 
used  by  Eisaman  in  numerous  applications*2'*3  but  most  notably  for  computing 
grids  about  turbine  cascades.*2 

The  two- boundary  technique*'2'**  described  by  this  author  ie  baaed  on  the 
description  of  two  exterior  boundaries  and  the  application  of  either  linear  or 
hermits  cubic  polynomial  interpolation  to  compute  the  interior  grid.  For 
cubic  interpolation,  surface  derivatives  combined  with  magnitude  coefficients 
control  the  orthogonality  of  the  grid  at  and  near  the  boundaries.  Kowalski,1-5 
applying  the  two-boundary  technique,  extended  the  derivative  magnitude  coef¬ 
ficients  to  e  functional  form  for  variable  orthogonality  control. 

Four  additional  topics  ere  discussed.  They  ere  surface  perasmterisetion, 
grid  spacing  control,  grid  topology,  and  grid  computation.  These  topics 
compliment  the  basic  math  sms  ti cal  structure  of  the  algebraic  grid  generation 
smthoda  and  should  be  considered  in  their  application.  An  introduction  to 
boundary-fitted  coordinate  systems ,  which  sets  the  stage  for  grid  generation, 
precedes  the  description  of  the  algebraic  methods . 

BOUNDARY-FITTED  COORDINATE  TRANSFORMATIONS 

The  activation  for  discrete  coordinate  transformations  or  grid  generation 
is  the  numerical  solution  of  partial  differential  equations.  Numerical  solu¬ 
tions  are  obtained  by  either  finite  difference  or  finite  element  techniques, 
however,  the  emphasis  here  is  directed  at  finite  difference  methods.  Normally, 
equations  of  motion  are  derived  relative  to  a  Cartesian  coordinate  system. 

When  boundary  conditions  must  be  applied  on  irregular  subdomains  of  the 
Cartesian  coordinate  system,  end  when  there  ace  regions  within  the  subdomain 
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that  have  rapidly  varying  solutions,  it  is  desirable  to  transform  the  equations 
to  a  more  appropriate  coordinate  system.  An  ideal  coordinate  system  for 
obtaining  numerical  solutions  is  a  boundary-fitted  coordinate  system  where  the 
physical  boundaries  of  an  irregular  subdomain  transform  into  exterior  boundaries 
of  a  rectangular  region,  and  where  regions  of  rapid  change  are  amplified.  If 
the  bounded  subdomain  of  the  Cartesian  coordinate  system  is  called  the  physical 
domain,  then  the  rectangular  coordinate  system  where  a  solution  is  obtained  is 
called  the  computational  domain  (Fig.  1) .  A  transformation  between  the  two 


' _ ►  C  V—  _*»  z 

Fig.  1.  Computational  domain— physical  domain 


domains  is  a  unique  single  valued  functional  relation.  This  is  represented 
symbolically  by  letting  x,  y,  and  z  be  coordinates  in  the  physical  domain 
and  £,  n,  and  (  be  coordinates  in  the  computational  domain,  then 

£  -  £(x,y,z) ,  n  -  n(x,y,z) ,  £  - 

and  conversely 

x  «  x(£.n,C),  y  -  y(5,n,C),  *  *  *(5»P,C). 

The  bounds  of  the  computational  domain  are  defined  by 

o  <5  <  l, 
o  <  n  <  i« 


o  <  c  <  l. 


Fig.  2.  Computational  grid 

A  uniform  grid  (Fig.  2)  is  superimposed  onto  the  computational  domain  by  letting 
A£  “  constant^. 

An  =  constant^, 

AC  *  constant^ 

Given  the  functional  relations 

x  »  x(C»n,C)»  y  *  y(C»n,C),  and  z  «  z(£,n,C) 

the  uniform  grid  in  the  computational  domain  is  transformed  to  a  corresponding 
grid  in  the  physical  domain. 

In  order  to  transform  the  equations  of  motion,  partial  derivatives  with 
respect  to  the  independent  variables  x,  y,  and  z  must  be  transformed  to 
partial  derivatives  with  respect  to  the  variables  £,  n»  and  C-  For  example, 
if  u,  v,  and  w  are  velocities  in  the  x,  y,  and  z  directions  in  the 
equations  of  motion,  then  the  first  derivatives  of  u,  v,  and  w  with  respect 
to  x,  y,  and  z  are  transformed  to  first  derivatives  with  respect  to 
£,  n»  snd  C  by  chain  differentiation.  That  is 
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is  -the  Jacobian  matrix  of  the  transformation,  if  the  functional  relations 
5  •  £(x.y,r),  n  -  n(x,y,s),  and  C  -  C(x,y,z) 

are  known,  then  the  Jacobian  matrix  can  be  directly  found  by  differentiating 
the  functions.  It  is  not  necessary,  however,  to  explicitly  know  (,  <1,  and 

C  as  functions  of  x,  y,  and  s  to  determine  the  Jacobian  matrix.  The 
inverse  Jacobian  matrix 
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with  respect  to  n»  and  C-  With  these  derivatives 

j  _  Transposed  of  Cofactor  (J  *) 


where  |j  is  the  Jacobian  determinate. 
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provided  |j  1|  ¥  0.  Higher  derivative  analysis  can  be  pursued  in  a  similar 
fashion.  For  more  information  on  the  transformation  of  partial  differential 
equations  the  reader  is  referred  to  Reference  11. 

It  is  rare  to  find  algebraic  expressions  of  the  computational  coordinates 
as  functions  of  the  physical  coordinates.  The  preferred  approach  is  to 
express  the  physical  domain  as  a  function  of  the  computational  domain  and 
differentiate  the  physical  grid  with  respect  to  the  computational  grid.  It  is 
very  important  that  derivative  evaluation  be  performed  and 
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incorporated  into  the  finite  difference  approximation  of  the  equations  of 
motion  in  such  a  manner  that  geometrically- induced  errors  are  not  created. 
References  17  and  18  address  this  subject. 


ALGEBRAIC  GRID  GENERATION  METHODS 

In  this  section  three  similar  algebraic  grid  generation  techniques  are 
discussed.  The  objective  is  to  outline  the  mathematical  structure  so  that  the 
techniques  can  be  compared  for  common  salient  features  and  individual  merit. 
Each  case  is  based  upon  the  computational  domain  and  the  physical  domain 
presented  in  the  previous  section.  Intermediate  functions  which  enhance  the 
control  of  grid  spacing  may  also  be  postulated. 

Transfinite  interpolation 

Probably  the  most  recent  and  comprehensive  description  of  transfinite 
interpolation  for  application  such  as  those  arising  in  computational  fluid 
dynamics  is  presented  by  Rizzi  and  Eriksson.7  This  description  generally 
follows  their  format.  A  transformation  from  the  computational  domain  to  the 
physical  domain  is  a  vector-valued  function 
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0  <  c  <  1. 
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The  first  formulation  of  transfinite  interpolation,  which  we  call  the  "point 

method"  is  based  on  knowing  a  sparsely-organized  set  of  points  in  the  computa- 
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Interpolation  between  the  points  in  the  physical  domain  is  performed  by  defining 


a  set  of  blending  functions 

aj(C); 

1-1. ..L, 

8jW>* 

J-l. . 

Yk(C); 

K-1...M, 

with  the  conditions 

W 

-  6IJt, 

w 

-  SJt, 

W 

”  !••  •** 

where 
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The  transfinite  interpolation  method  is  the  application  of  the  recursive 
algorithm 

L 

SI 


(3a) 


Each  step  of  the  algorithm  is  a  univariate  interpolation  in  one  of  three  pos¬ 
sible  directions(  or  the  steps  can  be  combined  into  a  single  equation.  Also, 
if  it  is  assumed  that  F(C,n,S>  is  continuous,  the  order  of  the  interpolation 
direction  is  not  important.  Obviously,  a  large  quantity  of  geometric  informa¬ 
tion  is  required  to  define  a  grid.  Deriving  appropriate  blending  functions  is 
the  key  element  and  it  can  vary  from  one  grid  problem  to  another. 

Eriksson5  uses  only  the  outer  boundary  surfaces  (Fig.  4)  and  out  of  surface 
derivatives  at  certain  boundaries  to  define  an  interior  grid.  This  is  reason¬ 
able  since  normally  a  great  deal  of  geometric  information  is  known  at  bounding 
surfaces,  but  not  always  away  from  them.  Eriksson's  presentation  is  as  follows 
and  is  referred  to  as  the  "outer  surface"  method. 


3n 

N  -  0.1.2... 


Fig.  4.  Transfinite  interpolation— outer  surface  description 
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•nd  where  the  6  function.  ere  defined  by 
4ij  "  °'  1  ^  3'  4i:j  -  1,  (i  -  j). 


The  tranaf  inite  interpolation  algorithm  becomes 
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The  boundary  sets  are 
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Also,  outward  derivatives  at  certain  of  these  boundaries  as  veil  as  the  blending 
functions  are  required  for  this  formulation.  Again  the  choice  of  the  blending 
functions  is  critical  to  the  successful  application  of  the  method. 


The  multlaurface  method 


The  multisurface  method  developed  by  Peter  Eiseman  is  a  procedure  for 
generating  coordinates  between  an  inner  boundary  surface  (£,C)  and  an  outer 
boundary  surface  S„(€,£).  An  arbitrary  number  of  internal  surfaces 

4  4  ” 

S2(C,C) . . .SH_1(C,C)  are  introduced  to  control  the  coordinate  representation 
between  S^(£,€)  and  3^(5,?)  (Fig.  S) .  Each  surface  representation  is  such 
that 


Sk(£,C> 


yk<C.O 


k»l . . . . N  * 


Fig.  5.  The  multieurface  method 
The  physical  domain  can  be  written  as 


FtS.n.O 


X(S1(5,C),  s2(C,C)...sN(5,C>,n) 
y (^(5,0,  s2(S,;)...sN(C.C),n) 
2(^(5, c>,  s2(5,«...sH(?,C),n) 


where 


o  <  ?  <  l,  o<n<ii  o  <  ;  <  l. 


(5) 


T 


*  i 
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f  (5,n.O  =  2  ♦*<»» 

k=l 


(7) 


where 


W  -  6xr 


and 


6ki  "  0  k  *  *' 


The  interpolants  i (n)  are  defined  exactly  like  the  blending  functions  in 
Eq.  (3)  but  here  they  are  used  to  describe  a  derivative  function  and  multiply 
a  tangent  vector  field.  Integrating  Eq.  (7)  with  an  initial  n  and 
yields 

N-l 

F<e,n,a  -  s^e,?)  +  ^  W^l^k+i^'0  '  8k(C,c)l  (8> 

k=l 


where 


Gk(n) 


l 


If  the  magnitudes  E^  are  chosen  so  that  each 
evaluation  of  Eq.  (8)  at  reduces  to  (C#C)  -  This  allows  Eq.  (8) 

to  be  expressed 


EfcGk (nN_i )  -  1,  then  the 


N-l 


F(C,n,c>  -  sxa.a  *  J  [sk+1(5.C>  -  sk(5.c] 

k-l  K  N_1 


(9) 


which  is  referred  to  as  Eiseman's  general  multisurface  transformation. 


i 

l 

I 

i 


V  .  * 


The  basic  ingredients  of  the  multisurface  method  are  the  partition 
^1  <  ^2  ""  <  ^-l*  the  interpolents  4^  and  the  surfaces  Sk(£,C).  Choosing 
i|ik  to  be  polynomials  of  degree  N  in  n>  the  curve  connecting  the  bounding 
surfaces  is  of  degree  N  +  1.  In  a  systematic  fashion 


\(n)  -  (n  -  \) . 


example  is  a  three  surface  transformation  <N  -  1  =  2)  and  with  ■  0, 


n2  *  l»  4'i  “  1  -  H,  and  tp2  =  n  then 


2  2 

c^n)  -  n  -  \  '  G2(n)  =  2  ' 


F(C,n,C)  -  Ji  -  n(2  -  njjs^C,?)  +  Jn(2  -  n)  -  n^js2ie,C)  +  n2s3(£,e>. 


■J 

F<£,n,U  -  2  ek(n>V5,C)' 


e^n)  -  i  -  2n  +  n 


e2(n)  -  2n  -  m  , 


B3(n)  -  n  . 


Comparing  the  multisurface  method  with  trans finite  interpolation  (Eq.  (3)), 
the  multisurface  method  requires  interpolants  01)  and  one  set  of  surfaces, 
and  allows  interpolation  in  only  one  coordinate  direction.  It  is  apparent 
that  blending  functions  can  be  derived  from  Ei semen  transformation  formulas 


■/ 


tr  ■  .  -.v,  V 

feg- •».  f  ;  -  /  C:  '  '■§ 

Wk  •  -  ’'•* 


- 

;*  ,  :  "*•  v,i 
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starting  with  interpolants.  It  is  important  to  remember  that  the  most  difficult 
aspect  of  algebraic  grid  generation  is  the  determination  of  functions  (blending 
functions  interpolants,  etc.)  which  control  a  grid.  The  emphasis  in  the  multi¬ 
surface  development  is  on  deriving  interpolants  which  provide  satisfactory 
control . 

The  two-boundary  technique 

i  2 

The  two-boundary  technique  has  been  described  by  Smith4''  and  Smith  and 
Weigel.  13  The  technique  has  consnon  characteristics  with  Eriksson's  formulation 
of  transfinite  interpolation  where  position  and  derivatives  on  exterior 
boundaries  along  with  blending  functions  are  used  to  define  the  physical  domain. 
For  the  two-boundary  technique  blending  functions  a re  specified  to  be  linear 
and  cubic  polynomials  as  described  by  Coons. ®  These  blending  functions  can 
also  be  derived  from  Eiseman's  two-surface  definition  and  a  special  modification 
of  the  four-surface  definition. 16  Later  control  functions  are  incorporated 
to  further  enhance  grid  spacing  control. 

The  technique  is  based  on  defining  two  nonintersecting  surfaces  S  (£,C) 

■+  1 
and  S2(£,C)  (Fig.  7)  where 


^<5,0 


and 


x2  (C,C) 

y1(€#C) 

.  S 2  <C,C>  - 

y2(C,C) 

^(5,0 

*2(C.C) 

0  <  £  <_  1,  0<  ?  <  1. 


Fig.  7.  The  two-boundary  technique 


t :  crw  -■ 


The  physical  domain  is  expressed 
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x(C#H/C) 

x(s1(C,c),  s2(C,c),n) 

F(S,n,0  = 

y(5»n.C) 

= 

*(^(5,0.  s2(C,C)»n) 

z(C,n,o 

zis^e.o.  s2(C,c).n) 

Explicit  forms  of  the  two-boundary  technique  are  linear  and  hermite  cubic 
interpolation.  The  linear  form  is 


2 

F(£,n,C)  -  2  \<n)sk(£,o 

k-1 


where 


xx(n)  -  i  -  n, 

*2<n)  -  n- 

The  cubic  formulation  is 


4  d. 

uk(n)ska,a  W™ 


k-1 


k-1 


3sk 


3sk 

w 


(S.O 


where 

vxvn)  -  2n3  -  3n2  +  l, 
u2(n)  -  -2n3  +  3n2, 
w3(n)  -  n3  -  2n2  +  l. 
wd<n)  -  n3  -  n2. 


i 


(12) 
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the  cross  product  of  surface  derivatives  or  normal  derivatives  at  the  boundaries 
is  given  by 


3S.  3s 

i r(5,5)  x  ir(5,5)  =  Tk 


-► 

i 

-► 

j 

k 

3xk 

3yk 

3zk 

■5T(e'a 

sr(e’c) 

3xk 

3yk 

3zk 

-5£-(e,S) 

nr(e,c) 

-^-(e.C) 

,  k=>l,2. 


(13) 


The  constants  control  the  magnitudes  of  the  normal  derivatives  of  the 

boundaries.  For  nonzero  T^  a  grid  resulting  from  this  formulation  is 
orthogonal  at  the  boundaries  Sk(£,C).  Increasing  the  magnitudes  forces 

the  effect  of  orthogonality  further  into  the  interior  of  the  physical  grid. 

If  the  magnitudes  are  too  large,  the  grid  becomes  double-valued  and  is 
unsatisfactory  (Fig.  8) .  Kowalski  allows  to  be  a  function  of  £  and 

C  (Tk(£,C))  which  allows  variable  effect  of  orthogonality  over  the  domain. 


No  orthogonality 
magnitude 


Satisfactory  orthogonality 
magnitude 


Unsatisfactory  orthogonality 
magnitude 


Fig.  8.  Grid  orthogonality 

The  key  ingredients  for  the  two-boundary  technique,  as  it  is  presented  here, 
are  two  non intersecting  bounding  surfaces,  normal  magnitude  constants  or 
normal  magnitude  functions.  It  is  later  shown  that  additional  ingredients 
are  control  functions  which  govern  the  spacing  of  a  grid.  The  following 
section  deals  with  surface  representation  which  is  used  to  define  the  bounding 
surfaces. 
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SURFACE  REPRESENTATION  AND  PARAMETERIZATION 

Surface  representation  is  an  important  aspect  of  the  algebraic  grid  genera¬ 
tion  methods.  Normally,  the  initial  description  of  a  surface  is  in  terms  of  an 


organized  point  set  S 


K=M 

)l=L 


IK' 


yik'zik 


K=1 

1=1 


find  a  functional  representation 


(Fig.  9) .  It  is  desirable  to 


S(r,t) 


x(r,t) 

y(r,t) 

z(r,t) 


with  two  independent  variables  r  and  t,  which  contains  S,  and  related  to 
independent  variables  from  the  computational  domain  (i.e.,  £  and  C) .  A 


process  that  is  reccamendeo  for  many 
1.  parameterize  the  data  set  S 
normalized  arc  length  (Fig.  10); 


grid  generation  problems  is : 

with  normalized  arc  length  or  approximate 


Fig,  10.  Arc  length  parameterization 


2.  construct  single  valued  functions  relating  the  arc  lengths  to  the  com¬ 
putational  coordinates  (Fig.  10) t  and 

3.  interpolate  the  data  set  S  with  a  bidirectional  interpolation  pro¬ 
cedure  such  as  bicubic  splines  with  the  arc  lengths  being  the  independent 
variables  (Fig.  11) . 


f  ' 
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for  x(r,t),  y(r,t)  and  z(r,t).  The  intermediate  variables  r  and  t 
are  defined  on  the  unit  interval,  and  likewise  £  and  £  are  defined  on  the 
unit  interval,  constructing  single-valued  functions  r  ■  f(£)  and  t  ■  g  (£) 
has  the  effect  of  controlling  the  location  of  an  arbitrary  grid  point  on  the 
surface.  Each  surface  can  have  different  functions  relating  the  computational 
variables  to  the  parametric  variables.  The  functions  f(£)  and  g  (£)  are 
called  "control  functions"  and  are  discussed  in  more  detail  at  a  later  point. 

UNIFORMITY 

In  the  previous  section  computational  variables  are  related  to  parametric 
variables  describing  surfaces.  In  a  similar  but  sere  complex  manner  the 
computational  variable  spanning  between  surfaces  can  be  parameterized  relative 
to  arc  length.  This  is  particularly  desirable  for  the  two-boundary  technique. 
The  variable  n  used  in  the  cubic  blending  functions  for  spanning  between 
the  boundary  surfaces  (Eq.  (12))  is  a  mathematical  entity  and  has  no  physical 
meaning  other  than  it  represents  a  coordinate  from  the  computational  domain. 
Uniformly  discretizing  the  variable  n  for  a  fixed  £,  £,  and  Tfc  yields 

from  Eq.  (10)  coordinates  in  the  physical  domain  along  a  space  curve  (Fig.  12) . 


Fig.  12.  Natural  distribution  of 
grid  points  along  a  spanning 
curve 


Fig.  13.  A  uniform  distribution 
of  grid  points  with  respect 
to  arc  length  along  a 
spanning  curve 


In  addition  to  defining  the  shape  of  the  space  curve,  a  distribution  of  points 
(grid  points)  along  the  curve  is  specified.  This  distribution  is  fixed 
unless  some  control  function  replaces  n  in  the  blending  functions.  Before 
applying  control  it  is  often  desirable  to  initially  specify  a  uniform 
reference  distribution  of  grid  points  along  the  space  curve  connecting  the 
boundaries  (Fig.  13) .  One  approach  for  obtaining  a  uniform  distribution  is  to 
compute  the  normalized  arc  length  or  approximate  normalized  arc  length  (s) 
along  the  space  curve.  This  establishes  an  empirical  relation  between  the 


variable  s  and  the  variable  n.  Uniformly  discretizing  s,  performing  a 
single-valued  interpolation  for  r),  and  substituting  into  the  blending  functions 
yields  uniform  distributions  of  grid  points  along  the  curve.  Alternately, 
the  blending  functions  can  be  redefined  in  terms  of  s  where  now  s  *  e(n)  and 

1^(1)  «  2s3  -  3s2  +  1, 
u2<n)  »  2s3  +  3s2, 

U3(H)  -  s3  -  2s2  +  s, 
y4(0)  =>  s3  -  s2, 

s  -  n.  s  »  e(n). 

This  procedure  is  complex  because  it  has  two  steps  and  the  necessity  for  an 
additional  interpolation,  control  of  the  grid  spacing  distribution  relative 
to  the  uniform  distribution  can  be  accomplished  by  constructing  a  single 
valued  function  on  the  unit  interval  such  that 

s  *  h[e(n)]- 

The  function  h[e(n)]  is  a  control  function  for  the  spanning  direction. 

GRID  SPACING  CONTROL 

The  spacing  of  a  grid  in  the  phyiscal  domain  is  primarily  affected  by  how 
the  computational  coordinates  are  incorporated  into  the  blending  functions, 
interpolants,  or  surface  constraints.  Eiseman  presents  what  he  calls 
"piecewise  local  control”  through  the  derivation  of  interpolants  and  the 
reader  is  referred  to  References  11  and  16  for  this  approach.  Another 
approach  is  the  construction  of  control  functions  which  are  embedded  in  the 
blending  functions  or  surface  constraints.  Control  functions  are  demonstrated 
using  the  two-boundary  technique  in  two  dimensions  and  with  cubic  blending 
functions. 

The  relationship  between  the  computational  domain  and  the  physical  domain 
for  the  two-boundary  technique  in  two  dimensions  is  given  by 
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ay,  dy 

x(5,n)  »  xi(r1)ti1(s)  +  x2(r2)U2(s)  +  ^  ^~(r1  >V3(s)  +  T2  5J“(r2)U4(s) , 


(14) 


y(C.n)  *  +  y2<r2)n2<s)  -  -tr^p^s)  ~  T2  -(r2)U4(s) , 


and 


2s 


3s  +  1, 


U2(s)  =  -2s3  +  3s2, 

,  .  3  _  2  A 

U3(s)  =  s  -  2s  +  s, 

,  .  3  2 

P4(s)  =*  s  -  s  , 

where 


Xl<rl),yl(rl) 


x2(r2)  ,y2<r2) 


dx  dy 

•(r’,*aTu’> 


dr^‘1' 


dx2 

dr1"2* 


dy2 

'*T(V 


V*2 

ri  *  VC) 
r2  -  f2(C) 

s  »  h[e(n)] 


e,n 

°  <  5<1 
o  <  n  <  l 


2  position  on  the  first  boundary  as  a  function  of  normalized 
arc  length  along  the  boundary 

2  position  on  the  second  boundary  as  a  function  of  normalized 
arc  length  along  the  boundary 

2  first  derivative  along  the  first  boundary  with  respect 
to  normalized  arc  length  along  the  boundary 

2  first  derivative  along  the  second  boundary  with  respect 
to  normalized  arc  length  along  the  boundary 

2  normal  derivative  magnitudes  for  the  respective  boundaries 

2  normalized  arc  length  along  the  first  boundary 

2  normalized  arc  length  along  the  second  boundary 

3  arc  length  along  the  grid  curves  connecting  the  two 
boundaries 

2  coordinates  from  the  computational  domain 


A 
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Uniformly  discretizing  £  and  n  and  given  the  other  quantities  described  j 

above  a  corresponding  grid  is  generated  in  the  physical  domain  from  Eq.  (14) . 

For  grid  curves  connecting  the  two  boundaries  (Fig.  14),  their  relation¬ 
ship  and  spacing  relative  to  their  neighboring  grid  curves  is  based  on  position, 
derivatives,  and  derivative  magnitudes  at  the  two  boundaries,  and  the  blending 
functions.  Given  that  the  blending  functions  are  the  same  for  all  grid  curves, 
the  spacing  between  the  curves  is  only  a  function  of  boundary  information.  1 

The  boundary  positions  and  derivatives  are  a  function  of  normalized  arc  lengths 
which  are  in  turn  written  as  functions  of  the  computational  coordinate  It  j 

*  is  the  functions  f^S)  and  f2(£>  that  ultimately  control  the  spacing  j 

between  grid  curves.  When  there  is  relatively  low  slope  in  these  functions  i 

.  (Fig.  14),  there  is  concentration  of  grid  curves,  and  when  there  is  relatively  i 

?  x 

j  high  slope  the  grid  curves  are  dispersed  (Fig.  15) .  In  a  similar  manner  j 


Fig.  IS.  Effect  of  control  functions 
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th*  arid  points  along  a  grid  curve  are  distributed  by  the  blending  functions. 
A  control  function  hfe(i))3  relating  n  to  the  normalised  arc  length 
determines  the  final  grid  point  distribution  along  the  grid  curve  (Fig.  16) . 


0,0 


Fig.  16.  Control  of  grid  points  along  grid  curves 
The  functions  fj(£),fj(£)  and  h[e (H ) ]  are  called  control  functions. 

They  should  be  single  valued,  smooth,  and  have  smooth  derivatives.  Another 
condition  is  that  the  functions  are  defined  on  the  unit  square  (Fig.  17) . 


Fig.  17.  Domain  for  the  definition  of  control  functions 
The  control  functions  can  be  analytic  functions  such  as 


r 


1 


1 


where  the  parameter  K  controls  the  concent 
first  boundary.  In  general,  analytic  functi 
where  control  can  be  applied.  Another  appr< 
use  of  smoothing  spline  functions  on  the  uni 
described  in  Reference  15. 

SIDE  BOUNDARY  CONSTRAINTS 

The  two-boundary  technique  can  be  constrj 
the  two  primary  boundaries.  This  is  accomp] 
as  previously  described,  and  then  applying  1 
interpolation.  An  example  with  one  side  bot 
(Fig.  18a).  The  two- boundary  technique  is  j 

F^.n.G)  - 


^l2(£l(5l),f2(Q' 


Fig.  18a.  Step  one  in  the  two-boundary  tec 


The  second  step  is  from  the  transfinite  int< 
linear  blending  function  (Fig.  18b) 


-  A  ' 


£ 


.?»  uv**-.-  -ve. 
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GRID  GENERATION  TOPOLOGY 

The  algebraic  grid  generation  techniques  that  are  presented  are  defined 
with  the  assumption  that  a  uniform  rectangular  computational  domain  trans¬ 
forms  into  a  physical  domain.  Also,  exterior  boundaries  of  the  computational 
domain  transform  into  boundaries  on  the  physical  domain.  Consequently  the 
topology  of  the  physical  domain  strongly  influences  how  a  grid  generation 
technique  is  applied.  It  is  obvious  that  single  six-sided  box  ( computational 
domain)  or  a  square  in  two  dimensions  is  not  going  to  transform  into  all 
physical  domains.  Further,  in  certain  cases,  transformations  can  only  be  made 
by  introducing  singularities.  Problems  most  often  arise  when  there  are 
closed  boundaries  and  in  this  section  some  topological  considerations  are 
described. 

For  boundaries  in  two  dimensions,  there  are  two  primary  types  of  physical 
domains  that  transform  from  a  square  computational  domain.  They  are  O-type 
domains  and  C- type  domains,  and  are  more  commonly  referred  to  as  O-grids  and 
C-grids.  Several  two-dimensional  domains  are  described  schematically  in 
Figure  19  with  corresponding  boundary  numbers  in  the  computational  and  physical 
domains.  Also,  multiple  computational  and  physical  domains  can  be  coupled 
with  a  conmon  boundary.  A  resulting  grid  as  well  as  grid  derivatives  should 
be  continuous  across  a  conmon  boundary.  If  there  is  a  discontinuity,  special 
consideration  should  be  taken  in  the  finite  difference  procedure  for  the 
solution  of  the  equations  of  motion. 


I 


i 


computational  domain 


phyaicel  domain 


Fig.  19b.  Simple  C-grid 


3 

7 


Fig. 19c.  Multiple  body  O-grid 


8 

computational  domain 


10 
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Fig,  19e.  Combination  domain  C-grid 


Fig.  19f.  L-shape  domain 

For  closed  boundaries  in  three  dimensions  two  suitable  types  of  domains 
are  0-0  domains  and  C-0  domains.  The  topologies  associated  with  closed 
boundary  domains  in  three  dimensions  is  more  complex  than  for  two  dimensions. 

A  primary  reason  is  that  a  planar  surface  from  the  computational  domain 
will  not  transform  into  a  closed  three-dimensional  surface  without  introducing 
singularities.  Rizsi  and  Eriksson^  extensively  discuss  the  problems  of 
three-dimensional  closed  surface  topology  and  associated  singularities  and 
the  reader  is  referred  to  Reference  6. 

A  final  note  on  topology  and  singularities  is  that  every  effort  should  be 
made  to  place  an  unavoidable  singularity  in  a  region  where  there  is  little 
change  in  the  basic  equations  of  motion.  Near  a  singularity  there  are  large 
changea  in  the  derivatives  of  the  computational  coordinates  with  respect  to 


166 


the  physical  coordinates.  These  large  changes  between  neighboring  grid 
points  can  lead  to  inaccuracy  and/or  possibly  instability  in  a  finite  dif¬ 
ference  procedure  for  the  solution  of  the  equations  of  motion. 


GRID  COMPUTATION 

Algebraic  grid  generation  methods  generally  require  a  large  quantity  of  input 
data.  These  data  can  be  divided  into  two  types:  "fixed  data"  and  "variable 
data."  Fixed  data  describes  quantities  such  as  bounding  surfaces,  whereas 
variable  data  describes  quantities  such  as  internal  control  surfaces  of 
control  functions.  Interactive  computer  graphics  is  ideally  suited  for  this 
type  of  application.  Variable  data  which  control  a  grid  can  be  modified 
with  cursor  or  numeric  input  at  a  graphics  terminal,  the  resulting  grid  and 
grid  derivatives  visually  observed,  and  the  data  again  modified  until  satisfac¬ 
tory  grid  characteristics  are  achieved. 

The  algebraic  grid  generation  methods  work  well  in  an  interactive  environ¬ 
ment  because  the  computation  is  explicit  with  no  iteration  necessary  for  a 
given  grid  solution.  What  is  necessary,  however,  is  that  the  comouni cation 
rate  between  the  computer  and  graphics  terminal  be  high  (9600  baud  or  greater) 
because  of  the  large  number  of  line  segments  that  must  be  displayed  for  a 
grid.  An  aside  point  for  the  algebraic  methods  that  are  discussed  is  that 
the  grid  characteristics  can  be  worked  out  on  a  relative  small  grid  (few 
grid  points)  and  the  resulting  control  directly  applied  to  compute  a  larger 
grid. 

DISCUSSION  AND  CONCLUSIONS 

The  three  algebraic  grid  generation  techniques  that  are  described  are 
basically  interpolation  procedures  with  several  common  characteristics. 

Blending  functions,  interpolants,  or  control  functions  along  with  physical 
geometric  constraints  govern  the  transformation  of  a  uniform  rectangular 
computational  grid  into  a  physical  grid.  The  methods  are  relatively  staple 
to  understand,  they  are  explicit  and  do  not  require  extensive  computational 
effort,  and  they  have  a  high  degree  of  generality. 

Next  to  the  computational  procedure,  the  most  important  consideration  for 
grid  generation  is  the  topology  of  the  physical  domain.  For  three  dimensions 
there  there  are  closed  boundaries,  singularities  are  introduced.  Care  should 
be  taken  relative  to  where  singularities  exist  and  the  corresponding  effect 
in  the  finite  difference  procedure  for  the  solution  of  the  equations  of 
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notion.  Grid  topology  is  not  axtensivaly  discussed  in  this  papar,  but  its 
importance  is  emphasized. 

Another  consideration  is  that  grid  derivatives  mist  be  smooth .  this 
means  that  each  step  in  a  grid  generation  method  must  produce  a  smooth 
result.  Hiqqles  is  one  step  propagate  into  the  next  step  and  finally  into 
the  grid. 

A  final  point  is  that  the  use  of  interactive  computer  graphics  for  grid 
generation  is  highly  advantageous.  Until  the  time  is  reached  when  grid 
generation  is  truely  coupled  with  the  equations  of  nation  and  the  grid 
control  is  adaptive,  instantaneous  human  intervention  in  the  control  process 
in  the  next  best  approach.  Since  algebraic  grid  generation  methods  are 
explicit  and  require  relatively  few  computations,  they  work  very  well  in  an 
interactive  environment.  This  implies  that  the  development  of  computer 
applications  software  is  an  important  aspect  of  algebraic  grid  generation. 
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SUMMARY 

— '  The  two  essential  ingredients  of  any  boundary  value  problem  are  the  field 
equations  which  describe  the  physics  of  the  problei..  and  a  set  of  relations  which 
specify  the  geometry  of  the  problem  domain.  Mesh  generators  or  grid  generators 
are  preprocessors  which  decompose  the  problem  domain  into  a  large  number  of 
interconnected  finite  elements  or  curvilinear  finite  difference  stencils.  A  num¬ 
ber  of  such  techniques  have  been  developed  over  the  past  decade  to  alleviate  the 
frustration  and  reduce  the  time  involved  in  the  tedious  manual  subdividing  of  a 
complex-shaped  region  or  3-D  structure  into  finite  elements^  Our  purpose  here 
is  to  describe  how  the  techniques  of  bivariate  and  trivariate'>*blending  function"^'"' 
interpolation,  which  were  originally  developed  for  and  applied  to  geometric  pro¬ 
blems  of  computer-aided  design  of  sculptured  surfaces  and  3-D  solids,  can  be 
adapted  and  applied  to  the  geometric  problems  of  grid  generation.  In  contrast 
to  other  techniques  which  require  the  numerical  solution  of  complex  partial  dif¬ 
ferential  equations  (and,  hence,  a  great  deal  of  computing),  the  trans finite 
methods  proposed  herein  are  computationally  inexpensive. 


rx 


1.  INTRODUCTION 

Over  the  past  decade,  a  number  of  schemes  have  been  developed  for  automating 
the  generation  of  finite  element  and  curvilinear  finite  difference  grids.  Among 
these,  the  transflnlte  mapping  technique  of  Gordon  and  Hall[5]  has  been  shown  to 
have  a  number  of  advantages  (cf.  [6], [7]).  Some  of  these  are: 

1.  Exact  modeling  of  boundaries 

2.  Minimal  input  effort 

3.  Automatic  node  connectivity  definition 

4.  Well-suited  to  interactive  graphics  implementation 

5  Good  correlation  between  boundary  nodes  and  interior  mesh 

6.  Computationally  efficient 

7.  Easy  extension  to  three  dimensions. 

We  use  the  term  "trans finite"  to  describe  this  class  of  techniques  since, 
unlike  classical  methods  of  higher  dimensional  interpolation  which  match  the 
primitive  function  F  at  a  finite  number  of  points,  the  transfinite  methods  match 
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F  at  a  nondenuurabla  number  of  points.  In  fact,  as  we  s  ill  aaa  below,  trens- 
finite  mappings  of  the  plana  Batch  F  along  entire  curve  segments ,  while  trans- 
finite  mappings  in  Euclidean  3-space  can  match  F  exactly  on  the  six  faces  of  a 
curvilinear  parallalpiped. 

To  begin,  we  recall  the  geometric  interpretation  of  the  graph  of  a  vector- 
valued  function  of  two  independent  variables  s  and  t 


F(s,t)  -  (x1(s,t) ,x2(s,t) ,... ,xn(s,t) ]  . 


<1> 


As  the  variables  s  and  t  range  over  a  domain  5  in  the  s,t-plane  R  ,  P(s,t) 
traces  out  a  region  R  in  Euclidean  n-space,  En,  That  is,  F  maps  regions  in 
,R2  into  regions  in  En 

Ft  R2  -*•  En.  (2) 

For  two-dimensional  problems,  tie  shall  be  concerned  with  continuous  transforma¬ 
tions  F  which  up  the  unit  square  S  -  [o,l]x[0,l]  one-to-one  onto  a  simply  con¬ 
nected,  bounded  region  R  in  E2  or  E3.  Such  ups  can  be  thought  of  as  topologi¬ 
cal  distortions  of  the  planar  region  S  onto  the  two-dimensional  unifold  R, 

2 

which  IS  either  a  planar  region  (R  c  e  }  or  a  surface  embedded  in  3 -space 
(R  c  e3)  .  In  either  case,  a  one-to-one  (univalent)  upping  S  ♦  R  is  equivalent 
to  the  introduction  of  a  curvilinear  co-ordinate  system  on  R.  The  curve  of  con¬ 
stant  ganaralizad  co-ordinate  s  -  s*  is  the  image  F(s*,t)  of  the  line  s  »s*  inS. 

Similarly,  the  curve  F(a,t*)  is  the  set  of  all  points  in  R  with  generalised 
co-ordinate  t  -  t*.  Thus,  the  point  F(s*,t*>  on  R  is  said  to  have  generalised 
co-ordinates  (s*,t*),  and,  since  the  upping  S  ♦  R  is  univalent,  any  point  Pc  R 
can  be  uniquely  referenced  by  its  generalised  co-ordinates. 

If  S  is  the  unit  cube  [0,l]x[0,l]x(0,l]  in  the  s,t,u-parauter  space  R3  and 
R  is  a  bounded  region  in  Euclidean  3-space,  then  a  one-to-one  upping  F  of  S  on¬ 
to  R  can  be  envisioned  as  a  topological  distortion  of  the  cube  into  R.  Such  a 
upping  of  R3-»E3  generates  a  curvilinear  co-ordinatiaation  of  the  solid  R  so 
that  each  point  of  R  uy  be  referenced  by  its  ganaraliaad  coordinator  (s,t,u) . 

For  bounded,  simply  connected  planar  domains  R,  one  could  of  course  generate 
an  orthogonal  co-ordinatisation  by  means  of  a  conformal  ampping  of  R  onto  a 
canonical  region  such  as  a  square  or  a  circle.  Sowever ,  from  a  practical  atand- 
polnt,  t ha  construction  of  a  conformal  map  la  equivalent  to  the  solution  of 
laplaca'a  aquation  and  ia  thus  contrary  to  the  goal  of  computational  simplicity. 
In  contrast,  the  transfinite  uppings  described  below  are  relatively  simple  to 
construct  and  Implement  for  a  wide  variety  of  regions,  and  are  computationally 
inexpensive. 
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2.  TWO-DIMENSIONAL  REGIONS 

We  first  consider  the  case  in  which  S  is  the  unit  square  [0,l]x[0,l].  Let  us 

postulate  the  existence  of  a  primitive  function  F  which  maps  5  onto  R.  It  should 

be  remarked  that  the  'unction  F  is  a  fiction  which  we  introduce  only  'or  nota- 

tional  simplicity  and  convenience.  In  practice,  the  only  thing  we  are  given  is 

the  geos* trie  description  of  R  in  tarns  of  its  boundary,  and  it  is  the  task  of 

the  analyst  to  cast  this  information  into  a  form  appropriate  to  the  napping 

formulas  considered  below.  This,  however,  is  not  difficult  to  do  and  can  be 

implaawnted  by  a  computer  subroutine. 

•*2  2 

Genetically ,  F>  R  ■*  E  should  be  thought  of  as  a  continuous  vector-valued 
function  of  the  two  independent  variables  s  and  t  such  that  iS  *  3R. 

For  example ,  consider  the  following  napping i 


?(s,t) 


(x(a,t)\  (< 


4st(l-s) (1-t)  +  (l+t//2) 


<l+t//5)  sin 


(3) 


This  maps  the  unit  square  [0,l]x[0,l]  onto  the  quarter  annulus  R  shown  in  Fig.l. 
The  perimeter  of  the  unit  square  maps  onto  the  perimeter  of  R,  and  lines  of  con¬ 
stant  s  and  constant  t  nap  onto  the  curvilinear  co-ordinate  system  illustrated. 
In  other  words,  each  of  the  curves  shown  in  the  figure  is  a  curve  of  generalised 
co-ordinate  s  -  const,  or  t  m  const. 

Our  problem  is  to  construct  a  univalent  (one-to-one)  function  Ut  S  *  R  which 
matches  ?  on  the  boundary  of  S,  i.e. 

5(0, t)  -?(0,t),  5(s,0)  -  F(s,0)  |  (4) 

5(l,t)  -  ?(l,t),  U(s,l)  -  F(s,l)  J 

A  function  0  which  interpolates  to  F  at  a  non-denuswrable  set  of  points  as  in 
(4)  will  be  termed  a  t rans finite  lnterpolant  of  F. 

TO  explain  the  notion  of  tranafinita  napping,  we  shall  find  it  convenient  to 
rely  on  the  algebraic  theory  of  approximation  developed  in  Is!  and  [4],  In  this 
paper,  by  a  projector  P  we  shall  mean  an  idempotant  linear  operator  whose  do¬ 
main  is  the  linear  space  F  of  all  continuous  functions  defined  on  S  and  whoee 
range  is  a  subspace  of  F.  The  above  interpolation  problem  (4)  can  be  viewed  as 
a  search  for  a  projector  P  such  that  U  «  P[F]  is  a  univalent  map  of  S  ♦  R  which 
satisf iea  the  desired  interpolator  properties .  U  is  termed  the  projection  of  F 
or  the  Image  of  F  under  P. 

Suppose  now  that  and  are  four  univariate  functions  which  satisfy 

the  cardinality  conditions 
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.I*'1' 

10,  1  f 


for  i,k  -  0,1 


for  j,i  -  0,1 


and  consider  the  projectors  Pg  and  P  defined  by 
p/rlMol.ru.o.ti  +  ♦1«»)F(s1,t)'i  * 

Pt[r]  =^0(t)F(»,t0)  +  J  . 


Then,  the  product  projection 


PJF]  -  l  J  4  <e)t|i  (t)F(s.,t  > 

C  1-0  j-0  3  13 


Interpolates  to  F  at  the  four  corners  of  [0,l]x[0,l]  and  the  Boolean  sun 
projection 

(Pg  «  Pt) [F] =  Pg[F]  ♦  Pfc[F]  -  PgPt[Fj  (8) 

interpolates  to  r  on  the  entire  boundary  of  [0,l]x[0,l].  These  properties  of 
the  functions  (7)  and  (8)  nay  be  readily  verified  by  evaluating  the  right-hand 
sides  for  the  appropriate  values  of  s  and  t  and  recalling  the  cardinality  pro¬ 
perties  (5);  see  also  [3]  or  [4], 

The  functions  4^  and  4  ^  in  the  above  fomulae  are  as  yet  unspecified  except 
for  their  values  at  the  points  sQ  «  tQ  -  0  and  s1  -  t^  -  1.  They  are  coossonly 
referred  to  as  'blending  functions'  and  the  function  U  •  (pg  #  Pfc ) [”f]  is  tensed 
a  blended  interpolant.  The  simplest  choice  for  the  blending  functions  in  (5) 
is  the  set  of  four  linear  functions 


*0<s>  -  1  -  s,  4Q(t)  -  1  -  t  | 
^(s)  -  S,  ♦jtt)  -  t  J  . 


The  vector-valued  bivariate  function  U  =  (P  ®  P  > [f]  obtained  by  using  (8)  and 

(9)  is  teraed  the  billnesrly  blended  Interpolant  of  F,  or  the  transfinlte  bl- 
♦ 

linear  interpolant  of  F.  Explicitly,  it  is  given  by 

U(s,t)  -  (l-s)F(O.t)  +  sF (l,t)  +  (l-t)F (s,0)  +  tF(s,l) 

-  <l-s) (l-t)F(0,0)  -  tl-s) t?(0,l)  (10) 

-  s (l-t)F (1,0)  -  stF(l,l)  . 

4  4 

This  function  has  the  properties  that  U  -  F  on  the  perimeter  of  the  unit  square 
[0,l]x[0,l].  This  vas  first  des»nstratsd  by  S.A.  Coons  in  [2]. 

Figure  2  illustrates  the  mappings  induced  by  the  projectors  (6) -(8)  on  a 

*The  reader  should  verify  that  both  the  operators  P  and  Pfc  are,  in  fact,  pro¬ 
jectors,  i.e.,  they  are  linear  and  idempotent .  * 


-  J  -is. 


*.-r*r 


region  R  with  blending  functions  given  by  (9) .  it  is  readily  seen  that  P  [F] 
and  P^JF]  each  natch  only  two  opposing  boundary  segments,  PgPt(F]  matches  only 
the  comers  of  R,  but  (Pg*Pt)[F]  does,  in  fact,  interpolate  the  complete  peri¬ 
meter  of  R.  The  mappings  Pg[F]  and  Pt[F]  are  sometimes  referred  to  as  "linear 

lofting",  in  analogy  with  the  drafting  procedure  known  as  lofting.  P  P  [F], 

st  ^ 

which  is  linearly  ruled  in  both  directions,  is  termed  bilinear,  and  (Pg  e  Pfc) [F] 

is  properly  termed  blllnearly  blende d.  The  three  projectors  P  ,  P„  and  P  »  P 

+  st  st 

are  all  transflnlte  projectors  since  they  interpolate  F  at  a  nondenumerable  num¬ 
ber  of  points. 

Other  examples  of  transfinite  mappings  obtained  using  equation  (10)  are  shown 
in  Figures  3,4  and  S. 

We  can  generalize  the  above  notions  in  two  ways:  first,  we  may  consider  map¬ 
pings  of  R2  -*■  En  for  general  nj  and  secondly,  we  may  interpolate  F  not  only  on 
the  boundary  of  the  region  R  «  { (x, ,x_, . . . ,x  )  -  F(s,t):  0  <  s,  t  <  l} ,  but 

also  along  other  ‘flow  lines'  or  constant  generalized  co-ordinate  lines.  To 


this  end,  let  0  <  sQ  <  sj  <  . . .  <  s^  »  1  and  0  -  tQ  <  t^  < 
let  ($£  <•) )  tyj  (t)  }«.o  138  functions  satisfying 

W  ■  fiik>  W  '  6ji 

0  <_  1,  k  <_  H,  0  <_  J,  i  <_  N.  Now  define  the  projections 
P_[F]  =  l  $  (s)F(s.,t) 

i-o  1  L 

+  N  | 

P  [F]  =  l  *  (t)F(s,t  )  J 
j-o  -1  3 

The  product  projection 


tjj  ■  1,  and 


Pt[F]  =  l  l  *  (•)»  (t)f(».,t.) 
i-0  J-0  1  3  13 


interpolates  to  P  on  the  finite  point  set  { (s^ptj)}"^,”^  while  the  Boolean  sun 
or  transfinite  interpolant 

<Pg  •  Pt)  IF]  =  I3  IF]  +  Pt[F]  -  PgPt[F]  (14) 

interpolates  to  F  along  the  M+N+2  lines  s  •  s^,  0  <  1  <  K  and  t  -  t^,  0  <  j  <_  N. 
That  is,  if  U(s,t)  =  (Pg  •  Pt)[F]  then 
0(e,t.)  -  F (s,t ,) ,  0  s  j  s  N 

4  J  4  J  (15) 

Uts^t)  -  F(si,t),  0  S  i  S  M 


If  M  •  H  .  1  and  *Q  •  tfl  ■  0,  Sj  -  tx  -  1,  (14)  reduces  to  the  transfinite 
inemr  Interpolent  (10).  If  M  -  N  -  2  and  sQ  -  t0  -  0,  sx  -  ^  -  1/2,  s2  - 
-  1,  then  using  the  blending  functions 


*•  *;  ’  • 
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♦0U)  -  2  (s-1/2)  (s-1),  *Q(t)  -  2  (t-1/2)  (t-1) 

♦x(»)  -  4s(l-s),  ^(t)  -  4t(l-t)  (16) 

♦2(«)  -  2s (a- 1/2) ,  ^2(t)  -  2t (t-1/2) 

in  (14)  yields  tha  blqtudratlcally  blended  lnterpolant  of  F  along  tha  at*  line a 
a  -  0,  1/2,  1  and  t  -  0,  1/2,  1. 

Thara  ara  eaaaa  in  which  bilinear  tr ana finite  napping  techniques  will  not 
produce  a  satisfactory  curvilinear  grid.  This  typically  happens  on  regions  R 
which  are  so  grossly  distorted  that  there  is  either  too  great  a  variation  in  the 
sise  of  grid  elements  or  protions  of  the  generalised  co-ordinate  curves  actually 
■tap  outside  the  region  ("overspill'1,  cf.  [5]).  An  example  is  shown  in  Figure  6. 
Hare,  a  bilinear  trans finite  napping  was  executed  with  the  result  that  sosw 
constant  generalised  co-ordinate  lines  overspilled  tha  region. 

There  are  basically  three  ways  to  dsal  with  such  difficulties.  First,  one 
nay  decompose  tha  overly  complex  region  into  two  or  more  simpler  subregions 
and  map  each  of  these  separately.  Although  this  approach  generally  works  well, 
there  may  be  problems  at  the  interfaces  between  subregions,  since  the  general¬ 
ised  co-ordinate  lines  will  have  slope  discontinuities  there.  One  way  of 
handling  this  difficulty  is  to  employ  higher  degree  blending  functions,  e.g. , 
cubic  Hermits  blending  functions. 

A  second  way  of  attempting  to  achieve  a  satisfactory  transformation  is  to 
reparsmatrise  tha  boundary  segments  of  R  by,  for  example,  introducing  monotonic 
transformations  of  the  independent  variables  s  and/or  t. 

Another  way  of  dealing  with  complex  regions  is  to  introduce  auxiliary  con¬ 
straints  into  tha  transformation  problem.  Since  tha  paramount  objective  is  to 
obtain  a  one-to-one  (invertible)  mapping  of  S  onto  R,  tha  analyst  is  perfectly 
free  to  enforce  whatever  additional  constraints  he  feels  will  guarantee  the  ln- 
vertibility  of  the  mapping.  In  our  experience,  we  have  generally  found  it  ade¬ 
quate  to  specify,  as  an  auxiliary  constraint,  tha  image  (i.e. ,  the  mapped  posi¬ 
tion)  of  a  single  interior  point  of  S.  That  is,  we  identify  where  inside  R  we 
desire  to  nap  a  selected  point  in  tha  interior  of  S.  For  simplicity,  suppose 
the  point  in  S  whose  image  position  we  want  to  constrain  is  the  mid-point  of 
the  square,  s  -  t  -  1/2.  We  want  to  force  this  point  to  map  into  the  point  in  R 
having  co-ordinates  («,£) .  Let  $  be  the  bi linearly  blended  function  of  (10) . 
Then,  tha  following  transformation  maps  3S  onto  3R  and  maps  (1/2, 1/2)  onto  the 
point  (a,0) i 

$(s,t)  -  ?(s,t)  ♦  16s(l-s)t(l-t)  |®j  -  $(1/2, 1/2)  .  (17) 

To  verify  this,  note  that  along  the  perimeter  of  (0,l}x[0,l]  the  right-hand  side 
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reduces  to  just  ®(s,t),  which  naps  3S  exactly  onto  3R,  as  dasirsd.  For 
(s,t)  -  (1/2, 1/2),  the  right- -hand  sida  reduces  to  just  (a,0) .  Mora  generally, 
the  point  (s,t)  »  (a,b)  can  be  napped  into  (a ,6)  by  the  formula: 

*(.’t,  -  »<••« ♦  lisissiii-  [(;)  -  *<•'«]  •  <i8> 

As  an  exanple,  Figure  6  shows  a  region  R  for  which  the  bilinearly  blended 
transformation  (10)  does  not  give  an  invertible  napping  of  5  onto  R.  It  is 
intuitively  clear  that  the  inage  of  the  point  (e,t)  ■  (1/2, 1/2)  has  napped  too 
far  to  the  right.  Therefore,  we  enforce  the  auxiliary  constraint  that  the  point 
(1/2, 1/2)  in  S  should  nap  onto  the  point  (.494,. 119)  in  R.  Figure  7  illustrates 
the  result  of  the  transformation  obtained  using  (17) . 

In  [5],  Gordon  and  Hall  propose  the  use  of  more  general  auxiliary  constraints. 
For  exanple,  instead  of  just  a  single  point,  they  consider  mappings  for  which 
lines  of  constant  s  or  t  are  forced  to  nap  onto  preselected  generalised 
co-ordinate  curves  in  the  domain  R.  such  curves  nay  arise  naturally  as  inter¬ 
faces  between  subregions  of  R,  or  they  may  be  determined  by  the  analyst  on  geo¬ 
metric  grounds.  The  transformation  formulas  appropriate  to  these  constrained 
asps  are  given  by  equation  (14). 

If  the  region  R  is  basically  triangular,  in  contrast  to  quadrilateral,  trans- 
finite  interpolation  techniques  over  triangles  nay  be  more  appropriate.  The 
theory  for  such  "trilinearly  blended"  methods  was  developed  in  [ 1] .  The  details 
of  these  techniques  as  applied  to  grid  generation  nay  be  found  in  [6]  and  [7], 

As  a  practical  natter,  the  curves  bounding  R  nay  not  be  easily  represented 
as  closed-form  mathematical  expressions.  Nevertheless,  the  above  results  still 
apply  if  the  boundary  curves  are  represented  as  discrete  point  sets,  i.e., 
piecewise  linear  curves.  For  a  fuller  discussion  of  " disc-retired  trans finite 
mappings'  see  [6]  and  [7].  Surfaces  in  Euclidean  3 -specs  are  handled  in  pre¬ 
cisely  the  sasm  way  as  2-D  regions.  All  that  need  be  done  is  to  add  the  third 
co-ordinate  functions  2(s)  and  Z (t)  to  the  x  and  y  components.  A  discussion  of 
surfece  decomposition  techniques  is  given  in  (7]. 

3.  THREE-DIMENSIONAL  SOLID  STRUCTURES 

The  purpose  of  this  section  is  to  outline  the  extensions  to  3 -dimensions  of 
the  bivariate  transflnite  napping  techniques  discussed  above.  To  begin,  we 
consider  the  following  three  projectors: 

P^tFj  -  (l-s)F(0,t,u)  ♦  sF(l,t,u) 

PttFl  -  (l-t)F(s,0,u)  +  tF(s,l,u) 

P jft  -  (l-u)F(s,t,0)  +  uF(s,t,l)  . 

u 


(19) 
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in  these  expressions,  the  "primitive  function"  f  is  *  vector-valued  function 
of  the^ three  independent  parameters  s,tandu.  M  «,t  uid  u  range  over  the  unit 
cube,  F  maps  out  the  solid  volume  R.  Depending  upon  the  co-ordinate  system  used, 
the  three  components  of  F  may  correspond  to  Cartesian,  spherical,  cylindrical, 
toroidal,  etc-  co-ordinates.  As  a  practical  matter,  the  co-ordinate  system 
employed  should  be  that  which  moat  appropriately  fits  the  geometry  and  topology 
of  the  problem  domain. 


Quite  clearly,  the  three  projectors  in  (19)  correspond,  respectively,  to 
linear  blending  (lofting)  in  s,t  and  u.  Now,  however,  the  geometric  entities 
on  the  right-hand  side  of  the  expressions  are  not  curves,  as  in  (6),  but  rather 
surfaces.  For  example,  as  t  and  u  range  over  the  parameter  domain  f0,l}x[0,l], 
the  vector-valued  function  F(0,t,u)  traces  out  a  surface  in  Euclidean  3-spaca 
corresponding  to  one  of  the  six  faces  of  the  solid  volume  R. 

It  is  useful  to  consider  the  pairwise  products  of  the  above  three  projectors. 
For  instance,  the  product  of  the  first  and  the  second  is 

W*l>  *  (!-«>  (l-t)f(0,0,u)  ♦  (l-s)tF(0,l,u) 

*  8(l-fc)F(l,0,U)  +  StF(l,l,u) 

The  right-hand  side  of  this  expression  contains  four  expressions  which  rsfer  to 
the  edges  of  the  object  under  consideration.  8y  evaluating  the  expression 
along  tha  four  edges  (t,t)  -  (0,0) , (0,1) , (1,0)  and  (1,1),  it  can  be  verified 
that  the  trivariate  function  P^P^?]  does,  in  fact,  match  F  along  these  edges. 
(It  may  b«  easily  demonstrated  that  P/jF]  -  P^CfI,  i.e.,  the  projectors 
commute,  just  as  in  tha  bivariate  cess.) 

We  have  seen  that  the  projectors  P#,Pt  and  ?u  each  interpolate  the  two  oppos¬ 
ing  faces  of  the  solid  volume  described  by  F(s,t,u),  and  that  products  of  pairs 
of  these  projectors  interpolate  to  the  edges  of  the  solid.  If  ws  take  the  pro¬ 
duct  of  all  three  of  the  projectors  in  (19) ,  we  obtain  the  expreeeiom 

Wjh  -  (l-s)  (l-t)  (l-u)F(0,0,0)  ♦  u-s)  U-t)uF(0,0,l> 

+  (l-e)t(l-u)F(0,l,0)  +  (l-s)tu?(0,l,l) 

+•  s(l-t)  (l-u)F(l,0,0)  +  s(l-t)uF(1.0,l) 

*  et(l-u)F  (1,1,0)  +  stuF(l,l,l) . 

The  right-hand  side  of  this  expression  contains  values  of  F  which  refer  to  the 
eight  comers  of  the  region  R.  It  doee,  in  fact,  interpolate  to  these  eight 
corners.  Since  (21)  is  linear  in  each  of  the  three  parameters  s,t  end  u,  it  is 
termed  s  t ri linear  intarpolant.  The  graph  of  the  trilinear  interpolant  is  a  six- 
sided  polyhedron  which  peeses  through  the  vertices  of  Hi  it  is  simply  the  3-D 


generalization  of  a  quadrilateral  in  Euclidean  2-space. 

In  the  2 -dimensional  case,  one  starts  with  the  two  projectors  Pg  and  P  of 
(6)  and,  by  combination,  generates  a  total  of  four)  namely,  P  ,  Pfc,  PgPt  end 
P  •  Pfc.  In  three  dimensions,  the  situation  is  much  more  complex  and  the  variety 
of  possible  projectors  much  richer.  In  [3]  and  [4],  it  is  shown  that  under  the 
two  binarary  operations  of  operator  multiplication  and  Boolean  (•)  addition,  any 
collection  of  commutative  projectors  forms  a  distributive  lattice.  Space  does 
not  permit  going  into  the  details  of  this  theory,  but  we  can  illustrate  some  of 
the  results  in  the  triyariate  case.  Without  proof,  we  state  that  there  are  21 
distinct  projectors  which  can  be  formed  by  multiplication  and  ©  addition  of  the 
three  projectors  P  ,  P  and  P  .  In  addition  to  those  displayed  above,  the 
following  are  examples! 


p,  •  ptp«  ■ p.  *  V,  -  p.V» 

V,  •  p„  ■  Vt '  p„  -  Wu 
P.  •  P«  •  V.  •  P.  '  Pt  -  p.pt 

p  p  *  P  p  •  P  P  .  P  P  ♦  P^P  ♦  P  P  -2  P  P 

St  tu  US  St  tu  US  8  t  U 

P  e  P  e  P  *P  *  P  *  P  -  PP  -  P  -  P  P  ♦  PP.P 

S  t  u  8  t  U  St  tu  US  StU 


One  should  note  that,  because  of  the  idempotency  and  linearity  of  the  projectors, 
much  cancellation  occurs.  For  instance,  one  has  Pg  a  PgPt  “  Pg  +  PgPt  -  PgpsPt 
-  Pg,  which  means  that  nothing  is  achieved  by  talcing  the  •  sum  of  Pg  and  P,pt* 
This  is  because  the  interpolation  properties  of  PgPfc  are  a  subset  of  those  of 
the  projector  Pg. 

An  aspect  of  the  theory  developed  in  [3]  and  [4]  is  that  there  is  an  isomor¬ 
phism  between  the  distributive  lattice  of  projectors  and  the  associated  distri¬ 
butive  lattice  of  their  precision  sets.  In  other  words,  if  we  know  the  expres¬ 
sion  for  a  certain  projector,  then  we  can  determine  the  point  set  on  which  it 
interpolates  by  replacing  operator  multiplication  by  set  intersection  and  e 
addition  by  set  union.  For  example,  the  precision  set  (set  of  points  on  which 
it  interpolates)  of  Pg  consists  of  the  two  faces  of  R  defined  by  s  -  0  and 
s  •  l)  and  similarly  for  pfc  and  p^.  Thus,  it  follows  from  the  isomorphism  that 
the  precision  sets  of  the  projectors  in  (22)  are,  respectively,  given  by  the 
following  expressions  in  which  Sg,  st  snd  su  are  the  precision  sets  of  Pg,  Pt 


.  '•  f 


Ss  u  st 

s  u  (s.  n  s  ) 

■  t  u 

<s,  »  st)  0  su 

(23) 

Sg  u  Sfc  u  <St  n  Su> 

(S  n  s  )  u  (s.  n  s  I  u  (S  n  s  ) 

8  t  t  U  US 

8  u  s  u  s 

8  t  U 

If  one  thinks  of  the  precision  seta,  it  is  obvious  that  the  weakest  algebrai¬ 
cally  minimal")  of  all  projectors  is  the  triple  product  Pg?tPu  and  the  "algebrai¬ 
cally  maximal"  projector  is  the  Boolean  sum  of  all  three i  Pg  •  Pfc  •  P  .  All 
other  possible  projectors  are  algebraically  in-between  these  two. 

Nhich  of  this  miriad  of  3-D  projectors  one  uses  in  practice  is  a  natter  of 
what  data  is  giveni  or,  sore  precisely,  where  the  data  is  given.  In  other  words, 
one  is  given  the  precision  set  and  oust  use  the  isomorphism  "backward"  to  infer 
the  appropriate  projector  (i.e.,  interpolation  formula).  For  instance,  if  one 
does,  in  fact,  know  the  exact  shapes  of  all  six  of  the  bounding  surfaces  of  R, 
then  the  appropriate  mapping  equation  is  the  full-blown  expression 
(Pg  •  Pfc  •  P„)[f],  which  explicitly  involves  all  faces,  all  edges  and  all 
comers.  At  the  other  extreme,  one  may  only  know  the  co-ordinates  of  the  eight 
comers  of  R.  In  this  case,  one  would  use  the  transformation  equation  (21). 

In  practice,  the  situation  is  usually  somewhere  in-between,  i.e.,  the  data  is 
seldom  as  complete  as  required  by  the  maximal  projector  P  •  P  •  P  or  ss  scant 

4  *  *  " 

as  only  the  eight  vertices  needed  in  P  PfcPu[F].  The  examples  given  belcw  assume 
that  the  function  ?  is  known  (i.e.,  data  is  given)  on  the  12  edges  of  R.  In 
this  case,  the  revelant  transformation  equation  or  mapping  formula  isi 

<p.pt  •  PtPu  •  \\nfi 

-  (1-S) (l-t)F(0,0,u)  4  (1-s) tF(0,l,u) 

4  s(l-t)?(l,0,u)  +  st?(l,l,u) 

4  (1-t) (l-u)J(s,0,0)4(l-t)u?(s,0,l) 

4  t(l-u)?(s,l,0)  4  tu?(s,l,l) 

4  (l-s)(l-u)?(0,t,0)  4  (l-s)u?(0,t,l)  (24) 

+  s(l-u)?(l,t,0)  4  su?(l,t,l) 

-  2[(l-s)U-t)(l-u)?(0,0,0)  4  (l-s)(l-t)u?(0,0,l) 

4  (l-s>t(l-u)?(0,l,0)  ♦  (l-s)tu?(0,l,l) 

4  B(l-t)  (1-U)?(1,0,0)  4  8(l-t>U?(l,0,l> 

4  St(l-U)? (1,1,0)  4  BtU?(l,l,l)]. 
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Figure  3 

"me  curvilinear  co-ordinate  system  generated  by  the  following 
parcmetrlzatlan: 


-2.5t  +  .5 

0.5t  +  2 

F(0,t)  = 

-2 

,  F(l,t)  = 

-2 

J 


F(s,0)  = 


1.25  -  .75  COS  <ts) 
-2  +  .75  sin  (ITS) 


F(S,1)  = 


-2, 

0,0  i  s  <  .33 

■  -6.5  +  13. 5s, 

.33  i  s  <  .66 

2.5, 

/ 

.66  i  s  i  1 

-2  +  6s, 

0.0  i  S  <  .33 

O 

o 

.33  <  S  <  .66 

U  -  6S, 

.66  £  s  i  1 

Figure  u 

The  transflnlte  map  of  a  region  with  a  crack  via  the  following 
paranetrlzatlon : 


F(0/t)  • 


1  -  3t" 
-3 


P(l,t>  = 


*1.05  +  1.45t 
-3 


fts/O)  * 


fts/1)  - 


1  +  .05s 

-3  +  3s,  0,0  i  S  s  0.5 
-3S/  0.5  i  s  5  I  / 

-2/  0.0  £  S  <  .33 

<  -12.7  +  HIM  -  27.9S2,  .33  <$<.66 
2.5/  .66  <  S  <  1 


< 


-3  +  9s 
0.0 
6  -  9s 


0.0  <  s  <  .33 
.33  <  S  <  .66 
.66  <  S<  1 


The  curvilinear  co-ordinate  systan 

™',)  ■  U]  -  *»•»  - 1  - 

f«-  11.5s  *7.*?  0.0<  s<  .33 
J9-36S  ♦  3&2,  ,33<  s<  K 

RS.0).  r,5s  +7,5s2' 

J-1.12SS  +  1.12Ss2>  0,0<s<,35 

I  ,75  +  l-5s  ,33<  s<  ,66 

(  1.125s  -  1.125s2  ,66<S<1 

Cf e  M  _  f  «  -  20S  *  20s2!  J 


C/e  n  _ 


Figure  6 

Bilinear  blending  here  yields  a  ncn-uilvalent  rap.  The 
paranetrlzatlcn  of  the  boindary  Is: 


Figure  8 


Nils  mcpping  kjs  generated  via  run  hu 

Point  (li/i/ 1  ,  U8)  ^  itwilng  the 

(.325  Zv;/l>n  “*  S-t-°"re  TOO  the  coin; 
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F($,0) 


F(s,I> 


6S  -  3 


”5+6  cos  (irt/2>] 
-3+6  sin  f«t/2)J 


J-3*-/.25-  (6s-e.5)2, 

|-3  *  /.25-  (6s  -  0.5)2  , 
6s  -  3 
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otherwise  j 
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INTRODUCTION 

~~y>  Coordinate  transformations  have  been  a  key  element  in  most  numerical 
solutions  to  partial  differential  equations  when  either  the  solution  or  the 
region  exhibits  some  geometric  complexity.  The  grids  from  the  transformations 
are  chosen  to  represent  the  region  boundaries  with  coordinate  curves  or  surfaces 
and  to  adequately  resolve  the  solution  by  clustering  points,  curves,  or 
surfaces.  The  coordinates  can  be  used  separately  or  in  a  composite  fashion  to 
appropriately  discretize  a  configuration  with  a  topological  coaq>lication  in 
addition  to  that  of  basic  geometry.  In  either  case,  the  discretization  is  well 
structured  since  the  space  of  computational  variables  is  rectilinear.  Solution 
procedures  developed  in  a  Cartesian  setting  can  then  be  applied  along  with  the 
corresponding  simplicity  in  the  organization  of  computational  data. 

To  gain  the  clear  advantages  of  a  well-structured  discretization,  the 
original  partial  differential  equations  must  be  expressed  relative  to  the  grid. 

The  result  is  usually  an  increase  in  the  complexity  of  the  equations.  This 
increase  is  greatest  with  nonorthogonal  coordinates,  is  fairly  mild  with 
orthogonality  and  is  the  least  with  conformal  transformations.  ^  ^  r  S  ,  i  '  •/ 

To  choose  between  the  various  types  of  coordinates,  we-  must  ftlst  consider 
which  constraints  are  needed  for  a  given  problem. '  The  fundamental  constraint 
for  a  general  region  is  its  boundary  geometry .  Mien  the  coordinates  match  the 
boundary,  the  need  for  boundary  interpolation  disappears  and  the  grid  is  also 
aligned  with  the  desired  solution  near  the  boundary.  Without  any  further 
requirement  in  the  two-dimensional  case,  conformal  systems  are  usually  the  best. 

In  addition  to  boundary  geometry,  however,  the  pointwlse  distribution  along  the 
boundary  is  often  required  ns  a  further  constraint.  The  distribution  is  a 
boundary  coordinate  system  or  systems,  which  together  with  the  geometry  forma  a 
complete  boundary  representation.  When  the  representation  is  arbitrarily 
prescribed,  conformal  transformations  are  not  applicable  because  of  analytic 
continuation.  As  the  next  simplest  case,  orthogonal  coordinates  ars 
preferable.  In  two-dimensions  they  are  generally  applicable  on  both  planes  and 
curved  surfaces.  In  three-dimensional  regions,  orthogonal  systems  ars  severely 
restricted  and  are  not  generally  applicable.  The  best  that  can  be  done  in  the 
general  content  is  to  bound  such  regions  with  orthogonal  systems  so  that  full 
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orthogonality  can  be  specified  at  the  boundaries.  Further  boundary  constraints 
can  also  be  imposed  with  specified  derivatives  ao  that  rates  of  entry  or  exit 
from  a  region  can  be  given.  In  any  dimension,  the  capability  to  create  a 
smoothly  assembled  composite  mesh  for  topologically  complex  configurations  would 
be  achieved.  In  addition  to  the  various  boundary  constraints,  significant 
advantages  can  be  obtained  under  the  constraint  that  points,  curves,  or  surfaces 
be  clustered  in  some  location  within  the  region.  The  purpose  is  usually  to  more 
fully  resolve  the  numerical  solution  of  a  given  problem  with  a  fixed  number  of 
mesh  points.  Additional  advantages  can  also  be  achieved  with  the  constraint 
that  a  certain  desireable  mesh  structure  be  smoothly  embedded  within  the  region. 
Under  all  of  these  conditions,  orthogonal  coordinates  can  usually  be  obtained 
but  are  restricted  to  two-dimensional  situations. 

To  impose  any  of  the  constraints  for  any  desired  purpose,  the  element  of 
control  must  be  established  within  the  mesh  generation  process.  The  degree  of 
available  control  depends  upon  the  type  of  coordinates  and  is  quits  substantial 
for  two-dimensional  orthogonal  systems.  Once  established,  the  mesh  controls  can 
be  applied  directly  in  advance  or  with  a  prescribed  evolution  to  follow  the 
expected  path  of  solution  behavior.  Moreover,  they  can  also  be  applied  from  the 
evolutionary  solution  properties  to  produce  algorithms  that  are  dynamically 
adapted  to  the  solution. 

Due  to  the  possible  control,  the  inherent  simplicity,  and  the  improved 
accuracy  in  numerical  simulations ,  we  have  been  encouraged  to  develop  siethods 
for  generating  orthogonal  coordinate  systems  on  planes  and  on  curved  surfaces. 

To  unify  our  discussion  of  the  various  methods,  the  surface  metric  will  be 
introduced  with  the  understanding  that  Euclidian  planes  are  included  as  special 
cases.  The  required  geometric  background  is  included  here  in  a  brief 
preliminary  section  ao  that  our  davelopswnt  is  essentially  sa If -contained.  The 
metric  is  also  important  since  it  contains  the  basic  information  about  any 
coordinate  system  and  is  used  to  relate  the  given  partial  differential  equations 
to  the  coordinates.  In  tarms  of  the  metric,  we  can  easily  distinguish  between 
conformal,  orthogonal,  and  nonorthogonal  sy stems.  For  orthogonal  systems,  the 
cross  terms  in  the  metric  vanish*  for  conformal,  the  remaining  terms  are  all 
equal.  Any  deviation  from  the  orthogonal  metric  is  a  direct  measure  of  the 
corresponding  deviation  of  the  coordinates  from  orthogonality.  Since  coordinate 
orthogor^l'.ty  enters  a  given  system  of  partial  differential  equations  only 
through  the  metric,  the  accurate  rendition  of  orthogonality  depends  solely  upon 
the  metric.  When  the  metric  for  a  coordinate  grid  is  evaluated  analytically, 
the  accuracy  cornea  from  the  underlying  transformation .  With  a  numerical 
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evaluation,  it  coaes  solely  from  the  grid  which  then  notivates  us  to  consider 
grids  which  are  numerically  orthogonal.  The  choice  between  analytic  and 
numerical  evaluations  depends  upon  the  application.  As  an  example,  the  use  of 
conservation  law  form  would  bias  us  towards  numerical  evaluation  and  hence 
numerical  orthogonality. 

The  various  methods  of  orthogonal  coordinate  generation  can  be  reasonably 
compared  on  the  basis  that  a  maximal  amount  of  control  can  be  exercised  at  the 
least  possible  cost.  The  cost  is  in  terms  of  computational  and  human 
efficiency.  Computational  efficiency  depends  upon  speed  and  storage;  human 
efficiency,  upon  robustness  and  the  number  of  parameters  that  must  be  specified. 
The  amount  of  control  is  in  terms  of  the  number  of  constraints  that  can  be 
applied.  With  additional  constraints,  the  number  of  specified  parameters  must 
increase;  but  in  the  interest  of  human  efficiency,  must  not  increase  beyond  what 
is  required  for  the  exercise  of  control.  In  most  cases,  the  elesient  of  control 
is  the  most  important  factor  since  it  yields  the  capability  to  obtain  grids  that 
net  deslreable  specifications.  The  cost  usually  becomes  important  only  when 
the  coordinates  must  be  frequently  generated  as  would  occur  when  an  evolutionary 
process  must  be  followed. 

The  methods  for  orthogonal  coordinate  generation  can  be  split  into  the 
categories  of  orthogonal  trajectory  methods,  field  solutions,  and  marching 
techniques.  Orthogonal  trajectory  methods  yield  a  great  amount  of  control  at  a 
low  cost  and  are  currently  the  best  available  methods.  The  trajectories  are 
generated  with  respect  to  a  given  family  of  curves  which  is  usually  taken  from  a 
nonorthogonal  transformation.  When  the  nonorthogonal  transformation  is  chosen 
to  match  a  complete  boundary  representation  on  all  four  boundaries  of  a  region 
and  to  have  orthogonality  at  two  opposing  boundaries,  the  trajectories  can  be 
generated  in  parallel  to  the  boundaries  that  have  orthogonality.  This  yields  an 
orthogonal  system  that  conforms  to  the  geoisetry  of  all  boundaries  and  has 
pointwiae  distributions  specified  on  three  out  of  four  of  them.  In  addition, 
the  clustering  controls  on  the  chosen  family  of  curves  from  the  nonorthogonal 
transformation  are  directly  carried  over  into  the  orthogonal  system.  To  improve 
upon  this  situation,  we  should  first  be  able  to  give  the  fourth  boundary  a 
pointwiae  distribution.  A  direct  extension  of  orthogonal  trajectories  may  be 
applicable  here  in  the  spirit  of  a  global  iterative  cycle  in  which  the  fixed 
family  of  curves  is  continually  adjusted  until  the  desired  pointwiae  distri¬ 
bution  is  attained.  A  more  direct  and  potentially  advantageous  approach  is  to 
consider  field  solutions  where  the  coordinates  are  generated  by  elliptic 
partial  differential  equations  with  Dirichlet  boundary  conditions.  In  addition 
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to  the  specification  of  pointwise  distributions  on  up  to  all  four  boundaries> 
there  is  also  the  important  potential  to  create  general  clustering  controls 
which  would  improve  upon  the  clustering  from  orthogonal  trajectory  methods. 

In  cases  where  there  is  only  one  boundary  that  is  important,  marching  methods 
have  been  developed  to  march  away  from  the  boundary.  In  comparison  with 
orthogonal  trajectory  methods,  the  need  to  specify  a  family  of  curves  is 
removed  and  is  usually  replaced  by  a  hopefully  simpler  prescription  that  may 
demand  less  of  the  user.  In  all  of  the  methods,  the  metric  plays  a  funda¬ 
mental  role,  and  its  use  in  field  and  marching  techniques  is  a  key  to  success. 
Moreover,  these  techniques  may  be  considered  together  on  the  basis  of  various 
conditions  imposed  upon  the  metric. 


Curves,  Surfaces,  Tangents,  and  Metrics 

To  readily  define  geometric  objects  in  up  to  three  dimensions,  we  will 
consider  a  fixed  three-dimensional  Euclidian  space  where  pointB  are  described 
by  the  position  vector 

c  -  <V  c2,  c3>  (1) 

with  Cartesian  components  c^.  &  general  curve  or  surface  is  then  defined  by 

c(x)  -  (c  1<x),  c2(x) ,  Cj(x))  (2) 

where  the  coordinate  vector  x  is  given  by  x  •  Xj  for  curves  and  x  -  (x^,  x^) 
for  surfaces.  A  curve  that  is  contained  in  a  surface  is  given  by  x  -  x(t)  ■ 
(x^t),  x2(t)>  to  yield  a  position  vector 

tit)  -  (c1(it(t)),  c2(?(t)),  c3(x(t»)  (3) 

for  parameter  t.  In  particular,  coordinate  curves  on  the  surface  a.e  given 


when  either  x. 


t  and  x2  is  constant  or  x^  is  constant  and  x2  ■  t  for  the 


respective  x^  and  x2  directions.  For  the  curves  and  surfaces,  sufficient 

smoothness  will  be  assumed  so  that  all  derivatives  exist  and  are  continuous. 

For  a  surface  curve  section  about  ?(t  ) ,  the  increment  Ac  -  c(t)  -  c(t  )  is 

o  o 

given  by  the  secant  vector  from  ?(t  )  to  c (t)  which  defines  the  approximate 
♦  ^ 

rate  of  change  Ac/ At  in  the  sane  direction.  An  illustration  is  given  in 
Fig.  1. 
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Fig.  X.  The  natural  tangent  to  a  surface  curve. 
In  the  figure,  the  indicated  limit 
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-  c(t  ) 
_ o_ 
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o 


(4) 


is  clearly  (assuming  smoothness)  a  tangent  vector  to  the  surface  curve  at  the 
point  c(tQ)  and  with  a  magnitude  equal  to  the  rate  of  travel  along  the  curve. 
When  the  surface  curves  are  coordinate  curves,  we  get  the  tangents 


and 


(5) 


which  we  call  the  natural  tangents  for  the  respective  coordinate  directions. 
Mow  returning  to  the  secant  ac,  we  see  that  its  length  is  an  approximation  to 
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curve  arc  length.  Then,  in  the  limit,  we  get 
length  ds  from 

(ds)2  =  dc  •  dc 


(3c  dx, 

1 

k  ) 

(ei 


e.)  dxi  dx. 


dx.  dx. 
i  j 

(dx^2  +  2 


’12 


dx. 


the  differential  element  of  arc 


(6) 


<ix2  +  g22 


(dx2)2 


where  the  repeated  indices  represent  sums  from  1  to  2.  The  implied  summation 

is  a  standard  notation  that  we  will  continue  to  use.  The  expansion  for  ds  is 

just  a  rule  for  distance  measurement  along  the  surface  with  respect  to  its 

coordinate  representation.  The  functions  g^_.  =  ^  define  the  rule  which 

is  called  the  metric.  For  distance  measurement  s  >  s^  along  a  coordinate 

curve  for  x.,  the  only  nonzero  coordinate  differential  is  dx.  and  the  metric 
i  l 

becomes  ds^  -  dx^  or  simply  da^  »  |[e^||  dx^  in  correspondence  with  the 

view  of  the  secant  approximation.  The  angle  6  between  the  coordinate  curves 
is  also  obtained  from  the  metric  since 


cos8 


22 


(7) 


The  coordinates  are  orthogonal  when  cose  vanishes  which  occurs  when  g^2  -  0. 
Consequently,  the  metric  for  two-dimensional  orthogonal  coordinates  is  of  the 
form 


(ds) 


gll  (dxl> 


’22 


(dx2> 


(8) 


where  the  diagonal  coefficients  need  not  be  equal.  Here,  a  square  element 
defined  by  dx^  -  dx2  »  dx  is  mapped  onto  a  rectangular  surface  element  with 
sides  ds2  “  /g^  dx  and  ds2  «  /g22  dx.  The  element  aspect  ratio  is  just 


When  the  aspect  ratio  is  unity,  differential  squares  map  to  differential 
squares.  The  orthogonal  metric  then  has  equal  diagonal  entries  and  the 
coordinates  are  called  isothermal  parameters  or  simply  the  system  is  called 
conformal. 
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In  the  orthogonal  case,  squares  of  area  (dx) 2  are  napped  to  rectangles  of 
area  ds^  ds^  •  /g^  g22  (dx)  .  The  Jacobian  J  of  the  transformation  is 
easily  identified  as  /g^  g22  which  in  the  more  specific  conformal  case  is 
just  J  »  g^  »  ^22*  In  t*,e  aore  general  nonorthogonal  case,  J  »  /g  where 
g  -  det(9ij)  -  gu  g22  -  g122. 


Intrinsic  Constraints 

In  general,  we  have  seen  that  the  metric  is  the  rule  for  distance,  angle, 
and  area  measurements  within  a  surface)  as  a  consequence,  it  is  intrinsic  to 
the  surface.  Moreover,  any  quantity  that  depends  only  upon  the  metric  is  also 
intrinsic.  As  a  rule  for  measurements  with  a  surface,  the  metric  is  indepen¬ 
dent  of  any  specific  coordinate  representation.  To  change  the  representation 
from  (x^«  x2>  to  (y^  y2)  coordinates  we  have 


(ds) 


9ij  dxi  **1 


3xi 

9ij  5}“dy* 


ax. 


9yk  ^ 


9tk  dyt  dyk 


so  that 


3xi  Jx, 


(10a) 


(10b) 


*ij  3y4  3yk 

are  the  coffecients  attached  to  (y  ,  y2) .  In  general,  any  intrinsic  quantity 
is  independent  of  coordinates. 

The  Gsussian  curvature  (1)  of  a  surface  Is  a  scalar  quantity  and  was  shown 
by  Gauss  to  be  intrinsic.  He  was  very  proud  of  this  result  and  called  it 
"Theorems  egregium"  which  means  "extraordinary  theorem.”  Explicitly,  the 
Gaussian  curvature  K  is  given  by 
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i/g 


*11  " 


*11 


*12 


"22 
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ax. 


ax. 
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ax. 


ax. 


IZ»  !1 

ax,  3x, 
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1  9 
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J 
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With  orthogonal  coordinates,  g12  »  0  and 


1 

'  3 

1  3g22 

+  _1_ 

1  "llj 

2/g 

3*1 

G  9X1. 

3x2 

ST  3x2 

(12a) 


or  equivalently, 
K 


2/9ll  922 


l1— 2  (l0g  g22)  +  7~ 2  UOg  911) 


J3x, 


3x„ 


In  conformal  coordinates,  also  g^  *  g22  and  thus 


(12b) 


2^ 


3xx2  3x22 


(log/i") 


(12c) 


In  Euclidian  space,  Cartesian  coordinates  can  be  defined  which  is  equivalent 
to  also  setting  g  ■  1  and  thus 


K  «  0 


(12d) 


as  would  be  expected  for  a  flat  space. 

When  surface  coordinates  are  changed  from  old  coordinates  (x^,  x2>  to  new 

coordinates  (y  ,  y2) ,  the  Gaussian  curvature  can  be  confuted  in  each  to  give 

K  . ,  and  K  respectively  which  by  coordinate  invariance  yields  the  equality 
old  new 


K  -  K  ,  . 
new  old 


(13) 


which  is  a  constraint  on  the  new  choice  of  metric.  To  create  new  orthogonal 
coordinates  on  a  surface  region  described  by  old  generally  nonorthogonal 
coordinates,  the  constraint  becomes 


1 

3gU 

.  _a_ 

1  3g22 

3y2J 

3yi 

G  3yl 

2 ^  Kold 


(14) 


with  the  g^  ’  s  attached  to  the  (y^  y2>  rather  than  (x1#  x2> .  When  the 
surface  curvature  is  known  in  advance,  can  be  used  directly.  As 

examples ,  Koj^  «  b-2  for  a  sphere  of  radius  b  and  Kq1(J  ”  0  for  a  Euclidian 
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plane.  In  the  Euclidian  case,  the  constraint  on  two-dimensional  orthogonal 
coordinates  then  becomes 


3 

1  3922 

1  ♦ 

1  3gll 

3yl 

j  ay, 

911  922  1 

3y2 

/g  g  ay2 

*11  *22 

The  Restricted  Existence  of  Three-Dimensional 
Orthogonal  Coordinates 

As  in  the  two-dimensional  case,  distance  measurement  in  three  dimensions  is 
given  by  a  metric 


(ds)2 


g.  .  dx.  dx  . 
13  1  3 


(16) 


where  the  indices  now  run  from  1  to  3  rather  than  1  to  2.  Orthogonallity  is 
given  by 


gl2  “  *13  “  923  _  °  (17> 

and  in  the  context  of  Euclidian  space  the  coordinates  are  called  a  triply 
orthogonal  system  of  surfaces. 

The  number  of  triply  orthogonal  systems  is,  however,  greatly  limited. 

Dupin  [1]  in  1813  showed  that  the  intersections  between  the  surfaces  were 
lines  of  curvature  of  the  surfaces.  For  any  surface  of  such  a  system,  this 
means  that  its  orthogonal  surface  coordinates  are  of  a  very  special  type.  As 
lines  of  curvature,  each  coordinate  curve  follows  either  a  maximum  of  minianim 
curvature  direction.  For  example,  on  an  axis  of  an  ellipsoid,  the  maximum 
direction  points  towards  the  smallest  remaining  axis  while  the  minimum  points 
towards  the  other.  If  they  are  equal,  the  choice  of  orthogonal  directions  is 
arbitrary  and  the  location  is  called  an  umbilic.  A  surface  where  all  points 
are  umbilic  is  a  sphere.  On  a  sphere  we  would  then  be  able  to  choose  ortho¬ 
gonal  coordinate  systems  at  will.  As  part  of  a  triply  orthogonal  system,  two 
families  of  surfaces  would  be  the  cones  from  the  origin  and  through  the 
respective  family  of  curves  on  the  sphere.  The  final  family  would  be  all 
other  spheres  that  are  concentric  to  the  given  sphere.  Unfortunately,  we 
could  not  choose  a  nonspherical  outer  boundary  or  even  a  nonconcentric 
spherical  one. 

The  restriction  is  clearly  more  severe  for  general  surfaces.  As  an 
example ,  three-dimensional  boundary  layer  coordinates  over  a  two-dimensional 
surface  would  be  useful  in  a  number  of  situations  but  only  exists  (as  shown  by 
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Darboux  [1])  whan  the  surface  coordinates  are  lines  of  curvature.  Under  a 
further  requirement  of  grid  clustering  along  the  surface,  clustering  would 
have  to  appear  where  it  is  not  needed.  In  addition,  if  only  a  portion  of  the 
surface  is  needed,  then  its  boundaries  must  also  be  lines  of  curvature  which 
is  not  generally  possible.  Because  of  the  restrictions  to  such  specialised 
cases,  three-dimensional  orthogonal  coordinates  will  not  be  available  for  most 
problems  with  nontrivial  geometry.  As  a  consequence,  only  two-dimensional 
orthogonal  systems  are  of  real  interest.  In  the  threedimensional  case,  the 
primary  interest  is  with  orthogonality  only  on  one  family  of  surfaces  or  only 
on  boundaries. 


Analytic  and  Finite  Difference  Orthogonality 

When  the  curvilinear  variables  of  a  transformation  are  uniformly  dis¬ 
cretized  and  are  subsequently  mapped  by  the  transformation,  we  obtain  a 
curvilinear  grid,  without  any  further  use  of  the  given  transformation,  all  of 
the  metric  data  must  be  evaluated  directly  from  the  grid.  In  particular, 
orthogonality  would  then  be  determined  only  by  the  grid.  The  evaluation 
should  also  be  consistent  with  the  overall  numerical  scheme.  The  consistency 
is  particularly  evident  in  cases  where  conservation  law  forms  are  used  and 
where  it  is  important  to  correctly  model  internal  flux  balances.  Typically, 
the  choice  is  between  central  or  one-sided  differences.  For  our  discussion, 
central  differences  will  be  used  with  the  understanding  that  other  forms  of 
differencing  would  follow  the  same  pattern. 

The  uniform  discretisation  of  the  curvilinear  variables  is  given  by  the 
coordinate  vector  x(l,  j)  ■  (a  +  i  ix^,  b  +  j  &x2>  for  Increments  dx^  and  for 
constants  a  and  b.  The  curvilinear  surface  grid  is  then  given  by 
c(i,j)  -  c(x(i,j))  from  Eq.  2.  With  respect  to  the  grid,  the  central 
difference  approximation  to  the  natural  tangents  from  Bq.  5  are  second  order 
accurate  and  are  given  by 


El(i,  j) 


.  c (1  +  1,  j)  -  c(l  -  1,  j) 
2  dxx 


(18) 


and 

t  M,  ,,  .  C(i,t  j  „+,  lj.  -  C(1,  J-.-  11 
E2U'  31  2  dx. 


Their  dot  product  yields  the  central  difference  metric 


T 


which  approximates  the  metric  of  the  analytically  defined  transformation. 
With  only  the  grid  data,  the  transformed  partial  differential  equations  would 
be  expressed  in  terms  of  the  approximate  metric  which  would  be  from  Eq.  19  in 


the  case  of  central  differences.  Whether  or  not  the  metric  appears  in  the 


explicit  formulation,  the  effect  of  orthogonality  comes  entirely  from  G^. 
The  condition  for  central  difference  orthogonality  is  just  »  0  and  is 
t-i  illustrated  in  Fig.  2. 


Fig.  2.  Central  difference  orthogonality. 

As  an  exaeple,  the  polar  coordinate  transformation  c(x)  -  (x^  cos  x^ , 
x1  sin  x2,  0)  takes  a  uniform  discretisation  of  x  into  a  uniform  polar  grid. 

By  symmetry,  the  central  difference  metric  can  be  computed  under  the 
assumption  that  the  angle  x2  is  0.  At  x2  »  0,  we  have  E^  -  (1,  o,  0)  and 

Ej  »  4x2  (0,  sind  x2,  0)  which  yields  central  difference  orthogonallity 
G  *  0  that  is  then  valid  for  the  entire  mesh.  This  corresponds  exactly  with 
analytic  orthogonality  where  the  computations  yield  g12  »  0.  The 
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correspondence ,  however,  is  often  not  exact.  For  example,  if  the  angle  x;;  is 
replaced  by  a  nonlinear  distribution  function,  then  is  nonvanishing  and 
g12  is  vanishing.  That  is,  we  have  analytic  orthogonallity  without  precise 
central  difference  orthogonality.  Conversely,  it  is  also  possible  to  have 
central  difference  orthogonality  without  analytic  orthogonality. 

When  an  analytically  orthogonal  transformation  renders  upon  discretisation 
a  grid  with  a  significant  departure  from  finite  difference  orthogonallity,  the 
recommended  approach  would  then  be  to  use  the  transformation  itself  to  get  the 
natural  tangents  and  the  subsequent  metric  data.  The  computation  would 
involve  either  analytic  evaluation  or  the  use  of  a  temporary  grid  refinement. 
With  both  computations,  the  information  which  is  missing  in  the  given  grid  is 
supplied.  The  value  of  this  information  must,  of  course,  be  balanced  against 
other  considerations  before  we  decide  to  get  it. 

ORTHOGONAL  TRAJECTORIES 
Overview 

The  generation  of  orthogonal  coordinates  by  means  of  orthogonal  trajec¬ 
tories  depends  upon  a  specified  family  of  curves  and  a  specified  pointwise 
distribution  along  one  of  the  curves.  Curves  in  the  family  must  not  overlap 
other  members  and  must  be  ordered  in  a  monotone  fashion  so  that  each  is 
positioned  to  follow  all  previous  numbers  and  to  precede  all  others.  If  all  of 
the  curves  were  given  an  aligned  and  normalized  arc  length  parameterization, 
then  a  system  of  coordinates  would  result  where  the  curves  are  just  a  family 
of  coordinate  curves.  Suitable  families  are  then  obtained  from  prescribed 
nonsingular  transformations.  The  transformations  are  nonorthogonal ,  for 
otherwise,  the  desired  system  would  already  be  given.  Controls  over  the 
chosen  family  of  coordinate  curves  come  from  the  nonorthogonal  transformation, 
are  quite  extensive,  and  have  been  well-developed  within  the  general  context 
of  coordinate  generation.  To  complete  the  specified  data,  we  must  select  the 
curve  on  which  the  pointwise  distribution  is  to  be  prescribed.  If  the  curve 
is  internal,  then  the  orthogonal  coordinates  can  be  generated  in  the  opposite 
directions  away  from  the  curve.  This  effectively  splits  the  problem  into  two 
separate  problems.  As  a  consequence,  the  selected  curve  can  be  considered  as 
a  boundary  curve  which  for  our  purposes  is  an  initial  boundary.  From  the 
pointwise  distribution  on  the  initial  boundary,  the  orthogonal  trajectories 
are  obtained  by  integration  across  the  field.  They  end  upon  the  opposing 
boundary  as  a  target  giving  it  a  pointwise  distribution.  The  boundary  will 
thus  be  referred  to  as  a  target  boundary.  The  overall  process  is  illustrated 
in  Fig.  3  where  the  trajectories  are  the  oriented  curves  from  initial  to 
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target  boundaries.  The  generation  of  coordinates  to  obtain  various  families 
of  curves  will  be  discussed.  This  will  be  followed  by  a  development  of  the 
fundamental  differential  equation  for  orthogonal  trajectories  along  with  an 
example .  Then  the  various  specific  methods  will  be  examined. 


Specified 
Family  of 
Curves 


Target 

Boundary 


Initial  Boundary 


Fig.  3.  Orthogonal  Trajectory  Methods 


The  Choice  of  Monorthogonal  Coordinates 

When  the  desired  orthogonal  system  only  has  two  prescribed  boundaries  and  a 
pointwise  distribution  on  one  of  them,  the  shearing  transformation  yields  the 
simplest  way  to  get  the  required  family  of  curves.  On  a  surface,  the  two 
boundaries  are  curves  of  the  form  described  in  Eq.  3.  Assuming  the  same 
parameter  *2  for  each  curve,  let  corresponding  curves  in  the  coordinate  space 
x  •  (Xj,  x2>  be  denoted  by  a( *2)  and  ?(t2).  The  shearing  transformation  is 


then  given  by  c (x)  from  Eq.  2  where 


*1>  a(*2)  +  b(*2) 


for  0  <_  <_  1.  As  tj  varies  from  0  to  1,  the  fasdly  of  curves  varies  from 

c (a(*2))  to  c(£{z2>)  which  are  the  prescribed  boundaries.  The  basic 
construction  here  is  in  the  (x^,  x2)-plane  and  is  depicted  in  Fig.  4. 
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Fig.  4.  The  Shearing  Transformation 

The  sheering  process  is  also  equivalent  to  the  application  of  an  operator  Pj 
that  acts  upon  any  surface  coordinates  between  the  two  curves  and  is  defined  by 

PjlcUc))  -  c((l  -  tj)  a(*2>  +  t1  £u2I)  (21) 

We  then  easily  find  that  the  repeated  application  Pj2  is  just  P^  and  hence 
that  P1  is  a  projector  of  any  surface  coordinates  with  the  two  given 
boundaries  into  a  sheared  coordinate  systesi  with  the  same  two  boundaries. 

This  projector,  however,  yields  a  smooth  curve  distribution  which  is  uniform 
only  in  the  Jt-plane.  To  obtain  uniformity  on  the  surface,  the  ij-  variable 
would  be  taken  as  the  normalised  arc  length  along  the  surface  curves  of 
shortest  distance  that  connect  the  surface  boundaries  at  each  fixed  *2.  From 
a  geometric  viewpoint,  the  direct  surface  construction  would  also  be  preferred 
since  the  resultant  projector  is  independent  of  the  given  surface  represent¬ 
ation  in  terms  of  x-coordlnetes .  Although  the  shearing  process  would  be 
accurately  represented  with  respect  to  the  surface,  the  inherent  simplicity 
would  be  lost.  As  a  consequence,  will  consider  only  projectors  such  as  in 
Eq.  21  which  are  developed  relative  to  the  x-plane. 

In  the  x-plane  Unedlate  alternative  possibilities  are  provided  by  sheared 
conformal  transformations  and  by  elliptic  partial  differential  methods.  With 
the  sheared  conformal  approach,  a  contour  is  coarsely  approximated  with  a 
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simple  conformal  transformation  that  serves  to  unfold  it  roughly  onto,  for 
example,  a  horizontal  axis.  A  shearing  transformation  is  then  applied  between 
the  unfolded  contour  and  a  horizontal  line  to  yield  upon  composition  a 
coordinate  system  which  fits  the  contour  and  is  approximately  conformal.  A 
notable  example  is  given  by  the  sheared  Schwartz-Christoffel  method  of  Caughy 
(21.  with  the  elliptic  partial  differential  equation  approach,  the  Poisson 
system  presented  by  Thompson,  Thames,  and  Mastin  [3]  is  directly  applicable 
and  also  provides  immediate  clustering  controls  over  the  family  of  desired 
curves. 

When  the  desired  orthogonal  coordinates  are  to  conform  with  geometry  on  two 
boundaries  and  with  pointwise  distributions  on  three  boundaries,  more  control  is 
needed  in  the  nonorthogonal  transformation.  At  a  basic  level,  we  must  be  able 
to  obtain  a  family  of  coordinate  curves  which  connect  two  opposing  boundaries 
with  specified  geometry  and  which  are  orthogonal  to  each  of  them.  Then  the 
connecting  curves  define  the  geometry  of  the  remaining  two  boundaries  in 
correspondence  with  the  end  points  on  the  two  given  boundaries.  Taking  one  of 
the  connecting  curve  boundaries  as  an  initial  boundary,  orthogonal  trajectories 
are  computed  towards  the  other  as  a  target  boundary.  Because  of  the  existing 
boundary  orthogonality  at  the  two  specified  boundaries,  they  would  already  be 
trajectories;  hence,  would  be  preserved  under  the  accurate  computation  of 
trajectories.  This  process  is  depicted  in  Fig.  5. 


Pig.  5.  Nonorthogonal  surface  coordinates  with  orthogonality  on  two 
prescribed  opposing  boundaries. 
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The  specified  boundaries  on  surface  are  the  curves  denoted  by  Mz^)  and 
{^(Zj)  which  are  respectively  images  of  curves  a(z2>  and  b(z2>  in  the  5-plane . 
The  specified  orthogonality  conditions  on  the  surface  are  pulled  back  to  the 
x-plane  where  they  are  not  orthogonality  conditions  but  are  more  general 
derivative  conditions.  In  the  plane  c  »  (x^ ,  ,  0)  the  two  conditions 

coincide.  The  derivative  condition  is  obtained  by  using  the  known  boundary 
data  in  the  fundamental  differential  equation  for  orthogonal  trajectories. 

Its  derivation  will  be  presented  in  the  next  section. 

In  the  x-plane,  coordinates  which  fit  the  boundaries  a(z2>  and  b(z2)  and 
which  meet  the  desired  derivative  conditions  can  be  simply  obtained  from  the 
multisurface  transformation  [4]  where  further  controls  on  the  family  of 
connecting  curves  are  also  readily  available.  In  two-dimensions,  the  construc¬ 
tive  surfaces  in  the  transformation  are  curves  w^ (z2>  which  are  ordered  from 
boundary  a(z2)  »  w1 (Zj)  to  boundary  £(z2>  »  (z2>  with  the  intermediate 

curves  w2<z2),  ...,  wN_^ (z,)  available  for  control.  At  each  value  of  z2>  a 
piecewise  linear  connecting  curve  is  determined  by  joining  the  successive 
points  w^ (*2^  with  straight  line  segments.  In  correspondence  with  the  N-l 
straight  line  segments,  a  partition  <  r2  <  ...  <  r|)_1  for  the  assumed 
transverse  coordinate  z^  is  prescribed.  In  further  correspondence,  a  sequence 
of  interpolation  functions  ^(z^)  is  defined  to  vanish  at  all  partition  points 
except  rfc  as  k  «  1,2,  ....  N-l.  The  general  N-surface  transformation  is  then 
given  by 


x(zl(  z2)  »  w1<z2)  +  I 


H-l  VV 


'vvl 


V  •/* 


Gk(zl)  ■  *k(z)  dz 


It  is  an  easy  matter  to  check  that 


x(r^,  z2>  -  a(z2) 


?<rN-l'  z2)  "  *(z2} 


(23) 
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and 


3x  .  . 

3^  <V  Z2 


’k  N-l) 

for  k  ■  1,  2,  ....  N-l.  From  a  substitution  for  the  derivatives,  we  obtain 
the  alternative  Hermite  form 


+  MS  (i  )  -*• 

X<V  V  ’  W  +  Jx  3^  (V  V 


(24) 


Mith  either  form,  an  operator  P^  is  defined  by 

Pj^  c(x)  -  t(il «1#  *2>)  (25) 

and  is  seen  to  be  a  projector  (P12  «  P^) .  Any  coordinates  on  the  surface 
which  meet  the  surface  data  that  has  been  pulled  back  to  the  x -plane  data  of 
Eq.  23  are  projected  by  Pj  into  the  stultisurface  coordinates.  When  global 
(N-2) nd  degree  polynominal  interpolants  are  used,  the  N-surface  transform¬ 
ation  is  given  by  an  (N-l) st  degree  polyncminal  in  *j.  Here,  each  surface 
corresponds  to  an  extra  degree  of  freedom.  With  2  of  them,  we  get  the 
shearing  transformation  of  Bq.  20  and  the  corresponding  projector  given  in 
Eq.  21.  With  4  of  them  and  the  partition  0  -  ^  <  r2  -  4  <  Tj  -  1,  we  get  the 
cubic  Hermite  projector  where 

xUj,  *2)  »  (1  -  3  Sj2  ♦  2  ij3)  1(0,  *2)  *■  i2  (3-2  *x)  1(1,  *j) 

(26) 


+  *1U  -  */  ‘a*  V  -  *12(1  -  El»  1 71  (1'  *2> 

The  cubic  Hermite  transformation  of  Eq.  26  has  been  studied  by  Eiseman  [4] , 
Smith  and  Weigel  (5] ,  and  Kowalski  [6] .  The  associated  projector  also  meets 
the  minimal  conditions  that  are  demanded  of  the  connecting  curves  that  ere 
illustrated  in  Fig.  5.  The  control  required  to  meet  more  conditions  i. 
available  with  larger  N.  Since  N  distinct  conditions  are  enough  to  determine 
an  (N-l) st  degree  polynomial,  the  polynomial  N-eurface  transformation  can  be 
cast  into  the  general  Hermite  form. 
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x(zl(  Zj) 


J  Ij  + 

j=i  i-o  3  azj*  3 


n  -  i  (i  +  i.) 

j=i  J 

and  polynomials  (z^)  satisfying 


T*ij(V 


6ki  Slj 


for  t,  «  r, ,  t  «  r„  ,,  and  arbitrarily  selected  points  t.  in  between.  The 

1  1  J  N- 1  ] 

most  direct  and  useful  application  of  the  Heraite  form  is  the  specification  of 
extra  conditions  only  at  the  boundaries.  For  more  precise  controls  over  the 
curves,  we  must  return  to  the  selection  of  the  multisurface  interpolants  (z. ) 
and  take  them  to  be  local  piecewise-polynominal  functions.  The  added  precision 
coons  from  the  resultant  local  dependence  on  constructive  surfaces  and  from  the 
use  of  lower  order  polynomials  in  the  construction  of  the  t^.  Details  are 
presented  by  Eiseman  [7,  8]  and  Eissman  and  Smith  (9).  One  application  of  the 
extra  control,  here,  would  be  to  approximate  the  desired  geometry  of  the 
lateral  boundaries  which  were  the  unspecified  initial  and  target  boundaries  of 
Fig.  5. 

When  an  exact  specification  is  required  of  all  boundaries,  the  simplest  way 
to  get  suitable  coordinates  is  to  use  Boolean  sums  of  projectors  as  presented 
by  Gordon  (10)  and  by  Gordon  and  Hall  {11}.  In  addition  to  the  projectors 
that  we  developed  for  the  Zj-variable,  similar  projectors  P2  can  also  be 
defined  for  the  z2-variable.  The  Boolean  sum  of  the  projectors  is  defined  by 


Pi  ©  P2  =  P1  +  P2  -  P1  P2 


and  is  itself  a  projector  if  Pj  and  P2  commute  (P^Pj  “  P2P1*  ’  with  pj  ®  P2  as 
a  projector,  we  obtain  surface  coordinates  (P^  0  P2 )  c(x)  which  conform  to  all 
boundaries.  At  a  minimum,  orthogonality  is  needed  on  two  opposing  boundaries 
so  that  they  are  reproduced  as  orthogonal  trajectories.  To  meet  the  require¬ 
ment,  Pj  is  taken  as  the  cubic  Hermite  projector  (Eq.  26  inserted  into  Eq.  25) 
while  ?2  is  taken  as  the  shearing  projector  (of  Eq.  21  with  an  interchange  of 
variables) .  These  projectors  commute  and  thus  define  suitable  coordinates. 
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Watford  [121  used  these  coordinates  in  the  plane  for  his  orthogonal  trajectory 
method.  When  more  control  is  desired,  either  the  general  Hermite  form  of 
Eq.  27  or  the  local  multisurface  interpolants  (for  Eq.  22)  may  be  used.  With 
the  general  Hermite  forms  in  both  projectors,  mixed  derivatives  occur  and,  as 
examined  by  Gregory  {131  ,  commutativity  only  comes  from  continuity  at  the 
corners  of  the  region.  Barnhill  [14)  presents  two  methods  to  remove  the 
problem  which  are  known  as  Little's  square  and  Brown's  square  respectively. 
Direct  applications  of  the  general  Hermite  form  have  been  considered  by  Rizzi 
and  Eriksson  [151  for  higher  order  specified  data  on  the  boundaries.  With  the 
general  form  of  the  multisurface  transformation  given  in  Eq.  22,  commutativity 
comes  from  the  specification  of  the  control  curves.  When  they  form  a  control 
net,  commutativity  is  immediate  and  the  local  interpolants  can  be  applied 
directly.  Otherwise,  the  same  considerations  as  in  the  general  Hermite  case 
must  be  examined. 

As  an  alternative  to  the  above  algebraic  constructions,  suitable  coordi¬ 
nates  can  also  be  readily  obtained  by  iterative  elliptic  partial  differential 
equation  method  of  Sorenson  and  Steger  [16] .  The  iteration  is  done  globally 
on  the  whole  system  of  equations.  In  each  cycle,  the  source  terms  of  the 
Poisson  system  from  Thompson,  Thames,  and  Mastin  [3]  are  updated.  The  cycles 
also  include  the  main  solution  step  for  the  inverse  Poisson  system.  Thus,  the 
additional  cost  of  iteration  is  minimal.  Upon  convergence,  derivative  condi¬ 
tions  can  be  satisfied  at  two  opposing  boundaries.  As  a  consequence,  boundary 
orthogonality  can  be  specified. 

The  Fundamental  Differential  Equation 

Once  a  suitable  nonorthogonal  coordinate  system  has  been  selected  for  the 
surface,  the  differential  equation  for  orthogonal  trajectories  can  be  formu¬ 
lated  with  respect  to  the  desired  family  of  coordinate  curves.  Rather  than 
specific  formulations,  we  will  develop  the  fundamental  differential  equation 
from  which  the  others  will  follow  as  special  cases.  Without  loss  of 
generality,  the  given  nonorthogonal  coordinates  can  be  taken  as  t  ■  (xlf  *2> 
for  the  surface  c(x)  of  Eq.  2.  This  is  only  the  assumption  that  the  right 
coordinates  were  selected  in  the  original  surface  representation. 

The  orthogonal  coordinates  to  be  generated  from  the  trajectories  will  be 
denoted  by  y  »  (y^,  y2>  and  defined  on  the  domain  Sj  <_  yj^  <_  b^,  *2  —  y2  ~  b2' 
The  original  coordinate  curves  with  constant  x2  will  also  be  assumed  as 
coordinate  curves  in  the  orthogonal  system,  and  thus,  will  constitute  the 
specified  family  of  curves.  When  the  family  of  curves  are  given  by  constant 
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values  of  y^,  the  desired  transformation  takes  the  form 

X1  “  *l(yl'  y2> 

*2  "  W 


(29) 


and  corresponds  to  the  pointwise  distribution  (y^,  a2>  on  the  initial  curve 
c(x l^Yl'  a2^ '  x2^a2^  *  With  the  metric  coefficients  g  for  the  (y^,  y2>- 
coordinates,  the  orthogonality  condition  for  the  transformation  is  just 
g12  *  0.  Under  the  change  of  coordinate  rule  given  in  Eq.  10,  the 
orthogonality  condition  expands  into 


3x^  3x^ 

gll  3^  3^  +  912 


3x1  3x2  3x2  3xx 

^1^2  + 


+  9 


f^f*2 

22  3yx  3y2 


(30) 


where  the  metric  coefficients  g ^  are  attached  to  (x^ 


x2) . 


Prom  the  form  of 

the  transformation  given  in  Eq.  29,  the  derivative  (ax^gy^  vanishes  and  the 
condition  reduces  to 


3XJ  »x2 

911  a^~  +  *12  3jr 


(31) 


sy. 


If  (3X  /ay^  also  vanishes,  then  from  Eq.  10b  we  get  g  which  together  with 
—  x  r~z - r~-  “  i 

912  ”  0  yields  a  vanishing  Jacobian  J  g^^  g22  -  g^2  and  thus  a  coordinate 
singularity.  For  nonsingular  coordinates  the  isolated  derivative  can  then  be 
factored  out  of  Eq.  31  to  give 


3xl  3*2 

911  3y^  +  912  ijr 


(32) 


The  derivative  (3*2/3y2)  in  the  equation  must  be  the  total  derivative 
(dx2/dy2>  which  directly  follows  from  the  form  of  the  transformation  given  in 
Eq.  29.  With  nonsingularity,  it  must  also  not  vanish.  As  a  result,  *2<y2*  ia 
monotone,  the  inverse  function  y2 (x2)  exists,  and  it  is  also  monoton*.  The 
orthogonal  trajectories  are  the  curves  with  y ^  taken  as  a  constant  which  for  a 
particular  trajectory  may  ba  denoted  by  Upon  substitution,  the 
transformation  reduces  to  x^  -  x1  (y^  y2  (x2>)  which  for  siaplicity  can  be 
denoted  by  XjfXj).  With  one  application  of  the  chain  rule,  Eq.  32.  becomes 


't 


which  is  the  fundamental  ordinary  differential  equation  for  orthoqonal 
trajectories.  The  equation  is  always  well-defined  for  nonsinqular  coordinates 
since  g^  >  0.  The  initial  conditions  are  just  x^  (e)  =  x^  (y^,  a^)  for  each 


i'1  and  where  e  *  x2(a2>. 


Upon  integration. 


x2(y2) 

*1<V  *2)  =  xi^l'  a2}  "  |  — 


which  explicitly  defines  the  trajectories  for  a  given  x2<y2).  The 
trajectories  are  also  the  characteristics  to  the  fundamental  hyperbolic 
partial  differential  equation  which  is  given  by  Eq.  32  in  inverse  form.  With 
Jacobian  J,  the  inverse  derivative  expressions 


3y2  J  3xl 


are  inserted  into  Eq.  32  to  yield 


*12  3yi 


*11  3*1 


which  has  characteristic  directions  given  by  the  fundamental  ordinary 
differential  equation,  Eq.  33. 

An  Exaovlc  of  the  Fundamental  Differential  Equation 


To  illustrate  how  the  fundamental  differential  equation  is  applied  and  how 
it  relates  to  other  derivations,  we  will  consider  a  simple  useful  example. 

Let  f  be  a  nonnegative  function  of  a  single  variable  and  consider  the  shearing 
transformation 


(x1#  x2  f (Xj) ,  0) 


with  curvilinear  coordinates  p  <_  x^  <  q  and  0  <_  1.  For  constant  values 

of  x2,  we  get  a  family  of  curves  through  which  we  wish  to  obtain  orthogonal 
trajectories.  The  curves  are  in  the  plane  c^  ■  0  and  are  depicted  in  Fig.  6. 


j  !;r4 


/ 
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Fig.  6.  Family  of  curve  from  shearing  transformation. 


From  the  definition  in  Eg.  5,  the  natural  tangents  to  the  coordinate  curves 
are  the  respective  x^-derivatives  of  c  and  are  given  by 


tj  -  <1,  x2  f’tXj).  0) 
e2  -  {0,  f(x1),  0) 


(37) 


where  f  denotes  the  derivative  of  f.  The  metric  coefficients  are  defined  in 
Eq.  6  as  g ^  •  e^  and  in  our  specific  sheared  system  become 

9U  *  i  *  (x2  f'  <*x»2 

gl2  ”  *2  f(xl*  f' (38) 

g22  “  {f(xi>)2 


By  substitution,  the  fundamental  ordinary  differential  equation  (Eq.  33) 

becomes 


dx1  x2  f(x1>  f'(x1) 

**2  1  +  [x2  fMXj)]2 


(39) 


has  a  unique  solution  when  f'  satisfies  a  Lipschiti  condition 


To  obtain  a  comparison  with  direct  Cartesian  formulations,  we  will  write 
the  fundamental  equation  in  terms  of  the  Cartesian  components  =  x^  and 
c2  =»  x^  fCx^^J.  The  inverse  transformation  is  then  given  by  x^  =  c^  and 
x^  »  Cj/ftc^).  This,  in  turn,  is  differentiated  to  yield  the  differentials 


dx  =  dc 
1  1 

dc2  -  x2  f ' (cx)  dc2 


Upon  direct  substitution,  the  fundamental  equation  (Eq.  39)  becomes 


dcl  X2  f ' 

which  could  have  been  directly  inferred  on  the  basis  of  negative  inverse 
slopes  to  the  curves  c2  “  x2  ffc^. 

In  the  Cartesian  formulation,  a  further  variant  with  slopes  is  considered 
in  Berger  and  Curtis  (17)  .  The  family  of  curves  is  defined  in  the  functional 


$(x2,  cJf  c2) 


A  normal  increment  (d^ ,  dCj)  should  then  be  proportional  to  the  gradient 

V$  =  (24_  )  which  means  that  the  slopes  are  equal;  hence  we  have 

3c,  3c„ 


For  our  example,  we  take  ♦  "  c2  “  x2  and  fronl  Eq*  43  arrive  at  the 

result  of  Eq.  41. 

Methods  of  Generation 

The  various  orthogonal  trajectory  methods  can  be  separated  into  the 
categories  which  correspond  to  either  a  continuous  or  discrete  specified 
family  of  curves.  With  the  continuous  specification,  the  fundamental 
differential  equation  or  one  of  its  equivalent  forms  is  usually  used.  The 
family  of  curves  is  usually  generated  from  algebraic  coordinate  transforma¬ 
tions  which  are  preferable  because  a  smooth  normal  field  must  be  readily 
defined  everywhere  so  that  the  fundamental  differential  equation  is  also 
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available  everywhere.  Primary  advantages  with  the  continuous  family  are  that 
the  orthogonal  metric  coefficients  can  be  accurately  computed  regardless  of 
the  resultant  grid  point  locations  and  that  the  accuracy  in  the  determination 
of  the  locations  can  be  made  arbitrarily  high  in  either  a  global  or  local 
sense.  The  correct  locations  are  especially  important  in  cases  where  the 
trajectory  must  reproduce  a  boundary  which  was  intentionally  taken  to  be 
orthogonal  to  the  specified  family  of  curves.  The  objective  tnere  is  to 
generate  orthogonal  coordinates  with  specified  boundary  data  on  three  out  of 
four  boundaries.  The  accurate  confutation  of  metric  data  comes  from  the 
coordinate  change  rule  of  Eq.  10  and  from  the  geodesic  curvature  11)  of  the 
coordinate  curves  under  consideration.  As  in  the  case  with  Gaussian  curvature 
(Eqs.  11-15) ,  geodesic  curvature  is  also  an  intrinsic  quantity.  For 
coordinate  curves  in  it  is  given  by 

i  r  3gu  3gu  3gi2 1 

K1  =  "  2/3gn3  |gll  3x2  +  g12  3xx  +  2gll  3XJ  ] 


and  in  x2,  by 


i  II22. 

^7  I22  3X1 


+  9 


3g 

12  3x, 


22 


2g 


22 


3g21 1 
3X2  ] 


(44) 


For  the  orthogonal  coordinate  system  (ylf  y2 )  with  metric  h1 
h22  «  g22,  the  curvatures  reduce  to 

,  3h, 


glx  and 


hl  h2  3y2 
,  3h_ 


(45) 


hl  h2  3yl 


Since  the  family  of  curves  with  constant  x2  was  retained  as  constant  y2  curves 
in  the  form  of  the  transformation  (Eq.  29) ,  the  curvature  along  each  member 
of  the  family  is  independent  of  the  coordinate  system.  As  a  consequence,  can 
be  analytically  confuted  at  any  location  in  x-coordinates  (Eq.  44)  and  must  be 
equal  to  the  corresponding  expression  in  y-coordinates  (Eq.  45).  In  the 
expression,  h2  can  also  be  computed  analytically  in  terms  of  (xJ ,  x2).  Under  a 
change  of  coordinates,  the  metric  coefficient  g~22  can  be  expanded  in  terms  of 
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g^  by  the  rule  given  in  Eq.  10.  When  the  orthogonality  condition  of  Eq.  32 
is  used  to  eliminate  the  derivative  (3Xj/8y  )  in  the  expansion,  we  get 


h 


2 


(46) 


which  is  suitable  for  analytic  evaluation.  With  the  evaluations  for  and 
h2 ,  the  curvature  equation  becomes 


(47) 


This  can  be  solved  simultaneously  with  the  fundamental  differential  equation 
(Eq.  33)  to  accurately  produce  values  of  the  metric  h^  and  h^  along  with  the 
locations.  The  calculation  for  h^  is  then  effectively  decoupled  from  parallel 
solution  data  which  otherwise  would  have  been  required. 

Blottner  and  Moreno  (18]  and  Blottner  and  Ellis  [19]  have  considered 
applications  to  surfaces  of  the  general  form 


(r(x 


1' 


x2) 


cos  x2,  r  (x^,  Xj) 


sin  x2,  x^ 


(48) 


which  included  particular  studies  for  ellipsoids,  paraboloids,  and  spheres. 

In  each  case,  they  were  interested  in  the  creation  of  approximate  boundary 
layer  coordinates.  From  Darboux's  Theorem  [1],  exactness  is  not  possible 
unless  the  resultant  orthogonal  system  reproduces  lines  of  curvature.  In 
their  study,  Eqs.  33  and  47  were  derived  for  the  constant  Xj-curves  on  the 
surfaces  of  Eq.  48.  The  equations  were  then  solved  for  both  locations  and 
metric  data. 

In  another  study,  Watford  used  the  fundamental  equation  (Eq.  33)  and  the 
metric  equation  (Eq.  47)  for  the  generation  of  planar  coordinates.  The 
specified  family  of  curves  came  from  the  nonorthogonal  coordinates  defined  by 
the  shearing  projector  of  Eq.  21,  the  Hermite  projector  of  Eq.  26,  and  the 
Boolean  sum  (Eq.  28)  of  the  two.  On  application,  the  amtric  equation  was 
written  for  as2  rather  than  h^  by  using  the  relationship  ds^  ■  h^  dyJ. 

With  a  further  study  of  the  planar  case,  Davies  [20]  considered  the 
fundamental  equation  in  the  hyperbolic  partial  differential  equation  form  of 
Eq.  35.  His  basic  solution  was  implicit  and  was  interlaced  with  a 
characteristic  analysis.  Unlike  the  others,  interpolation  was  required  along 
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the  constant  y2~curves  and  the  metric  data  was  determined  solely  by  finite 
differences  rather  than  by  Eq.  47, 

When  the  specified  family  of  curves  is  to  be  given  in  discrete  form,  the 
associated  nonorthogonal  coordinate  transformation  can  be  continuously  or 
discretely  defined  and  can  be  obtained  by  any  readily  available  method.  The 
objective  is  to  now  determine  an  orthogonal  correspondence  between  successive 
curves  which  would  be  a  good  approximation  to  the  corresponding  analytically 
defined  trajectories  had  we  been  able  to  fill  in  the  spaces  between  curves 
with  the  underlying  nonorthogonal  coordinates. 

The  method  of  Graves  and  McNally  |21),  (22)  provides  us  with  a  simple  and 
effective  technique  for  the  generation  of  orthogonal  trajectories  in  the  above 
discrete  case.  The  technique  is  a  predictor-corrector  process  and  is 
illustrated  in  Fig.  7. 

Point  In  Orthogonal 


Fig.  7.  Graves-McNally  Predictor-Corrector  Process 

There  it  is  desired  to  advance  the  orthogonal  trajectory  from  a  known  grid 
point  location  on  curve  K  up  to  a  grid  point  in  orthogonal  correspondence  on 
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curve  K  +  1.  The  first  step  is  an  Euler  predictor  in  which  the  point  of 
intersection  is  found  between  curve  K  +  1  and  the  normal  line  to  curve  K  from 
the  known  grid  point.  Then  the  normal  direction  from  curve  K  +  1  at  the  point 
of  intersection  is  used  to  obtain  a  second  predicted  normal  line  from  the 
known  grid  point.  The  process  is  completed  when  the  point  of  intersection  for 
the  second  predicted  normal  is  found  on  curve  K  +  1  and  is  averaged  with  the 
first  intersection  point.  The  result  is  the  desired  point  which  is  in 
orthogonal  correspondence  with  the  known  grid  point  location  that  we  started 
with  on  curve  K. 

With  the  view  that  the  orthogonal  correspondence  depends  upon  the  missing 
continuum  of  curves.  Potter  and  Tuttle  [23]  have  proposed  a  method  in  which  the 
continuum  is  approximated  by  an  assumption  on  the  normal  directions.  In 
particular,  the  normal  directions  are  represented  by  a  vector  field  of  unknown 
magnitude  which  is  then  completely  determined  under  the  assumption  that  it  is 
divergence  free.  The  divergence  free  assumption  means  that  the  normal  field  has 
no  sources  or  sinks.  The  mathematical  implication  is  that  the  cell  aspect  ratio 
(Eq.  9)  is  of  the  form 

a(y1)  b(y2)  (49) 

for  some  functions  a  and  b.  In  terms  of  potential  functions  defined  by 
a  ■  dA/dy^  and  b  -  dB/dy2 ,  Laplace  equations  are  obtained  and  solved  between 
the  successive  curves  K  and  K  +  1.  At  the  outset,  the  initial  locations,  and 
also  normal  directions,  are  known  on  curve  K.  On  curve  K  +  1,  the  family  of 
normal  directions  are  known  and  the  pointwise  locations  are  desired  to 
determine  the  orthogonal  correspondence.  In  between,  the  postulated  vector 
field  is  smoothly  filled  in  and  conforms  to  the  known  family  of  directions  on 
curves  K  and  K  +  1.  From  the  solution,  which  is  done  only  on  the  given  curves, 
a  unique  orthogonal  correspondence  is  obtained.  The  divergence  free 
assumption,  however,  is  not  valid  for  all  orthogonal  coordinate  systems.  For 
example,  between  concentric  circles  of  a  polar  coordinate  system,  the 
assumption  fails  since  the  normal  vector  field  is  always  of  unit  magnitude  and 
enters  the  inner  circle  over  a  smaller  arc  length  than  the  outer  circle  on 
which  it  exits.  Although  the  assumption  is  not  met,  the  form  of  the  metric 
aspect  ratio  (Eq.  49)  is  retained.  Moreover,  with  logarithmic  scaling  in  the 
radial  direction,  the  normal  fluxes  can  be  balanced  on  concentric  circles. 

Here,  it  is  evident  that  magnitudes  of  the  normal  vector  field  are  also 
uniquely  determined.  In  general,  the  aspect  ratio  form  of  Eq.  49  is  not 


retained.  To  illustrate  this  fact,  we  consider  the  example  which  lead  to 

2 

Eq.  41  and  take  f(x^)  *  x ,  /2  which  yields  a  case  where  the  orthogonal 
trajectories  can  be  computed  analytically.  With  initial  data  at  *  0  given 
by  c1  -  1  +  yj^  for  O  <_  y^  <_  1,  we  readily  obtain  the  cell  aspect  ratio 


y2  /2(R  +  1J 


R  -  /l  +  2  y22(l  +  y12) 


Because  of  the  radicals,  it  is  clearly  impossible  to  manipulate  the  expression 
into  the  product  form  of  Eq.  49. 

With  the  work  by  Ghia,  Hodge,  and  Hankey  (241  we  return  to  the  linear 
constructive  process  between  curves  K  and  K  +  1.  In  contrast  to  the  method  of 
Graves  and  McNally,  their  method  is  based  upon  an  approximation  of  g12  -  0. 

In  the  discrete  notation  of  Eq.  18,  the  first  step  is  to  find  the  index  j  for 
which  the  expression 

~\  |\a*  k)  +Vj'  * +  X)1  (si) 

[c(j,  k  +  1)  -  c(i,  k)J  •  — - T— k - 


changes  sign.  Here,  i  designates  the  fixed  point  on  curve  K,  and  j  is  the 
index  for  successive  points  on  curve  K  +  1.  The  point  corresponding  to  the 
sign  change  would  yield  a  rough  approximation  to  orthogonality.  In  r  second 
step,  the  approximation  is  improved  by  linear  interpolation  over  the  interval 
on  which  the  sign  change  occurred. 

To  alleviate  the  orthogonality  errors,  it  appeared  to  the  present  author 
that  a  leap  frog  technique  would  be  advantageous.  Consequently,  the  leap  froai 
method  was  developed  and  applied  to  some  examples  which  were  graphically  very 
similar  to  the  results  from  the  previous  discrete  methods ,  but  were  orthogonal 
to  machine  accuracy  in  the  central  difference  metric  G^  of  Eq.  19.  We  shall 
now  describe  the  method  which  is  also  illustrated  in  rig.  8.  The  first  step 
is  to  compute  the  central  difference  natural  tangent  2^(1,  K)  which  is  given 
in  Eq.  18  and  which  is  at  the  ith  point 
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Fig.  8.  The  Leap-Frog  Method 

on  curve  K.  In  the  second  step,  a  line  which  is  orthogonal  to  E^(i,  K)  is 
constructed  from  point  i  on  the  previous  curve  K  -  1.  The  third  and  final 
step  is  to  find  the  point  of  intersection  on  curve  K  +  1.  The  new  point  on 
the  it*  orthogonal  trajectory  is  the  intersection  point.  Since  the  previous 
curve  is  always  needed  for  the  leap  frog  Method,  the  first  curve  from  the 
boundary  must  be  treated  differently.  This  is  done  by  using  point  i  on  curve 
K  rather  than  on  curve  K  +  1.  Then  the  resulting  orthogonal  grid  is  exactly 
orthogonal  with  respect  to  central  differences  at  internal  points  and  with 
respect  to  mixed  forward  and  central  differences  on  the  initial  boundary.  On 
the  target  boundary,  by  contrast,  nothing  can  be  claimed. 

(then  the  continuous  family  of  curves  is  considered,  all  of  the  above 
discrete  methods  can  be  used  on  a  succession  of  discretizations.  Hare  we 
suppose  that  a  fixed  discretization  is  required  along  with  accuracy  demands 
that  exceed  the  level  available  from  the  resulting  grid.  The  desired  level 
can  then  be  obtained  from  grid  refinements.  In  the  limit,  the  results 
converge  upon  the  analytically  defined  systems,  and  for  accuracy,  become  more 
competitive  with  methods  which  directly  use  the  fundamental  differential 
equation  (Eq.  33) .  The  accuracy  is  especially  important  if  a  prescribed 
boundary  is  to  be  reasonably  preserved  as  an  orthogonal  trajectory. 

Otherwise,  the  specified  boundary  could  be  lost  as  the  trajectory  either 
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leaves  or  goes  interior  to  the  region.  In  conjunction,  there  is  also  the 
small  technical  problem  of  either  modifying  the  methods  near  such  boundaries 
or  else  extending  the  specified  family  of  curves  to  cover  the  small  boundary 
deviations.  In  addition,  the  accuracy  is  also  required  to  extract  the  metric 
data  from  the  analytically  defined  orthogonal  system  which  is  being  approxi¬ 
mated.  The  intended  application  is  clearly  for  cases  in  which  an  analytic  or 
nearly  analytic  evaluation  of  metric  data  is  desired.  In  this  context,  the 
finite  difference  orthogonality  from  the  leap-frog  method  would  not  be 
realized. 

FIELD  SOLUTIONS 
Overview 

With  the  orthogonal  trajectory  methods,  we  have  seen  that  orthogonal 
coordinates  can  be  efficiently  generated  and  be  made  to  conform  to  a  specified 
pointwise  distribution  on  three  out  of  four  boundaries.  To  specify  a  distri¬ 
bution  on  the  fourth  boundary,  we  would  require  some  global  interative 
procedure  in  which  the  previously  specified  and  fixed  fasiily  of  curves  would 
have  to  be  continually  updated.  On  such  problems,  a  more  attractive  and  less 
complex  approach  would  then  be  to  obtain  a  method  for  the  whole  field  at  once. 
The  result  would  be  field  solutions  to  systems  of  elliptic  partial 
differential  equations  which  arise  from  specified  forms  of  the  metric.  The 
metric  specifications  over  a  field  also  lead  to  methods  for  another  class  of 
problems.  These  are  called  marching  methods  since  the  grid  is  generated  by 
marching  away  from  the  single  specified  boundary.  The  class  of  problems  are 
those  where  the  exact  form  of  the  far  field  boundary  is  not  needed  and  where 
more  importance  is  placed  upon  minimizing  the  amount  of  sensitive  user 
specified  data.  Here,  we  shall  discuss  both  elliptic  and  marching  methods 
under  the  general  framework  of  metric  specifications. 

The  Curvature  Constraint 

The  first  and  most  basic  metric  specification  is  just  the  orthogonality 
condition  g^2  =  0.  Without  any  further  condition,  a  unique  system  of 
orthogonal  coordinates  cannot  be  found.  This  is  generally  evident  froai  the 
curvature  constraint  of  Eq.  14  where  there  is  the  immediate  freedom  to  choose 
either  g^  or  g22  or  a  single  relationship  between  them.  More  specifically, 
we  shall  illustrate  the  nonuniqueness  with  a  concrete  example  obtained  by 
orthogonal  trajectories.  For  the  example ,  consider  the  nonorthogonal 
coordinates  (x  ,  x2>  for  c(x)  of  Eq.  2  which  are  defined  by 


2  2 

c2  »  (x2  -  *2  )  OXj 


2x23)  +  x22 


for  0  <_  xfc  <  1.  In  the  (c^ ,  c2>  -plane ,  the  coordinates  cover  the  unit  box  and 
are  depicted  in  Fig.  9.  The  constant  x,  curves  are  vertical  lines. 


Fig.  9.  Curves  for  nonuniqueness  exanqple. 


The  constant  x  -curves  enter  the  boundaries  c.  ■  0  and  c.  «  1  with  sero  slope 

‘  2  1  1 
end  with  the  respective  c2  locations  x2  and  x2>  When  orthogonal  trajectories 

are  constructed  f row  a  uniform  distribution  on  the  top  of  the  box  (c2  “  1) , 

the  resulting  orthogonal  coordinates  for  the  box  are  uniformly  distributed  at 

both  c2  «  1  and  c2  •  1.  When  the  system  is  reflected  through  both  c2  and  c2 

axes  successively,  a  nontrivial  orthogonal  coordinate  system  is  obtained  with 

a  uniform  pointwise  distribution  on  all  boundaries  for  the  larger  box 

-1  £  c^  <_  -  1.  The  system  is  also  seen  to  be  singular  at  the  origin. 

However,  with  the  same  uniform  boundary  distribution,  the  larger  box  is  also 

clearly  cowered  by  Cartesian  coordinates.  To  summarise  the  example,  the 

condition  g12  «  0  does  not  yield  enough  information  to  distinguish  between  the 

Cartesian  and  constructed  systems  for  the  larger  box.  Moreover,  there  is  no 

control  over  singularity. 


224 


Hau Baling  and  Coleman  125]  presented  a  method  that  was  based  entirely  on 
the  condition  g^  =*  0.  Because  of  the  above  nonuniqueness,  the  choice  of 
orthogonal  coordinates  is  determined  by  the  various  specific  aspects  of  the 
numerical  method  such  as  the  initial  conditions  for  an  iteration.  The  method, 
however,  did  produce  orthogonal  grids  for  cases  with  specified  pointwise 
distributions  for  four  boundaries.  To  get  a  system  which  could  be  solved  for 
each  coordinate,  they  obtained  two  equations  by  differentiating  =  0  in 
each  direction  y^.  with  the  known  orthogonallity  at  the  region  corners,  the 
two  equations  are  equivalent  to  g12  *>  0.  In  discrete  form,  a  linear 
combination  of  the  two  equations  had  to  be  used  in  order  to  insure  that  the 
difference  molecule  had  a  nonzero  central  coefficient. 

Unlike  the  nonunique  situation  above,  the  available  degree  of  freedom  to 
impose  an  additional  metric  condition  can  be  used  to  establish  controls  on  the 
orthogonal  coordinate  generation  process.  With  an  assumed  condition,  the  full 
metric  will  be  considered.  For  simplicity,  we  will  concentrate  on  the  planar 
case  with  fixed  Cartesian  coordinates  c  «  (xJ#  x^,  0)  for  Eq.  2.  The 
extension  to  curved  surfaces  follows  a  similar  pattern  and  will  be  examined 
subsequently.  Now  let  g_  be  the  metric  for  (x^,  x2)  which  is  given  by 
g^1  «  g22  <*  1  and  g12  «  0  since  the  coordinates  are  Cartesian.  With  the 
specified  metric  g^  for  the  desired  orthogonal  coordinates  (y^ ,  y2> ,  the 
change  of  coordinate  rule  for  metric  coefficients  becomes 
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rule  is  given  in  Eq.  10b  with  a  notational  interchange  of  g 
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trie  equations  here  are  clearly  satisfied  by  the  polar  formulation 
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A  solution  then  exists  if  the  differential  forms 


w2  =  /g11  cosa  dyx  +  /g^2  sina  dy2 

w2  =  -  »/g^  sina  dyx  +  /g^2  cosa  dy2 


respectively  correspond  to  chain  rule  expansions  for  dx^  and  dx2  so  that 


=  dx^  and  w2 


This  means  that  w^  and  w2  must  be  exact  differentials. 


By  the  Poincare-Lemma  [26] ,  they  are  exact  if  they  are  closed  which  by 
definition  means  that  dw^  »  0  and  dw2  =  0  where  d  is  the  exterior  derivative. 
In  terms  of  the  derivatives  defined  in  Eq.  54,  the  closure  condition  is 
equivalent  to 
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Upon  substitution,  the  equality  of  mixed  derivatives  altogether  yield  two 
equations  which  reduce  to 

3g  1  3gll 
3yl  “  Jq  3y2 

3g  ^  3g22 

3y2  ‘  /g  a?! 

The  corresponding  differential  form  is  then  given  by 

1  8<?1*  a  1  8922  >.  , 


For  an  angular  function  a (y^ ,  y2)  to  exist  such  that  w^  »  da,  the  differential 
form  w^  must  be  closed  which,  as  before,  is  equivalent  to  the  equality  of 
mixed  derivatives.  Upon  substitution,  the  equality  becomes 
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which  is  just  the  metric  constraint  of  Eq.  15  that  results  from  the  fact  that 
Gaussian  curvature  vanishes  for  a  plane.  The  expected  curvature  constraint 
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naans  that  there  is  only  one  degree  of  freedoei  in  the  choice  of  netric.  Once 
chosen,  the  constraint  is  the  integrability  condition  which  determine*  the 
remainder  of  the  metric.  Then  the  metric  can  be  used  to  obtain  the  solution 
by  means  of  line  integrals  of  the  differentials.  The  integrals  are  well- 
defined  since  the  integrands  are  exact  differentials  which  then  yield  path 
independence.  From  a  given  point  yQ  «  (y10,  y20*  to  *  n#w  P°*nt  *  “  y2* ' 

the  line  integrals  are  given  by 
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for  Cartesian  locations  where  the  rotational  angles  are  determined  from 
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The  metric  development  and  the  realization  in  terms  of  line  integrals  also 
extends  to  curved  surfaces.  For  the  extension,  we  return  to  the  general 
swtric  rule  on  coordinate  changes  given  in  Eq.  10b.  Since  the  rule  produces  a 
quadradic  form  for  the  derivatives,  the  associated  syametric  matrix  can  be 
diagonalized  by  a  unitary  transformation.  Since  the  matrix  is  also  positive 
definite,  square  roots  of  diagonal  entries  can  be  taken  and  unitary  matricies 
can  be  accordingly  modified  to  give  a  transformation  into  the  form  of  Eq.  53. 
The  transformed  derivatives  are  linear  combinations  of  the  original  coordinate 
derivatives  and  can  be  expressed  in  the  polar  formulation  of  Eq.  54  which 
satisfies  the  basic  metric  rule.  With  the  associated  differential  forms, 
exactness  is  achieved  subject  to  the  curvature  integrability  constraint  for 
curved  surfaces.  Accordingly,  the  line  integrals  can  be  defined  in  the  same 
manner  as  before. 

Coordinates  from  a  Metric  Specification 

The  available  degree  of  freedom  to  specify  the  metric  can  be  used  in 
various  forms.  The  first  form  that  we  will  consider  is  the  case  where 
orthogonal  coordinates  are  attached  to  the  streamlines  of  an  isentropic  steady 
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gas  flow.  This  cue  was  developed  by  Schindler  (27)  end  ia  given  here  in 
basic  fora  without  hia  exaaples  and  further  extensions.  The  equations  for  an 
iaentropic  steady  gas  are  given  by 
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where  (x1#  x2>  are  Cartesian  coordinates,  (ulf  u2)  is  velocity,  p  is  density, 
p  is  pressure,  and  y  is  ths  ratio  of  specific  heats,  in  teras  of  the  sound 

speed  c  ,  the  last  equation  in  Eq.  62  is  autoauitically  satisfied  when 
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When  orthogonal  coordinates  (y^,  y2>  are  chosen  such  that  atreasd.ines  are  the 

constant  y2  curves,  the  gas  equations  Eq.  62  be case 
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where  a  ■  /u^  +  u2  is  ths  velocity  of  the  gas.  Upon  integration, 
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After  the  Bernoulli  function  B(y2>  has  been  specified,  we  get  a  single 
differential- integral  equation  for  the  Mach  nusber  M  -  Hty^  y2>  by 
substitution  into  the  curvature  integrability  condition  given  in  Eq.  59.  The 
orthogonal  coordinate  system  attached  to  the  flow  is  then  obtained  from  the 
line  integrals  of  Eqs.  60  and  61.  The  available  degree  of  freedom,  here,  was 
consumed  by  the  Bernoulli  function. 

In  another  study,  warsi  and  Thompson  (28)  consumed  the  degree  of  freedom 
with  an  additional  Laplace  equation  and  considared  general  orthogonal  coordi¬ 
nates  for  annular  regions  in  the  plane.  Following  Potter  and  Tuttle  (23], 
they  assumed  that  the  desired  normal  field  in  the  direction  from  inner  to 
outer  loop  is  divergence- free,  and  as  a  consequence,  that  the  cell  aspect 
ratio  has  the  product  form  oriven  in  Bq.  49.  Then  under  the  transformation 

yj  -  J  ady j  and  V2  “  J  ^  dy2«*ith  a  b  from  the  orthogonal  swtric 

becomes  g^  -  i22 .  The  curvature  integrability  constraint  becomes 

v2  log  g.  -  0  which  is  of  the  conformal  type  from  Eq.  12c.  To  complete  the 
11  2 

system,  the  Laplace  equation  V  y1  »  0  ii  also  derived  from  the  above 
assumption. 
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For  cases  with  the  arbitrary  boundaries,  Eiseman  [29]  proposed  a  method 
where  matrices  that  fit  the  boundary  data  are  specified.  On  the  two 
boundaries  where  y^  is  constant,  g^  can  be  evaluated  directly  by  finite 
differences,  g22  can  be  evaluated  only  at  the  endpoints  (i.e.  region  corners), 
and  g22  must  be  specified  elsewhere  as  a  rate  of  entry  or  exit  into  or  out  of 
the  region.  On  the  other  two  boundaries,  the  roles  of  the  indices  1  and  2  are 
interchanged.  With  the  metric  given  on  the  boundary,  transfinite  inter¬ 
polation  (Eq.  28  or  (101 )  is  used  to  continue  it  ssnothly  over  the  entire 
region.  Local  clustering  controls  are  then  established  by  the  addition  of 
functions  which  vanish  on  the  boundaries.  Functions,  such  as  B-spline  basis 
elements,  are  ideally  suited  for  this  purpose  since  they  can  be  used  in 
(tensor)  product  form  to  vanish  everywhere  except  on  a  local  region  of 
interest.  The  overall  continuation,  however,  Dust  be  positive  everywhere,  or 
else  a  coordinate  singularity  would  result.  Now  with  g^  and  ;>22  defined 
everywhere,  it  would  appear  that  more  than  the  available  degrees  of  freedom 
ware  consumed.  But  on  returning  to  the  change  of  coordinate  rule  (Eq.  10b)  to 
derive  the  desired  equations  for  the  coordinates,  we  will  find  that  in  the 
planar  case  only  the  cell  aspect  ratio  /g^/g^  appears  as  the  specified 
quantity.  From  the  rule  of  Eq.  S3,  the  second  equation  for  g12  »  0  can  be 
split  into  the  Cauchy-Riemann  form 
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for  some  positive  function  h.  By  use  of  the  other  two  aquations  from  Eq.  53, 
we  get 
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Proa  the  Cauchy-Riesmnn  fora  in  Eq.  68,  we  can  directly  cosqxite  mixed 
derivatives  for  x2  by  differentiating  the  first  equation  with  respect  to  y1 
and  the  second  with  respect  to  y2>  A  similar  computation  can  also  be  done  for 
after  h  is  brought  onto  the  other  side  of  the  equations.  Upon  the  equality 
of  corresponding  mixed  derivatives,  we  obtain  the  coordinate  generating  system 


DXj  «  0 

DXj  -  0  (71) 

where 

_  3  13.8,  3 

»Y1  h  3y2  3y2  3y2 

which  can  be  identified  as  the  Laplace  operator  in  (y^ ,  y2>  and  which  is 
linear  when  h  is  assumed  to  be  known  as  it  is  here. 

An  alternative  coordinate  coordinate  generating  system  can  also  be  used 
with  the  specified  h.  To  obtain  it,  we  use  g12  ■  h2  g.,2  from  Eq.  69  to 
eliminate  g^  in  the  curvature  integrability  constraint  of  Eq.  59.  The  result 
is  the  elliptic  partial  differential  equation 


(72) 


that  must  be  solved  for  P  ■  log  g..  subject  to  Dirichlet  boundary  conditions. 

P  ‘*2  F 

Upon  solution,  g22  •  e  and  g^  »  h  e  can  be  used  in  the  line  integrals  of 
Eqs,  60-61  to  get  the  coordinates. 

under  the  observation  that  the  gradient  of  a  Cartesian  coordinate  x](  is  a 
constant  vector  field  which  is  then  divergence less,  Ryskin  and  Leal  (30)  also 
arrived  at  the  Laplace  coordinate  generating  system  of  Eq.  71.  However,  they 
specified  h  only  in  cases  where  at  least  one  boundary  was  free  to  move. 

There,  the  pointwise  distributions  were  not  specified,  but  instead  were 
determined  by  boundary  conditions  consistent  with  the  Cauchy -Riemann  form  of 
Eq.  68  in  a  pattern  very  much  in  the  spirit  of  conformal  methods.  The 
boundary  amvoment  cams  with  a  global  iterative  eycle.  In  cases  where  the 
boundary  and  its  pointwise  distribution  were  to  be  fixed,  they  made  h  conform 
to  the  boundary  data  in  the  same  manner  as  in  Eiaeman  (291 »  but  in  contrast, 
the  coordinate  equations  (Eq.  71)  were  also  put  into  an  iterative  loop  under 
the  assumption  of  a  nonlinear  system.  The  Laplace  system  of  Eq.  71  clearly 
becomes  nonlinear  if  h  as  an  unknown  is  expanded  in  terms  of  the  metric  form 
given  in  Eq.  S3,  and  subsequently,  Inserted  into  the  system.  Prom  this 
viewpoint,  the  boundary  conformity  of  h  is  applied  at  each  cycle  with  boundary 
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data  taken  from  the  current  grid  in  the  evolution  towards  convergence. 

However,  with  the  evolution  of  h,  the  rates  of  entry  or  exit  into  or  out  of 

tf- 

the  region  become  dependent  upon  the  numerical  method.  The  values  of  h  are 
constant  only  at  the  region  corners  where  the  boundary  data  determines  it 
£  uniquely.  The  result  is  that  h  is  method  dependent  everywhere  except  at 

comers.  This  means  that  they  have  essentially  arrived  at  the  same  situation 
as  in  the  study  of  Haussling  and  Coleman  [25]  where  nonuniqueness  can  result 
as  in  the  example  associated  with  Fig.  9.  To  suoatarize  each  cycle,  the 
solution  determines  boundary  h  which,  in  turn,  determines  the  solution. 

The  primary  motivation  for  the  iterative  cycles  came  from  the  supposition 
that  h  could  have  been  selected  as  unity,  in  which  case,  the  coordinates  would 
be  conformal  and  would,  therefore,  have  all  of  the  limitations  arising  from 
analytic  continuation  properties.  With  h  chosen  to  fit  the  boundary  data,  a 
result  of  h  ■  1  may  not  be  a  real  limitation,  however,  because  the  pointwise 
distributions  on  the  boundary  may  already  be  consistent  with  a  conformal 
transformation.  This  would  also  be  consistent  w* -h  Eq.  72  and  the  line 
integral  approach.  An  affirmative  conclusion,  however,  has  yet  to  be  drawn 
between  the  noniterative  position  in  Eiseman  [29]  and  the  fully  iterative  one 
in  Ryskin  and  Leal  [30].  Here,  it  remains  to  consider  various  applications  to 
cases  with  arbitrary  data  on  four  boundaries.  It  would  not  be  surprising  if  a 
method  based  upon  a  controlled  evolution  of  h  should  arise. 

Rather  than  a  specification  of  cell  aspect  ratios  as  above,  a  natural 
quantity  to  specify  is  the  cell  volume  which  is  given  by  the  Jacobian 
J  ”  /g^j  g22-  Then  g^  can  be  eliminated  from  the  curvature  integrability 
condition  of  Eq.  59  with  g^  -  J2/g22  in  the  same  manner  that  we  did  to  get 
Eq.  72  in  the  case  of  specified  h.  The  result  is  a  partial  differential 
equation  for  gJ2  that  is  hyperbolic  rather  than  elliptic.  As  a  consequence, 
specified  volume  methods  must  be  solved  by  marching  the  grid  away  from  a 
single  body.  Stager  and  Sorenson  [31]  have  constructed  a  direct  method  from 
specified  J  and  g12  -  0  which  in  expanded  form  are  given  by 
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A  number  of  interesting  grids  were  generated  with  this  method.  A  distinct 
advantage  coa»s  from  a  smaller  deamnd  upon  the  user  to  specify  sensitive  data. 
In  comparison  with  orthogonal  trajectory  methods  there  is  no  need  to  specify  a 
family  of  curves  which  for  concave  regions  would  require  scam  cleverness  in 
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order  to  avoid  unwanted  clustering  on  an  outer  boundary.  In  its  place,  a  ueer 
■met  specify  cell  voluxes  from  a  simple  model  grid  which  is  tailored  to  the 
application  and  results  in  an  unclustered  outer  boundary.  The  tailoring  coaes 
from  the  some  arc  length  and  pointwise  distribution  for  the  model  body  which  is 
connected  to  a  desire able  far  field  structure.  The  disadvantages  of  the  method 
are  that  boundary  discontinuities  propagate  and  that  the  outer  boundary  cannot 
be  prescribed.  In  an  earlier  method,  Starius  [32]  considered  a  technique  based 
upon  the  Cauchy-Rieaann  form  of  Eq.  68  where  h  was  chosen  to  make  the  system 
hyperbolic.  This,  however,  could  not  be  marched  beyond  a  narrow  band  from  the 
boundaries.  A  more  complete  survey  of  hyperbolic  methods  can  be  found  in 
Thompson,  Warsi,  and  Mastin  [33). 


CONCLUSION 

subject  to  various  constraints,  orthogonal  coordinate  generation  techniques 
have  been  examined  under  the  unifying  context  of  the  associated  metric.  The 
metric  was  seen  to  be  the  basic  ingredient  for  both  the  generation  process  and 
the  application  of  the  results. 
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INTRODUCTION 

Numerical  grid  generation  has  been  an  excellent  tool  for  producing 
curvilinear  body-fitted  coordinate  systems.  Curvilinear  coordinate  systems  or 
grids  are  comonly  used  In  the  solution  of  partial  differential  equations  In 
domains  surrounding  arbitrary  geometrical  boundary  shapes,  as  reviewed  In 
Ref.  1.  ^-Body-fitted  grids  are  particularly  advantageous  In  the  treatment  of 
surface  boundary  conditions,  and  usually  yield  a  degree  of  simplicity  In  the 
logic  required  to  solve  the  hosted  partial  differential  equations. 

In  practice,  numerical  grid  generation  usually  Involves  transformation  of 
the  physical  domain  of  Interest  Into  a  geometrically  simple  domain,  such  as  a 
rectangular  block  or  assembly  of  blocks.  The  solution  of  grid  generation 
equations  In  the  simple  domain  produces  the  coordinates  of  a  corresponding 
grid  In  the  physical  domain,  subject  to  a  variety  of  grid  control  procedures 
aimed  at  producing  favorable  grid  characteristics.  This  process  Is  usually 
straightforward  when  the  topology  of  the  physical  domain  Is  simple  enough  to 
allow  transformation  to  a  single  rectangular  domain.  But  when  dealing  with 
geometrically  and  topologically  complex  domains  such  as  surround  an  aircraft 
configuration^  the  authors'  work  has  dealt  principally  with  the  solution  of 
"partial  differential  equations  governing  the  flow  field  about  aircraft 
configurations),  the  total  Issue  of  grid  generation  becomes  more  complex.  The 
domain  In  general  cannot  be  mapped  Into  a  single  block.  The  configuration 
surface  geometry  Itself 'may  be  nonanalytlc,  and  these  features  will  be  manifest 
In  any  grid  surrounding  such  complex  boundary  shapes.  ,< _ 


MULTI-BLOCK  STRUCTURING 

One  approach  to  organizing  coordinate  systems  for  complex  domains, 
espelcally  In  three  dimensions.  Is  to  divide  the  domain  Into  a  number  of 
geometrically  simple  subdomains,  termed  blocks.  The  grid  within  each  block 
can  then  remain  of  simple  character,  such  as  rectangular.  We  term  the  grid 
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comprised  of  the  assembly  of  such  subdomain  grids  «  block  structured  or 
multi-block  grid.  Figure  1  shows  both  single  end  milt  1 -block  grids  In  the 
doMln  about  an  airfoil. 

The  aultl-block  concept  provides  a  general  capability  for  surface-fitted 
grids  In  slaple  or  coaplex  domains.  Figures  2  and  3  deaonstrate  typical 
aultl-block  representations  of  a  wing/body /nacelle/strut  configuration.  Each 
component  of  the  solid  configuration  Is  mapped  Into  a  simple  rectangular  block 
In  the  computational  space.  The  computational  domain  then  consists  of  the 
remainder  of  space  surrounding  the  configuration  blocks.  This  space  can  be 
divided  In  an  obvious  way  Into  an  assembly  of  rectangular  blocks. 

In  the  transformation,  physical  comers  appearing  at  Intersections  between 
components  (such  as  between  wing  and  fuselage)  are  kept  as  comers  In 
computational  space.  However,  the  block  structure  Introduces  some  new  types 
of  special  points  as  seen  In  the  figures.  A  point  on  the  smooth  boundary 
surface  In  physical  space  can  appear  as  a  comer  point  In  computational  space 
(termed  a  "flctltous  comer").  Some  gridlines  may  merge  together  as  shown  at 
the  wing-tip  (termed  a  "collapsed  edge").  It  Is  therefore  necessary  that  the 
hosted  algorithm  be  adaptable  to  these  aspects  of  the  grid. 

APPROACHES  TO  STRUCTURING 

At  least  two  approaches  are  commonly  used  to  generate  multi-block  grids. 

One  Is  to  generate  the  grid  separately  within  each  rectangular  block.  In  this 
case,  certain  of  the  block  boundary  surfaces  no  longer  correspond  to  boundary 
surfaces  of  the  original  problem.  They  are  just  boundaries  separating  one 
block  from  another,  and  we  call  them  field  boundaries.  Nevertheless,  solution 
of  the  grid  generation  equations  require  grid  boundary  conditions  on  these 
field  boundaries,  and  these  are  usually  supplied  by  the  user.  Grids  generated 
In  this  manner  are  termed  patched  grids  or  patched  coordinate  systems.  There 
Is  no  built-in  feature  leading  to  any  degree  of  grid  continuity  across  a  field 
boundary  separating  one  block  from  another.  Some  control  of  grid  continuity 
Is  available  through  proper  choice  of  grid  boundary  conditions  on  the  field 
boundaries. 

Another  approach  to  generating  multi-block  grids  Is  to  solve  the  grid 
generation  equations  In  the  entire  block-structured  domain  as  a  single  grid 
generation  problem.  This  adds  a  degree  of  complexity  In  that  the  grid 
generation  equations  must  be  solved  In  a  domain  comprised  of  an  assembly  of 
blocks,  rather  than  one  block  at  a  time.  In  our  experience,  this  hes  not  been 


difficult  to  Implement.  One  consequence  of  this  approach  Is  that  the  locations 
of  block  boundaries  In  physical  space  (field  faces)  emerge  as  a  solution  of 
the  grid  generation  problem  rather  than  an  Input.  Also,  all  grids  will  be 
analytic  across  field  faces.  We  ter*  grids  generated  In  this  warmer  as 
directly  solved  Multi -block  grids. 

Soaie  of  the  differences  between  these  two  approaches  are  Illustrated  In 
Figures  4  and  S.  In  practice,  a  combination  of  these  two  approaches 
frequently  provides  the  degree  of  flexibility  desired  for  Many  problems  of 
Interest. 

Figure  5  Illustrates  some  characteristic  differences  between  patched  and 
directly-solved  multi-block  grid's.  With  patching,  the  block  boundaries,  £E 
and  CF,  are  supplied  as  boundary  conditions  to  the  3D  grid  generation 
process.  Grid  analytlclty  across  block  boundaries  Is  not  guaranteed  since 
volume  grids  on  both  sides  of  a  block  boundary  are  generated  separately.  Grid 
control  features  are  therefore  sometimes  Implemented  to  achieve  a  degree  of 
analytlclty  across  block  boundaries.  In  the  directly  solved  multi-block 
system,  grids  are  automatically  analytic  across  all  block  boundaries  in  the 
field,  for  example,  61  and  ST,  but  grids  may  still  be  nonanalytlc  across 
surface  perimeter  lines.  However,  the  grid  spacing  near  fictitious  corners 
cannot  be  as  easily  controlled  as  In  the  patched  system,  leading  to  grids  that 
are  less  desirable  In  this  aspect.  In  practice,  both  methods  of  grid 
generation  have  merits  and  limitations. 

The  Issues  of  grid  generation  cannot  be  addressed  without  considering  the 
adaptability  of  the  hosted  algorithms,  l.e.,  the  algorithms  for  solving  the 
partial  differential  equations.  Some  algorithms  require  smooth  analytic 
grids.  Others  do  not.  The  adaptability  of  the  hosted  algorithm  therefore 
Imposes  requirements  on  grid  quality,  and  vice  versa.  For  many  classes  of 
problems  there  can  exist  a  tradeoff  between  hosted  algorithm  requirements  and 
grid  requirements.  The  two  are  Intimately  related.  The  present  paper  offers 
some  philosophy  on  grid  versus  hosted  algorithm  requirements,  as  well  as  a 
discussion  of  multi-block  grid  generation  techniques. 

THE  OVERALL  GRID  GENERATION  PROCESS 

30  grid  generation  via  patching  Is  shown  In  Figure  6  where  the 
Illustrations  represent  2D  cuts  for  a  wing/body  configuration  both  In  physical 
and  computational  space.  The  procedure  starts  with  dividing  physical  space 
Into  six-sided  blocks  by  considering  the  structure  of  configuration 
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components.  The  next  step  Is  to  discretize  the  block  perimeter  lines  which 
connect  block  corner  points.  This  ID-like  discretization  Is  Illustrated  by 
dots  through  which  the  perimeter  lines  penetrate  the  plane  of  the  figure.  The 
ID  discretization  provides  boundary  conditions  for  a  subsequent  2D-11ke  grid 
generation  producing  grids  covering  the  block  boundary  surfaces.  These  In 
turn  serve  as  boundary  conditions  to  produce  3D  volume  grids  filling  each 
block.  Grid  control  can  be  achieved  at  any  of  the  above  four  steps,  l.e., 
through  the  block  pattern,  perimeter  discretization,  surface  grid  generation 
and/or  volume  grid  generation. 

Grid  generation  via  the  direct  method  Is  shown  In  Figure  7.  Since  the 
coordinates  of  field  block  boundaries  emerge  as  part  of  the  solution  to  grid 
generation  in  the  direct  method,  we  divide  only  the  natural  boundaries  such  as 
configuration  surfaces  and  exterior  boundaries  Into  four-sided  patches  In 
order  to  map  the  configuration  components  Into  rectangular  blocks  In  the 
transformed  space.  Then  the  perimeter  lines  enclosing  patches  on  physical 
surfaces  are  discretized  appropriately  in  a  way  to  produce  a  good  grid 
distribution.  The  subsequent  2D-T1ke  grid  generation  is  carried  out  only  on 
the  natural  boundary  surface  patches.  Next,  volume  grids  are  generated  at 
once  everywhere  In  the  computational  domain.  Therefore,  the  domain  where  the 
grid  generation  equations  are  solved  Is  not  a  simple  rectangular  box;  It  Is  a 
large  box  containing  an  Interior  cutout  comprising  the  rectangular  blocks 
representing  the  configuration. 

PERIMETER  LINE  DISCRETIZATION  (ID) 

The  discretization  of  perimeter  lines  can  be  controlled  by  using  different 
spacing  distributions.  Uniform  spacing,  algebraic  or  geometric  stretching, 
and  distribution  proportional  to  a  reference  distribution  can  be  applied  along 
the  arc  length  or  along  each  coordinate  separately  to  provide  good  boundary 
fitting  behavior. 

SURFACE  GRIOS  (20) 

We  identify  two  different  types  of  block  boundary  surfaces;  configuration 
surface  and  field  block  boundary.  The  2D  discretization  of  configuration 
surfaces  Is  perhaps  the  most  difficult  task  In  30  grid  generation.  The  grid 
points  must  lie  on  the  specified  geometry  and  display  characteristics  of 
smoothness,  etc.,  acceptable  to  the  hosted  solution  procedure.  The  surface 
grids  should  also  provide  good  behavior  at  block  boundary  abutments  with 
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neighboring  surface  patches.  Field  block  boundary  discretization  is  an  easier 
problem  In  that  the  block  boundary  need  not  be  coincident  with  a  specified 
geometry  except  at  the  edges.  Only  smoothness  and  proper  discretization  are 
usually  required. 

20  grid  generation  of  a  curved  configuration  surface  In  3D  space  usually 
cannot  be  achieved  in  one  step  due  to  the  constraint  that  the  grid  points 
should  lie  on  a  specified  geometry.  A  promising  approach  is  the  use  of  a 
parametric  transformation.  The  3D  surface  In  (x,y,z)  coordinates  Is  defined 
In  terms  of  2D  parametric  coordinates,  say  (u,v).  The  discretization  process 
Is  then  carried  out  In  the  parametric  coordinates  by  using  either  analytical 
or  numerical  grid  generation  schemes.  Then  the  Cartesian  coordinates  of  the 
grid  points  are  extracted.  For  example,  a  parametric  transformation  Is 
commonly  used  in  the  discretization  of  wing  surfaces.  The  chordwlse  lines  are 
mapped  Into  one  parametric  coordinate  using  a  parabolic  transformation  and  the 
spanwise  lines  Into  the  other  parametric  coordinate  by  a  shearing 
transformation.  It  then  becomes  a  simple  matter  to  specify  a  discretization 
that  produces  smooth  grids  of  desired  quality. 

Another  approach  Is  the  use  of  projection.  Discretization  Is  obtained 
first  on  a  simpler  geometric  surface  by  numerical  or  analytical  grid 
generation  schemes.  Then  the  discretized  points  are  projected  onto  the  real, 
curved  surface  geometry  to  obtain  the  grid  coordinates.  For  example,  a 
discretization  of  a  fuselage  surface  can  be  obtained  by  generating  grids  on  a 
circular  cylinder  and  projecting  them  radially  Into  the  surface  definition. 

On  a  field  block  boundary,  grid  points  are  not  usually  required  to  fall  on 
a  defined  surface.  Therefore,  one  can  adopt  a  relatively  simple  numerical 
grid  generation  scheme.  The  scheme  we  use  Is  an  extension  of  the  2D  grid 
generation  method  developed  by  Thompson,  et  al  (Ref.  1). 

In  the  standard  Thompson  approach  for  planar  surface  discretization,  the  2D 
coordinates,  T ■  (x,y)  are  extracted  from  the  solution  of  the  following  grid 
generation  equations  subject  to  specified  Clrlchlet  boundary  conditions.  With 
Indices  (  £,n)  as  Independent  variables,  they  are 
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and  h  is  the  transformation  Jacobian  which  can  be  factored  out  In  the 
equations.  The  extension  for  use  on  nonplanar  curved  field  block  boundaries 
Involves  the  Introduction  of  a  third  Index,  C  ,  which  remains  constant  on  the 
surface.  The  same  grid  generation  equations  are  used  with  Y  «  (x,y,z),  l.e., 
three  equations  Instead  of  two.  Accordingly  7^  «  (x^,  y^,  z^)  In  the 
nonplanar  case  instead  of  7^  ■  (x^,  y^)  In  the  planar  case,  etc. 

The  grid  control  parameters,  P  and  Q,  are  defined  along  perimeters  whose 
coordinates  are  given  (Ref.  2).  That  Is,  P  Is  derived  from  constant  n 
boundaries  and  Q  from  constant  £  boundaries  by  letting  respectively 


+  PX^  -  0  (2) 

xnn  +  QXn  ■  o . 


Any  one  coordinate  or  arc  length  distribution  can  be  chosen  to  define  the  grid 
control  parameters.  Also  one  can  use  the  control  parameter  defined  along  one 
perimeter  for  the  whole  domain  or  Interpolate  linearly  between  two  facing 
boundaries.  Interpolation  gives  smoothly  varying  grids  whereas  the  one-side 
choice  reduces  grid  nonanalytlcity  of  grid  lines  across  corresponding  block 
boundaries. 

VOLUME  GRIDS  (30) 

Volume  grid  generation  Inside  a  block  Is  a  straightforward  and  relatively 
easy  task  compared  to  surface  discretization.  One  approach  Is  to  solve  the 
system  of  nonlinear  30  grid  generation  equations  Introduced  by  Thompson 
subject  to  Oirichlet  boundary  conditions 
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where 

"  (*n  *  Tc)/h 

-  (T?  x  T€)/h 

^  -  (Tc  x  Tn)/h. 

Again  the  transformation  Jacobian  h  can  be  factored  out.  Similar  to  surface 
grid  generation,  the  grid  control  parameters,  P,  Q,  and  R,  are  extracted  from 
known  boundary  data.  For  example,  the  control  parameter  R  Is  defined  along 
four  perimeter  lines  with  constant  £  and  n  Indices  by  letting 


+  **£  m  0. 


(4) 


Then  It  Is  Interpolated  through  £  and  n  Indices  or  fixed  by  a  choice  of 
Indices  to  give  consistent  grid  control  at  block  boundaries.  Other  control 
parameters  can  be  extracted  similarly  using  Equation  (2). 

The  grid  generation  equations,  either  surface  or  volume,  are  solved 
Iteratively  by  using  successive  line  overrelaxatlon  (SLOR)  or  alternating 
direction  Implicit  (ADI)  methods.  The  computational  costs  for  the  3D 
generation  of  patched  coordinate  systems  Is  less  than  for  directly  solved 
systems  because  these  solution  methods  are  faster  on  smaller  domains.  This 
cost  can  be  offset  by  the  added  work  required  to  separately  generate  the  field 
surface  grids. 

Another  approach  to  volume  grid  generation  Is  the  use  of  linear  grid 
generation  equations  (Ref.  3).  Instead  of  updating  the  nonlinear  coefficients 
appearing  In  the  grid  generation  equations,  Eqns.  (1)  and  (3),  the 
coefficients  can  be  established  on  boundaries  and  Interpolated  throughout  the 
domain.  The  cross  derivative  terms  appearing  In  the  grid  generation  equations 
can  be  deleted  for  simplicity*  This  leaves  a  very  simple,  linear,  elliptic 
set  of.  grid  generation  equations  to  solve.  Our  limited  experience  with  both 
methods  Is  that  the  latter  Is  less  costly  whereas  the  former  seems  to  offer 
more  direct  and  effective  means  for  grid  control. 
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SOME  OBSERVATIONS  ON  REQUIREMENTS  FOR  GRID  QUALITY 

In  the  real  world  of  complex  three-dimensional  problems  such  as  the  domain 
surrounding  a  fairly  complete  airplane,  there  exists  a  conflicting  set  of 
Issues  and  requirements.  The  developer  of  hosted  algorithms  would  like  grids 
that  are  smooth,  analytic,  and  topologically  simple,  with  grid  spacing  In 
accordance  with  the  length  scales  of  the  hosted  problem  of  Interest.  The 
customer  who  will  use  the  capability  being  produced  wants  to  get  by  with  the 
easiest  grid  to  generate,  with  minimal  concern  about  grid  Irregularities  and 
their  possible  Impact  on  the  accuracy  and  reliability  of  the  hosted  solution. 
And  management  generally  wants  the  least  expensive  approach. 

There  Is  a  tradeoff  between  demands  placed  on  grid  quality  and  demands 
Imposed  by  the  hosted  algorithms.  Some  hosted  algorithms  demand  smooth, 
analytic  grids.  Others  are  more  forgiving  of  the  grid.  For  many  2D  problems, 
the  flexibility  exists  to  go  either  way. 

However,  3D  grids  frequently  cannot  be  analytic  In  real  life  engineering 
problems.  An  example  Illustrating  this  Is  shown  In  Figure  8,  which  depicts  a 
surface  discretization  used  In  an  actual  flow  field  calculation  (requiring 
only  a  surface  and  not  a  volume  grid!.  Current  trends  are  to  seek  solutions 
of  hosted  algorithms  requiring  volume  grids,  and  It  Is  easy  to  visualize  that 
the  volume  grid  about  this  airplane  would  not  be  smooth  and  analytic 
everywhere.  Smooth,  analytic  volume  grids  cannot  be  obtained  from  nonsmooth 
nonanalytlc  surface  grids  since  surface  grids  become  boundary  conditions  for 
the  volume  grid  generation.  For  this  configuration  and  many  others  like  It, 
smooth  surface  grids  are  judged  to  be  Impossible.  For  example.  Figure  9  shows 
the  fairing  at  a  wing/body  juncture.  The  surface  itself  has  creases  and  slope 
discontinuities,  and  their  Influence  on  the  hosted  solution  Is  a  desired 
quantity  that  cannot  be  smoothed  by  fairing  a  smooth  grid  over  such  areas. 
Nonanalytlc  coordinate  lines  and  nonsmooth  grid  stretching  cannot  be  avoided 
when  the  geometry  involves  angular  abutment  between  different  components. 

Hence,  the  authors  are  led  to  the  opinion  that  for  complex  geometries  such 
as  that  shown,  one  must  demand  hosted  algorithms  that  are  forgiving  of  grid 
Irregularities. 

Our  experience  Indicates  that  hosted  algorithms  which  work  reliably  on 
nonsmooth  grids  can  be  developed  If  that  Is  recognized  as  a  goal  In  algorithm 
development.  For  example,  a  higher  order  panel  method  was  developed  for 
solving  the  3-D  Laplace  equation  (Ref.  4)  with  that  as  a  goal.  It  worked  so 
well  that  acceptable  hosted  solutions  were  produced  from  discretizations' 
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defined  by  a  random  number  generator  (Fig.  10).  Finite  element  methods  that 
give  good  solutions  on  nonsmooth  grids  are  well  known.  Figure  11  demonstrates 
algorithm  compatablllty  to  grid  Irregularities  In  solving  the  potential  flow 
over  a  cylinder  (Ref.  3),  using  a  cell -oriented  finite  volume  formulation 
designed  to  be  forgiving.  Resolved  are  the  algorithm  Issues  concerning 
fictitious  corners  and  nonanalytlc  coordinates  across  block  boundaries 
appearing  in  multi -block  grids. 

Forgiving  algorithms  have  been  developed  for  a  variety  of  other  equations 
In  aerodynamics.  Figure  12  shows  a  panel  method  solution  to  the  wave  equation 
for  a  spindle  paneled  In  a  random  manner  (Ref.  5).  The  forgiving  algorithms 
cannot  only  adapt  to  grid  Irregularities  but  also  provide  capabilities  for 
real  life  geometry  (Fig.  13,  Ref.  6).  Forgiving  and  unforgiving  algorithms 
are  compared  In  Figure  14  for  the  Helmholtz  equation. 

Demands  for  forgiving  algorithms  have  also  extended  Into  the  solution  of 
complex  nonlinear  transonic  flows.  Figure  15  shows  transonic  solutions 
obtained  from  a  forgiving  algorithm  for  the  nonlinear,  mixed-flow  potential 
equation  (Ref.  7).  Patched  multi-block  grids  were  generated  by  allowing 
Intentionally  severe  grid  nonanalytlclty  across  block  boundaries  to  test  the 
robustness  of  the  hosted  algorithm.  The  accuracy  of  the  results  Is 
remarkable,  even  when  fictitious  corners  are  located  Inside  of  the  supersonic 
region.  The  discrepancy  In  shock  location  Is  due  to  the  use  of  different 
upwind  bias  In  supersonic  cells  and  Is  unrelated  to  the  grid.  3D  transonic 
results  using  multi-block  grids  are  reported  In  Ref.  8. 

SUMMARY 

In  many  cases  of  practical  Interest,  the  Irregularities  present  In  the 
boundary  surface  render  the  achievement  of  smooth,  regular  volume  grids  an 
Impossible  task.  One  must  require  hosted  algorithms  that  are  compatible  with 
grid  Irregularities.  Evidence  Is  accumulating  that  this  can  generally  be 
achieved  If  made  an  algorithm  design  requirement. 

The  use  of  patched  coordinate  systems  Is  a  feasible  and  systematic  way  of 
generating  orderly  grids,  for  complex  configurations.  They  appear  to  offer  an 
acceptable  degree  of  grid  control.  And  requirements  for  grid  control  are 
really  not  very  stringent.  The  fact  that  one  must  have  forgiving  hosted 
algorithms  to  handle  complex  geometries  at  all  means  that  a  modest  amount  of 
grid  control  Is  all  that  Is  usually  needed  to  achieve  an  acceptable  grid. 


244 


REFERENCES 

1.  Thompson.  J.  F.,  Warsl,  Z.  U.  A.,  and  Mastln,  C.  H.  (1982)  Boundary-fitted 
Coordinate  Systems  for  Numerical  Solution  of  Partial  Differential 
Equations  -  A  Review,  to  be  published  In  Journal  of  Computational  Physics. 

2.  Thomas,  P.  D.  and  Mlddlecoff,  J.  F.  (1960)  Direct  Control  of  the  Grid 
Point  Distribution  In  Methods  Generated  by  Elliptic  Equations,*  AIAA 
Journal,  Vol.  18,  No.  6. 

3.  Lee,  K.  D.,  et  al  (1980)  Grid  Generation  for  General  Three-Dimensional 
Configurations,  Numerical  Grid  Generation  Techniques,  NASA  Conference 
Publication  2166,  p.  355-366. 

4.  Johnson,  F.  T.  and  Rubbert,  P.  E.  (1975)  Advanced  Panel-Type  Influence 
Coefficient  Methods  Applied  to  Subsonic  Flows,  AIAA  Paper  75-50. 

5.  Ehlers,  F.  E.,  Johnson,  F.  T.,  and  Rubbert,  P.  E.  (1976)  A  Higher-Order 
Panel  Method  for  Linearized  Supersonic  Flow,  AIAA  Paper  76-381. 

6.  Cenko,  A.,  et  al  (1981)  PAN  AIR  Applications  to  Weapons  Carriage  and 
Separation,  J.  of  Aircraft,  Vol.  18,  No.  2,  p.  128-134. 

7.  Lee,  K.  D.  and  Rubbert,  P.  E.  (1980)  Transonic  Flow  Computations  using 
Grid  Systems  with  Block  Structure,  7th  International  Conference  on 
Numerical  Methods  In  Fluid  dynamics,  p  266-271. 

8.  Lee,  K.  D.  (1981)  3-0  Transonic  Flow  Computations  using  Grid  Systems  with 
Block  Structure,  AIAA  5th  Computational  Fluid  Dynamics  Conference. 


SINGLE-BLOCK  GRID 
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Fig.  1  Terminology;  single-block  grid  versus  multi-block  grid. 
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Fig.  2  Multi-block  representation  of  a  wlng/body/nacelle/strut  configuration 
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Fig.  3  Example  of  a  30  multi-block  grid  for  a  wlng/body/nacelle/strut 
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Fig.  4  Multi-block  grids;  patched  versus  directly  solved. 
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Fig.  5  Comparisons  of  grid  characteristics  for  a  wing/body  configuration. 


*  **' V  w  •  -r  - 1>  «■  - 


■;«•-- .  -.  -  *t  T>* 


STEP  1:  DIVIDE  PHYSICAL  SPACE  INTO  6-SIDED  BLOCKS 


Ip! 

"...  .f-' 

STEP  2:  DISCRETIZE  PERIMETER  LINES 


— 

— 

1 

...I.:.  >ri? 

STEP  S:  GENERATE  2-D  GRIDS  ON  ALL  BLOCK  SURFACES 
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Fig.  6  Grid  generation  process  via  patching  (Illustrations  represent  2D 
cuts  for  a  wing/body). 
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STEP  2:  DISCRETIZE  PERIMETER  LINES  OF  PATCHES  ON  PHYSICAL 
SURFACES 


STEP  S:  GENERATE  2-D  GRID  ON  PATCHES  (PHYSICAL  SURFACES 
AND  EXTERIOR  BOUNDARIES  ONLY) 


Fig.  7  Grid  generation  procets  via  the  direct  Method  (Illustrations 
represent  2D  cuts  for  a  wing/body). 
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Fig.  10  Example  of  a  forgiving  algorithm;  a  higher  order  panel  method  for 
the  Laplace  equation. 
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Fig.  11  Example  of  a  forgiving  algorithm;  a  field  grid  method  for  the 
Laplace  equation. 


TECHNOLOGY 


unforgiving  algorithms 


MM10  AIRFOIL 


o  (MUM 
»  lUVU 


AD  P  0  0  0  9  7  5 

Copyright  1982  by  Elaaviar  Scianca  Publishing  Company,  Inc. 

NUMERICAL  GRID  GENERATION 

Joa  F.  Thompson,  editor  253 


SOL*D  MECHANICS  APPLICATIONS  OP  BOUNDARY  FITTED  COORDINATE  SYSTEMS 


JOIN  C.  MCWHORTER 

Department  of  Aerospace  Engineering,  Mississippi  state  University, 
A,  Mississippi  State,  Mississippi  39762 


P. 


O. 


Drawer 


ABSTRACT 

A  numerical  method  which  utilizes  the  boundary  fitted  coordinate  method  is 
presented  and  applied  to  the  solution  of  three  solid  mechanics  problems.  The 
three  problems  considered  are  the  elastic  torsion  of  uniform  shafts  of  arbi¬ 
trary  cross  section,  the  elastic  torsion  of  non-uniform  shafts  of  arbitrarily 
varying  circular  cross  section,  and  the  bending  of  thin  isotropic  elastic 
plates  of  arbitrary  shape  with  simple  or  clamped  boundaries.  The  boundary 
fitted  coordinate  method  is  utilized  to  transform  the  arbitrary  simply  connected 
or  multiply  connected  region  under  study  onto  a  fixed  rectangular  domain  where 
computations  are  easily  done.  The  governing  equations  and  boundary  conditions 
are  transformed  and  solved  on  the  rectangular  domain  by  SOR  iteration. 

Numerical  results  for  all  three  problems  show  close  agreement  with  analytical 
solutions,  although  there  is  local  error  introduced  when  the  coordinate  system 
is  severely  skewed.  Numerical  results  check  closely  with  experimental  results 
obtained  for  problems  which  have  no  analytical  solution.  —  - 

INTRODUCTION 

The  concept  of  boundary  fitted  coordinates  can  be  applied  to  many  boundary 
value  problems,  and  it  is  the  purpose  of  this  paper  to  present  the  results  of 
three  applications  in  the  general  area  of  solid  mechanics.  The  three  applica¬ 
tions  are  (1)  the  torsion  of  uniform  shafts  of  arbitrary  cross  section, 

(2)  the  torsion  of  non-uniform  shafts  of  arbitrary  profile,  and  (3)  the  bending 
of  thin  plates  of  arbitrary  shape.  Each  application  has  a  different  governing 
equation  and  different  boundary  conditions,  and  each  abounds  with  problems 
having  exact  analytical  solutions  which  provide  a  comparison  with  the  nunerical 
results  generated  by  the  application  of  the  boundary  fitted  coordinate  method. 

The  solid  mechanics  theory  for  each  application  is  presented  briefly  to 
explain  the  governing  equation  and  boundary  conditions.  The  governing  equation 
and  boundary  conditions  are  then  transformed  for  solution  in  the  boundary  fitted 
coordinate  system.  Transforming  the  equations  is  independent  of  the  particular 
problem  to  be  solved  and  must  be  done  only  once  for  each  application.  The 
governing  equation  and  boundary  conditions  are  expressed  as  finite  differences 
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in  the  transformed  coordinate  system  and  the  resulting  set  of  algebraic 
equations  is  solved  by  SOR  iteration.  Thus  all  computations,  both  to  generate 
the  boundary  fitted  coordinate  system  and  to  solve  the  governing  equation,  are 
done  on  a  rectangular  grid  of  uniform  spacing  with  no  interpolation  necessary 
on  the  boundaries.  This  leads  to  the  ability  to  generate  a  "black  box"  code 
where  the  only  input  necessary  is  the  shape  of  the  shaft  for  torsion  problems. 
Plate  problems  also  require  a  description  of  the  transverse  loading  and  an 
identification  of  the  type  of  boundary  condition  at  each  boundary  point 
describing  the  plate  shape . 

A  general  code  was  developed  for  torsion  problems  which  accurately  calcu¬ 
lated  the  torsional  shear  stress  in  both  uniform  and  variable  profile  shafts. 

A  general  code  for  plate  problems  was  developed  for  simple  and  clamped  bound¬ 
aries.  No  work  was  done  on  plates  with  free  edges.  Comparison  between  classi¬ 
cal  solutions  and  numerical  solutions  generated  by  these  codes  are  presented 
and  show  excellent  agreement  in  most  cases. 

The  coordinate  system  generation  scheme  used  in  this  work  is  the  same  as 
that  developed  by  Thompson,  et  al. 1  Generally,  the  coordinate  lines  were 
attracted  to  regions:  of  suspected  high  gradients,  and  some  work  was  done  to 
determine  the  effect  of  different  coordinate  spacings  on  the  accuracy  of  the 
results. 

UNIFORM  SHAFTS  -  ARBITRARY  CROSS  SECTION 

The  torsion  of  uniform  shafts  is  a  classical  elasticity  problem  which  has 
been  solved  analytically  for  many  geometric  shapes  both  directly  and  by 
conformal  transformation.  However,  certain  classes  of  cross  sections  with 
re-entrant  corners  cannot  be  solved  exactly.  Since  the  governing  equation 
and  boundary  conditions  are  simple,  this  problem  was  worked  first  to  demonstrate 
the  utility  and  validity  of  the  boundary  fitted  coordinate  method. 

In  terms  of  a  warping  function  the  governing  equation  is  the  Laplace 
equation  and  the  boundary  condition  is  that  the  tangential  derivative  of  the 
warping  function  is  known  on  the  boundary.  If  a  modification  to  the  warping 
function  is  made,  the  governing  equation  becomes  the  Poisson  equation,  and  on 
the  boundary  the  modified  warping  function  is  zero.  This  is  the  same  condition 
that  exists  for  a  thin  membrane  stretched  over  a  hole  of  the  shape  of  the  shaft 
and  inflated  by  a  uniform  pressure  and  is  known  as  the  membrane  analogy  for  the 
torsion  of  uniform  shafts.  It  can  be  shown  that  the  torque  on  the  shaft  is 
proportional  to  the  volume  under  the  inflated  membrane  and  that  the  shear 
stress  in  the  shaft  is  proportional  to  the  normal  derivative  of  the  deflected 
membrane  and  is  directed  normal  to  the  direction  of  maximum  gradient. 
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If  interior  holes  are  present  in  the  shaft  cross  section,  the  nembrane 
analogy  still  holds  if  a  weightless  plate  of  the  shape  of  the  interior  hole  is 
"floated”  on  the  deflected  membrane  and  held  level  by  distributed  couples 
around  the  plate.  The  elevation  of  this  plate  must  be  found  by  a  force 
balance  on  the  plate  in  which  the  pressure  below  the  plate  is  balanced  by  the 
membrane  tension  integrated  around  the  perimeter  of  the  plate.  A  more  detailed 
description  of  the  membrane  analogy  is  given  by  Den  Hartog . 2 


Fig.  1.  Physical  plane. 


Fig.  2.  Transformed  plane. 


uations  for  the  membrane  analc 


Figures  1  and  2  show  the  cross  section  of  a  typical  shaft  in  the  physical 
and  transformed  coordinate  systems.  In  the  physical  system  the  governing 
equations  and  boundary  conditions  are  as  follows: 


Clb) 

<lc) 

(2a) 

(2b) 


where  is  the  torsion  constant  and  is  given  by 


J 


t 


=11 


w  dx  dy 


(3) 


2S6 


(4a) 

(4b) 

(4c) 

(5a) 

(5b) 

<5d) 

(5e) 

(5f) 


Dx  -  -  26xCn  +  yxnn  (5g) 

Dy  -  oy^  -  2By5n  +  yy^  (5h) 

Since  the  values  of  x  and  y  are  Kncwn  from  the  coordinate  transformation 
at  each  grid  point  in  the  (£,n)  transformed  field,  equations  (5)  can  be 
computed  by  expressing  the  derivatives  with  respect  to  £  and  n  as  finite 
differences  on  the  rectangular  grid  of  the  transformed  field.  This  must  be 
done  only  once  for  a  particular  transformation.  Next  the  derivatives  in 
equation  (4a)  are  expressed  as  central  finite  differences  in  the  transformed 
field,  which  produces  an  algebraic  equation  at  each  node  point  in  the  trans¬ 
formed  field. 

*i,j  ”  Dl(wi-l,j+l  +  wi+l, j-1  '  wi+l,j+l  *  wi-l,j-l) 

+  Vi,M  +  Vi-l.J  +  D4Vl,J  +  Vi.J-1  + 


(6) 
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where 


Dl- 

(5/4  (a+y) 

(7a) 

°2  “ 

(y+o)/2 (a+y) 

(7b) 

°3  ■ 

(a-y)/2(a+y) 

(7c) 

D4  “ 

(a+t)/2 (a+y) 

(7d> 

DS  " 

(y-a)/2 (a+y) 

<7e) 

D6  * 

J2/(a+y) 

(7f) 

If  the  shaft  is  solid,  the  transformation  fraei  the  physical  to  transformed 
field  does  not  have  a  branch  cut  as  shown  in  Figure  1,  and  the  outer  surface  SQ 
maps  onto  all  four  aides  of  the  transformed  field  so  that  boundary  condition 
(lc)  is  not  needed.  Boundary  condition  (lb)  is  then  applied  on  all  boundaries 
in  the  transformed  field  and  equations  (6)  can  be  solved  by  SOR  techniques 
subject  to  zero  value  of  w  on  all  boundaries,  thus  the  only  difference  frcm 
one  problem  to  another  lies  in  the  generation  of  the  coordinate  system  for 
the  particular  shaft  cross  section. 

For  a  shaft  with  a  hole  in  the  interior,  boundary  condition  (lc)  must  be 
satisfied  by  an  iterative  procedure  as  follows.  Assume  a  value  wfi  for  the 
deflection  of  the  weightless  plate  which  is  the  value  of  w  along  the  boundary 
S^.  Knowing  that  the  value  of  w  on  A'C'  must  match  the  corresponding  value 
on  B'D',  equations  (6)  can  be  solved  by  SOR  iteration.  The  resultant  force F 
on  the  weightless  plate  frcm  the  inflating  pressure  and  the  upward  components 
of  the  membrane  tension  can  be  calculated  from  (4c)  by  numerical  integration 
along  C'D'.  If  F  is  different  from  zero,  the  value  of  w  must  be  adjusted  to 
decrease  F  to  zero.  This  was  easily  accomplished  by  Newton  iteration. 

Another  method  of  solution  which  avoided  iteration  and  produced  the  same 

result  is  outlined  as  follows:  It  is  desired  to  solve  (la)  subject  to  (lb)  and 

(lc)  so  let  w  «  w  +  w_w,  where  w_  is  as  defined  above.  Now  if  V2*  »  -2  on  R 
o  B  1  B  o 

with  w  »  0  on  S  and  S, ,  and  if  V2*,  -  0  on  R  with  w  •  0  on  S  and  w,  -  1  on 
o  o  1  1  1  o  1 

S^,  then  w  -  wq  +  WgW^  is  a  solution  to  (la)  and  satisfies  boundary  condition 
(lb) .  Boundary  condition  (lc)  is  satisfied  if 
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Solutions  for  w  and  w,  are  obtained  as  explained  above  with  known  boundary 
o  1 

values,  and  the  integrals  in  (lc)  can  be  evaluated  and  wg  calculated. 

After  the  membrane  deflection  has  been  found  the  shear  stresses  are 
evaluated  by  transforming  equations  (2a) ,  (2b) ,  and  (3)  and  evaluating  them 
in  the  transformed  field.  Transformation  of  (2a),  (2b),  and  (3)  yields. 


T  » 

X 

<xrw  -  X  Wr)/J  J 

€  n  n  5  t 

(8a) 

%Y  ” 

"(ynwC  '  Vn>/J  Jt 

(8b) 

Jt  ' 

2 j J  J  w  dS  dn  +  2A  wB  , 

(9) 

where  Aw  is  the  volume  under  the  weightless  flat  plate  and  the  double  integral 
B 

is  the  volume  under  the  rest  of  the  membrane.  The  magnitude  and  direction 
of  the  shear  stress  can  be  found  fran  its  x  and  y  components  and  plotted  either 
as  contours  of  constant  stress  in  the  physical  field  or  as  shear  stress  vectors 

NON-UNIFORM  SHAFT,  CIRCULAR  CROSS  SECTION,  ARBITRARY  PROFILE 

The  torsion  of  circular  shafts  of  variable  diameter  along  their  length 
is  an  axi-symmetric  problem  in  the  theory  of  elasticity,  and  it  is  a  two- 
dimensional  problem  in  cylindrical  coordinates  as  shown  in  Figures  3  and  4. 

A  detailed  treatment  of  the  problem  can  be  found  in  Timoshenko1*. 


A 


Fig.  3.  Non-uniform  shaft  of  arbitrarily 
varying  circular  cross  section. 


Fig.  4.  Two-dimension  cylindrical 
coordinates . 
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The  governing  equations  can  be  simplified  by  the  introduction  of  a  stress 
function  to  yield 

p  -  —  p  +  p  -  0  on  R  (10) 

Trr  r  Tr  zz 

where 


T 


re 


1 


(11a) 


(lib) 


Torques  are  applied  to  the  ends  of  the  shaft  by  the  specification  of  a  shear 

stress  distribution.  In  this  work  all  shafts  transitioned  to  a  uniform  radius 

at  each  end  so  that  the  linear  stress  distribution  of  a  uniform  shaft  could  be 

impressed  as  a  boundary  condition  at  each  end.  Due  to  uniform  radius  at  the 

ends  t  .  «  0  and  due  to  a  linear  distribution  oft  „,  t  .«  -4  *  «  kr  where 

r8  zb  zu  r  r 

k  is  any  constant.  Integrating,  p  «  .25kr4  at  each  end.  To  obtain  the  torque 
on  the  shaft  integrate  over  the  end  so  that 

fR  fR  1 

T  ■  2irr2T  „dr  «  2irr2(-~r  p  }dr.  Integrating, 

J0  *e  Jo  r 

T  »  2n  dr  ■  2ir  <♦_-♦_)  •  For  simplicity  choose  a  unit  torque  and 

JQ  dr  R  0 

set  ♦  equal  to  zero.  This  gives  4  »  as  the  value  of  the  stress  function 

O  R  Z1T 

along  the  outer  surface  of  the  shaft  and  zero  down  the  axis  of  the  shaft. 


Now  on  the  ends  of  the  shaft  p  -  . 25kr4  and  since  ■  —  m  . 25kR1*, 

R  *11 


2 

wR4 


1  r  4 

—  (— )  for  the  boundary  condition  on  the  ends  of  the  shaft. 

*1T  R 


which  yields  p 

Now  recognize  that  r  and  z  in  Figure  4  can  be  changed  to  y  and  x  to  match 
the  notation  for  which  equations  (S)  apply.  Next  a  coordinate  system  is 
generated  for  the  shaft  profile  shown  in  Figure  4  which  is  transformed  into 
Figure  2.  Transforming  equation  (10)  yields 


«♦,,  -  2BP.  +  rP  +  (t  —  x  )♦  +  (o  -  —  x.)S  -  0  (12) 

Ct  tn  nn  y  n  5  y  t  n 

(then  this  equation  is  expressed  as  central  finite  differences  of  p,  an  equation 
similar  to  (6)  results  with  p  exchanged  tor  w.  Because  of  the  presence  of 
-  j  in  equation  (10) ,  equations  (7b)  through  (7f )  are  modified  as  given  below. 
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Dx  -  8/4  (city)  (13a) 

D2  »  (y+o  -  —  x^)/2(a+y)  (13b) 

D,  -  (a-t  -  —  x  )/2(a+y)  (13c) 

3  y  n 

D4  «  (a+t  +  ~  x^)/2  (ct+y)  (13d) 

D5  -  (y-ar  +  — ■  x?)/2(ot+y)  (13e) 


Dg  •  0  (due  to  the  right  aide  of  equation  (10)  being  zero) . 

The  algebraic  equations  in  nodal  values  of  4  are  solved  by  SOR  iteration  with 
the  boundary  values  of  stress  function  being  specified. 

Substituting  y  for  r  and  x  for  z,  equations  (11)  for  the  shear  stresses 
become 

1  34 
r0  y7  3x 

1  3* 

z8  yl  3y 

which  when  transformed  became 


T 


re 


"<yn*5  "  yeV/J  yZ 


(14a) 


T 


z0 


“  X„V/J  yZ 


The  stress  components  in  the  physical  field  can  be  computed  in  the  transformed 

field  by  expressing  the  derivatives  of  x,  y,  and  ♦  in  equations  (14)  as 

finite  differences  in  the  transformed  field.  Shear  stress  contours  in  the 

physical  field  can  be  plotted  knowing  t  .  and  T  „ . 

re  ze 


BENDING  OF  ARBITRARILY  SHAPED  PLATES 

The  bending  of  thin  isotropic  flat  plates  by  transverse  loading  is 
governed  by  the  bihaxmonic  equation.  In  this  work  the  biharmonic  equation  is 
broken  up  into  two  coupled  Poisson  equations  largely  because  of  the  algebriac 
difficulty  encountered  in  transforming  higher  derivatives.  Recently,  however, 
there  has  been  developed  a  way  of  accomplishing  the  transformation  of 
derivatives  autoatatically . 
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Boundary  conditions  considered  in  this  work  are  simply  supported  and 
clamped  boundaries  which  are  either  curved  or  straight.  These  conditions 
require  second  derivatives  of  plate  deflection.  The  free  edge  condition 
requires  third  derivatives  and  was  not  considered. 

The  biharmonic  equation  and  boundary  conditions  were  non-d imenaional ized  by 
dividing  the  physical  coordinates  by  a  characteristic  length  a  and  by  dividing 
the  transverse  plate  loading  by  a  characteristic  loading  q^.  Bending  and 
twisting  moments  divided  by  qQ*2  and  plate  deflections  multiplied  by  flexual 
rigidity  D  and  divided  by  q^a1*  are  non-diaensionalized. 


Plate  bending  equations 

Governing  equation.  The  biharmonic  equation  in  terms  of  non-dimensional 
deflection  w  is  vSr  «  q/q^.  Letting  »  F,  then  V2F  ”  q/ qQ,  and  the 
biharmonic  equation  is  reduced  to  two  coupled  Poisson  equations  whose  solution 
requires  values  of  deflection  and  quantity  F  on  the  boundary.  The  physical 
meaning  of  the  quantity  F  can  be  found  from  the  following  moment-curvature 
relations  for  a  plate  (moments  and  deflection  are  non-dimensional) . 


u  a2*  ^  a2w 

M*  '  H*  +  v  iF 

(15a) 

M  a2w  ^  aw2 

M  *  r— w  +  v  .5 
y  3yz 

(15b) 

rO|  cx> 

> 

1 

•H 

a 

J * 

(15c) 

adding 

Mx  +  My-  a+v)(0+|^> 

and 

M  +  M 

_5 _ X  ,  V2*  -  F 

(1+v)  ^  F  • 

(16) 

It  can  also  be  shown  that  the  sun  of  the  bending  moments  at  a  point  in  a 

plate  is  an  invariant  so  that  M  +  M  ■  M  +  M  ■  (l+v)F. 

x  y  n  nt 

Boundary  conditions,  simply  supported  edges.  For  a  plate  with  simply 
supported  edges  and  straight  boundaries  ,w*0tidF*0on  the  boundaries . 
However,  if  the  boundary  is  curved  and  simply  supported,  w  «  0  and  the  normal 
moment  is  zero.  Since  the  tangential  mcnent  is  unknown  F  cannot  be 
specified  on  the  boundary  and  ^  »  0  must  be  used  as  the  second  boundary 


Transforming  equation  (19)  yields 


9<C,n)  -  C,w,f  ♦  C,*f  *  C,v  +  C-w.  +•  C.w 
1  CC  2  €n  3  nn  4  £  5  n 


C1  ‘  <Allyn  '  *12Vr,  * 

C2  -  MJ^y^  +  A12(x5yn  ♦  x^)  -  2A33x^/32 

S  *  <*11*5  '  *12X5X5  *  *22*|1^2 
C4  ’  <A11B1  +  *12B2  +  h2293^/ai 


C5  -  <*11*4  +  *12B5  *  *2286)/j2 


6  2<VV 


Bl  '  Vtn  '  y*ynn  +  <YcynJn  '  W/J 
b2  *  Vnn  '  Vtn  *  (xnVe  ‘  Wn,/J 


B,  *  *  *r„  ~  *r*  ♦  <X  X  J  -  *  J  )/ J 

3  i  on  5nn  5  n  n  no 


B4  -  *ey5r,  -  Vtt  +  <W?  -  y!Jn>/J 
BS  "  *0*55  ’  x?yCn  +  (Wn  ‘  V?V/J 
Be  -  V?n  ~  xnxS5  +  <W?  ‘  xcV/J 


*  V«  '  yCx5n  ’  V«  *  Vcn 


Jn  "  ynx5n  "  yC*nn  *  V«n  +  Vnn  <23h> 

Notice  that  expressions  (22)  and  (23)  reduce  to  equation*  (5)  for  *u  *  Aa2  “  1 
and  *12  -  0. 

The  angle  6  in  equations  (20)  is  found  fra*  expressions  for  the  unit  no  ratal 
in  the  transformed  plane. 


■>  ,  V,.'  ,V.l 


.  ” ,  ,-^v.  i* 

,  »  '  '*/  ’  V**'* 


.  .  %  ’’  '$* 


v- .  -m**  ~ 


'vn  - 

**  -  <••  i  ■- 

v  ;  ■«/>  /A.#  -  si* 
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6  •  arc  cos  (-ay ^//y)  for  lines  of  constant  n  and  (24a) 

6  “  arc  co8(ov  //a)  for  lines  of  constant  £.  (24b) 

n 


the  nonaal  derivative  of  deflection  in  the  transformed  plane  is  given  by 


—  »  c  (yw  -gw  )/j/y  for  lines  of  constant  n  and 

an  n  ( 

3w  r~ 

—  »  a (aw  -gw  )/J/a  for  lines  of  constant  £. 

an  5  n 

o  is  -fl  for  the  top  and  right  side  and  a  is  -1  for  the  bottom  and  left  side 
of  the  computational  field  to  insure  a  positive  outward  normal. 


(25a) 

(25b) 


Solution  of  transformed  plate  equations 

Equation  (21)  is  the  transformed  governing  Poisson  equation  V2*  *  F  when 
g  »  F.  Substituting  F  for  w  and  setting  g  ”  l/lQ  gives  the  transform  of 
V2F  -  q/qQ.  Expressing  the  derivatives  as  central  finite  differences  yields 
the  following  coupled  algebraic  equations: 


Pi,j  “  Dl<Fi-l,j+l  -  Pi+l,j+l  +  Pi4l,j-1  '  ^-l.j-l* 


4  D,F.  ...  4  D,F,  .  .  +  D  .F.  ,  .  4  D-F,  .  ,  -  D,  -S- 
2  i,j+l  3  i-l,j  4  i+l,j  5  i,j-l  6  qQ 


Similarly 


wi,j  ”  Dl<Wi-i,j+l  "  Wi+1, j+1  "  wi-l,J-l  +  Wi+l,j-l) 


4  D„W.  ...  4  D,W.  ,  .  4  D.W,..  .  4  D-W.  .  ,  -  D.F.  . 
2  i,j4l  3  i-l,j  4  i+1 # j  5  i,j-l  6  i,j 


where 


-1/4  C3C6 

<C2  +  1/2  Cs)C6 

(Cx  "  1/2  C4)C6 
(C  4  1/2  C4)C6 


(26a) 


(26b) 


(27a) 

(27b) 

(27c) 


<27d) 


T 
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<C2  -  1/2  C5)C6 

(27e) 

j2C6 

(27f ) 

If  the  values  of  w  and  F  are  specified  on  the  plate  boundary,  equations 
(6)  can  be  solved  by  point  SOR  iteration  methods.  The  normal  slope  can  be 
computed  at  each  boundary  point  by  expressing  the  derivatives  of  w  in 
equations  (2S)  as  forward,  central,  or  backwards  finite  differences  depending 
on  the  location  of  the  boundary  point  in  the  transformed  field.  The  calculation 
of  the  normal  moment  at  a  boundary  point  requires  first  the  angle  between 
the  outward  normal  and  the  x  axis.  This  angle  is  evaluated  from  equations  (24) 
and  used  in  equations  (20)  to  obtain  the  coefficients  A..,  A^,  and  A22  of  the 
deflection  derivatives  in  the  physical  plane.  Using  these  values  of  A,1#  A  , 
and  A—  the  coefficients  of  equation  (21)  can  be  computed  by  evaluating  equa¬ 
tions  (23)  and  (22).  The  actual  expression  for  normal  moment  depends  on  the 
location  of  the  boundary  point.  Forward,  backward,  and  central  finite 
differences  are  used  to  compute  the  derivatives  of  w  on  the  four  sides  and  four 
comers  of  the  transformed  field.  Then  the  boundary  moment  i3  computed  from 
equation  (21) . 

The  computer  code  for  the  solution  of  plate  deflection  problems  requires 
the  identification  of  the  type  of  boundary  condition  present.  This  identifier 
selects  either  the  normal  moment  equation  or  the  normal  slope  equation  for 
the  boundary  value  to  be  satisfied.  Starting  values  of  w  and  F  are  chosen  for 
the  plate  and  the  governing  equations  are  solved.  Next,  the  boundary  value 
of  slope  or  moment  is  calculated  and  compared  with  the  value  actually  present 
an  the  boundary.  This  comparison  dictates  a  change  in  the  value  of  F  on  the 
boundary  and  the  procedure  is  repeated  until  convergence  is  obtained. 

In  this  work  it  is  assumed  that  the  value  of  F  at  a  boundary  point 
influences  only  the  slope  or  moment  at  that  point.  A  simple  iteration  scheme 

was  used  to  drive  the  calculated  boundary  value  B  to  the  desired  value  B  . 

BUY 

In  the  equation  below  p  is  the  iterate  number,  and  5  is  a  relaxation  para¬ 
meter. 

F^1  -  FP  -  SO^-B^)  •  (28, 

There  are  more  accurate  and  more  efficient  iteration  schemes  than  this,  but 
it  works  well  enough  to  demonstrate  the  validity  of  the  general  method.  There 
is  certainly  influence  on  all  boundary  points  due  to  changing  any  one  value  of 
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F,  and  for  efficiency  of  calculation  a  global  iteration  scheme  should  be  used 
along  with  line  SOR. 
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,  4  a  a  a  a  a  tVi  a’aVA* 
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Fig.  Sa.  Coordinate  system  with  uniform  Fig.  5b.  Coordinate  system  with  an 

boundary  spacing.  exponential  boundary  spacing. 

RESULTS  FOR  UNIFORM  SHAFTS 

Four  coordinate  systems  were  generated  for  a  circular  shaft  of  unit  radius 
subjected  to  a  unit  torque.  Two  coordinate  systems  were  simply  connected, 
one  having  a  uniform  spacing  and  one  having  an  exponential  spacing  of  boundary 
points  as  shown  in  Figures  5a  and  5b.  These  coordinate  systems  have  singulari¬ 
ties  at  the  four  points  which  transform  into  the  corners  of  the  rectangular 
transformed  field.  The  stress  cannot  be  coeiputed  at  these  points  but  could 
be  taken  as  the  average  of  the  stresses  at  points  to  either  side.  Considerable 
skewness  of  the  coordinate  system  occurred  near  the  corner  points.  The  stress 
distribution  along  line  CF  in  Figure  5a  which  has  orthogonal  coordinates  was 
linear,  and  along  line  AF  which  has  skew  coordinates  the  stress  distribution 
deviated  somewhat  from  linear.  The  value  of  the  maximum  stress  differed  from 
the  exact  value  by  .42%  at  point  C,  by  .59%  at  point  B,  and  by  -.68%  at  point  A. 
This  error  can  be  accounted  for  largely  by  a  torsion  constant  .375%  too  small. 
Trapexoidal  integration  which  gives  a  value  smaller  than  the  actual  volume 
was  used  to  find  the  volume  under  the  deflected  membrane. 
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Fig.  Sc.  A  comparison  of  surface  shear  stress  error  for  two  simply  connected 
coordinate  systems  showing  the  effect  of  coordinate  spacing  and 
skewness . 

Figure  5c  shows  a  plot  of  stress  error  in  relation  to  the  coordinate  spacing 
for  the  simply  connected  coordinate  systems  in  Figures  5a  and  5b.  One  sees  5% 
error  in  the  region  of  large  spacing  around  points  B  and  D  for  coordinate 
system  5b.  Skewness  effects  can  be  seen  also. 

By  introducing  a  small  hole  at  the  center  of  the  shaft  an  orthogonal 
coordinate  system  was  generated  for  the  doubly  connected  region  as  shown  in 
Pigure  6a.  A  constant  value  of  stress  around  the  outer  boundary  was  .3%  in 
error.  Another  small  hole  (diameter  .01}  was  introduced  at  one  half  the 
radius  of  the  shaft  (r  »  .5),  and  a  coordinate  system  was  generated  which  was 
not  orthogonal  as  is  shown  in  Figure  6b.  The  coordinate  spacing  is  uniform  on 
the  boundary  for  both  of  these  cases  which  should  have  constant  stress  around 
the  outer  boundary.  Pigure  6c  shows  the  effect  of  coordinate  skewness  on  the 
error.  Even  though  both  systems  have  51  radial  coordinates,  the  radial  spacing 
near  the  boundary  for  the  system  in  6b  is  twice  as  great  as  for  the  system  in 
6a,  and  this  is  reflected  in  the  accuracy  in  Pigure  6c  near  points  A  and  B 
where  the  skewness  is  not  large. 


Fig.  6a.  Orthogonal  coordinate  system  Fig.  6b.  Non-orthogonal  coordinate 

with  uniform  boundary  coordinate  system  with  uniform 

spacing.  boundary  coordinate 

spacing . 


Fig.  6c.  A  comparison  of  surface  shear  stress  error  for  five  multiply 
connected  coordinate  systems  showing  the  effect  of  coordinate 
spacing  and  skewness. 


A  plot  of  stress  along  line  FA  in  Figure  6b  shows  a  linear  distribution 
with  a  spike  at  the  interior  hole  located  at  r  -  .5.  The  stress  on  the  sides 
of  the  hole  is  twice  the  stress  at  r  •  .5  remote  from  the  hole,  just  as  pre¬ 
dicted  by  Kelvin's  fluid  flow  analogy.  Figure  7  shows  the  distribution  of 
stress  around  the  small  hole,  and  it  differs  from  a  sinusoidal  distribution 
because  of  the  non-uniformity  of  the  "flow  field”  around  the  hole. 


r 


Fig.  7.  A  comparison  of  theoretical  and  numerical  shear  stresses  around  a 
small  hole  at  mid  radius  of  a  circular  shaft. 

Figure  8a  shows  coordinate  systems  generated  for  a  hollow  circular  shaft 
with  a  keyseat  cut  into  it.  The  inner  and  outer  radii,  keyseat  dimensions, 
and  keyseat  radius  were  chosen  to  conform  to  an  example  from  Timoshenko5. 

The  circular  fillet  in  the  keyseat  had  three  points  for  one  coordinate  system 
and  five  points  for  another.  Stress  calculations  gave  values  of  2.43  and  2.67 
for  the  stress  concentration  at  the  fillets  which  compare  with  the  value  3.4 
given  by  Timoshenko5.  More  closely  spaced  coordinates  would  probably  increase 
the  stress  on  the  fillet  slightly.  The  value  given  by  Timoshenko  was  deter¬ 
mined  experimentally  by  a  fluid  flow  measurement  and  could  easily  be  in  error. 
Figure  8b  shows  a  plot  of  membrane  deflection  contours  around  the  keyseat,  and 
Figure  8c  shows  the  stress  contours  which  clearly  indicate  stress  concentration 
around  the  keyseat  fillets. 
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Fig.  8a.  Coordinate  ays  teats  for  the  region  around  the  keyseat  in  a  hollow 
circular  shaft. 


Fig.  8b.  Membrane  deflection  contours  Fig.  8c.  Shear  stress  contours  around 
around  the  keyseat  in  Fig.  8a.  the  keyseat  in  Fig.  Ba. 


RESULTS  FOR  NON-UNIFORM  SHAFTS 


( 

J 


Exact  solutions  exist  for  the  stress  function  in  uniform  and  tapered 
.  shafts.  Rather  coarse  coordinate  systems  were  generated  for  these  two  shafts, 

and  calculations  for  the  stress  functions  yielded  a  quart ic  distribution  of 
stress  function  and  a  linear  distribution  of  stress.  The  surface  stresses  were 
computed  within  .48%  of  the  exact  value  for  the  uniform  shaft  and  within  .67% 

|  of  the  exact  value  for  the  tapered  shaft  using  20  radial  coordinates.  Due  to 

the  presence  of  a  i  term  in  the  governing  differential  equation ,  it  was 

(  r 

*  necessary  to  use  a  locally  optimum  acceleration  parameter  to  obtain  conver¬ 

gence  by  SOR  iteration. 

..  j  As  a  further  test  of  the  boundary  fitted  coordinate  method,  the  problem 

of  two  uniform  shafts  of  different  dimeters  connected  by  a  circular  fillet 
was  considered.  Coordinate  systems  were  generated  for  six  different  shafts, 
and  stresses  were  computed  and  compared  with  measurements  made  by  Jacobsen6, 
who  used  an  electrical  analogy  to  experimentally  measure  the  stress  concen¬ 
tration  in  shafts.  A  coordinate  system  typical  of  the  six  generated  for  the 
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Fig.  9a. 


Coordinate  system  for  a  stepped 
shaft  whose  diameters  are 
connected  by  a  circular  fillet. 


Fig.  9b.  Shear  stress  contours 

around  the  circular  fillet 
connecting  a  stepped 
shafts'  two  diameters. 


Bf 

R 


Fig.  9c.  Comparison  of  numerical  with 

experimental  stress  concentra¬ 
tion  factors  for  stepped 
shafts. 


Fig.  9d.  Comparison  of  numerical 
with  experimental  shear 
stress  along  a  circular 
fillet  in  a  stepped  shaft. 


shafts  is  shown  in  Figure  9a,  and  a  typical  set  of  stress  contours  is  shown  in 
Figure  9b.  The  maximum  stress  was  found  and  converted  to  a  stress  concentration 
factor  and  compared  with  experimental  values  in  Figure  9c.  Agreement  is 
excellent  except  for  small  fillet  radii ,  and  Jacobsen  did  not  believe  the 
accuracy  of  his  results  in  this  region  due  to  the  difficulty  of  measuring 
electrical  potential  differences  over  small  lengths.  Figure  9d  shows  stress 
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distributed  along  the  fillet  for  one  shaft.  The  agreement  with  Jacobsen's 
data  is  excellent  except  in  the  comer  above  the  fillet  where  no  effort  was 
made  to  attract  coordinate  lines  (see  Figure  9a)  since  the  stress  is  known 
to  be  sero  in  external  comers.  Results  for  four  shafts  with  circular 
grooves  of  various  radii  and  depths,  and  for  a  shaft  of  two  diameters  with  a 
linear  transition  between  the  diameters  are  presented  in  Young7. 


RESULTS  FOR  PLATES  OF  ARBITRARY  SHAPE 

The  deflection  of  plates  involved  coupled  Poisson  equations  and  boundary 
conditions  somewhat  more  complicated  than  those  used  in  the  torsion  of  shafts. 
In  spite  of  the  complexities  of  simultaneous  governing  equations  and  second 
derivative  boundary  conditions,  accurate  plate  deflections  were  computed. 

Initial  efforts  to  confine  the  accuracy  of  the  oomputer  code  were  directed 
toward  the  solution  of  classical  plate  problems  which  had  Dirichlet  boundary 
conditions,  namely  sero  deflection  and  sero  Ft-V2*).  These  conditions  hold  for 
any  simply  supported  polygonal  plate.  Other  problems  such  as  circular  plates 
or  circular  sector  plates  had  sero  deflection  along  the  boundary  and  a  known 
constant  F  (circular  plates)  or  known  variable  distribution  of  F  (circular 
sector  plates)  along  the  boundary.  When  the  boundary  values  of  w  and  F  were 
prescribed,  a  point  SOR  iteration  of  the  coupled  governing  equations  converged 
to  the  analytical  solution  with  an  accuracy  which  depended  on  number  of 
coordinates  (grid  eixe) ,  coordinate  spacing,  and  skewness  of  the  coordinate 
system.  When  the  coordinate  spacing  was  small,  errors  of  .01%  or  smaller  were 
obtained,  which  supports  an  earlier  statement  that  the  error  in  the  torsion 


Fig.  10a.  Comparison  of  numerical  and 

theoretical  deflection  contours 

for  a  simply  supported  equi¬ 
lateral  plate  uniformly  loaded. 


Fig.  10b.  Coordinate  system  for  a 
simply  connected  equi¬ 
lateral  triangular 
plate. 
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of  uniform  shafts  or  arbitrary  cross  section  was  due  primarily  to  the  determina¬ 
tion  of  the  torsion  constant  by  numerical  integration  of  the  volume  under  the 
deflected  membrane. 

A  typical  c caparison  of  deflection  contours  is  presented  in  Pigure  10a, 
which  shows  the  close  agreement  between  numerical  and  analytical  contours  for 
an  equilateral  plate  uniformly  loaded  and  simply  supported.  The  coordinate 
system  for  this  plate  is  shown  in  Figure  10b. 

Having  confirmed  that  the  boundary  fitted  coordinate  method  would  yield 
correct  results  for  field  values  of  deflection  and  F  when  the  true  values  of 
boundary  deflection  and  boundary  P  were  specified,  the  next  step  was  to  deter¬ 
mine  the  accuracy  of  calculations  for  boundary  slope  and  boundary  moment.  For 
plates  without  skew  coordinates  (square  or  rectangular  shape)  the  calculated 
slope  at  the  boundary  and  boundary  edge  moments  were  as  much  as  3%  in  error, 
although  the  deflection  and  F  at  the  plate  center  were  nearly  exact.  The 
coordinate  system  in  Figure  5a  was  used  for  circular  plates,  and  it  has  regions 
of  severe  skewness  around  the  four  comer  points.  The  boundary  slope  and 
boundary  mosmnt  values  showed  an  error  which  was  definitely  related  to  the 
skewness.  Variations  from  1%  to  25%  of  the  exact  value  of  slope  were  computed. 
The  effects  of  skewness  on  the  stress  in  a  shaft  were  compared  in  Figure  6c 
for  several  coordinate  systems.  Stress  is  obtained  from  first  derivatives, 
while  boundary  moment  is  obtained  from  second  derivatives,  upon  which  the 
effect  of  skewness  is  more  pronounced. 

For  the  solution  of  an  arbitrary  shape  to  be  possible,  the  unknown  boundary 
values  of  F  must  be  found  which  cause  the  edge  slope  or  edge  moment  to  be  sero 
according  to  simple  or  clamped  boundary  conditions.  This  was  attested  itera¬ 
tively  and  met  with  good  success  if  skewness  was  not  present  in  the  coordinates. 
For  exasple,  the  values  of  F  along  the  boundary  of  a  square  plate  were  varied 
until  the  edge  moment  was  sero.  A  central  deflection  error  of  1%  and  central 
F  value  error  of  .8%  were  obtained.  However,  when  the  same  procedure  was 
attempted  for  a  circular  plate  with  the  coordinate  system  of  Figure  5a  (very 
skewed) ,  the  central  deflection  error  was  2.4%,  and  central  F  value  error  was 
1.9%.  Skewness  would  have  made  the  solution  impossible  except  that  for  the 
circular  plate  it  was  known  that  a  constant  value  of  F  existed  on  the  boundary, 
and  it  was  not  necessary  to  find  a  different  F  at  each  boundary  point,  as  was 
necessary  for  the  square  plate. 

Skewness  is  much  less  pronounced  for  doubly  connected  regions  so  a  circular 
plate  with  a  circular  bole  was  investigated.  This  doubly  connected  region  had 
an  orthogonal  coordinate  system,  with  radial  coordinate  lines  attracted  near 
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the  boundaries.  The  inner  and  outer  boundary  values  of  F,  which  sure  constant 
around  each  boundary  due  to  symmetry,  were  varied  until  the  slope  was  zero  for 
clamped  edges  and  until  the  edge  moment  was  zero  for  simply  supported  edges. 

The  results  were  compared  with  an  analytical  solution  by  Georgian8.  In  each 
case  the  boundary  values  are  satisfied,  but  the  field  values  are  in  error 
about  3%  at  the  point  of  maximum  deflection.  This  is  to  be  expected  since  for 
square  plates  the  boundary  values  were  calculated  to  only  3%  accuracy  for  a 
nearly  exact  deflection  field.  This  error  generally  improves  with  a  denser 
grouping  of  coordinate  lines  (decreasing  grid  size)  on  the  boundary. 

To  demonstrate  the  application  of  the  boundary  fitted  coordinate  method 
to  other  shapes,  an  ellipse  with  an  interior  hole  and  a  triangle  with  an 
interior  hole  were  investigated.  Coordinate  systems  for  these  plates  are 
shown  in  Figures  11a  and  lib,  and  they  are  clearly  non-orthogonal ,  but  the 
skewness  is  not  severe.  The  plates  were  simply  supported  on  all  edges  and  were 
uniformly  loaded.  The  variation  of  boundary  F  was  found  which  satisfied  the 
condition  of  zero  edge  moment,  and  contours  of  plate  deflection  are  shown  in 
Figures  12a  and  12b.  It  is  estimated  that  the  maximum  deflection  error  is  less 
than  the  3*  error  obtained  for  the  circular  plate  with  circular  hole,  since 
there  are  more  coordinates  for  the  elliptical  plate  than  for  the  circular  plate. 


Fig.  11a.  Coordinate  system  for  an 
ellipse  with  a  circular 
interior  hole. 


Fig.  lib.  Coordinate  system  for  an 
equilateral  triangle  with 
a  circular  interior  hole. 


Fig.  12.  Deflection  contours  for  uniformly  loaded  plates  with  interior  and 
exterior  boundaries  simply  supported. 

CONCLUSIONS 

The  boundary  fitted  coordinate  method  simplifies  the  boundary  condition 
description  for  solid  mechanics  problems,  while  complicating  the  governing 
differential  equations  somewhat.  This  is  an  overall  advantage  since  governing 
equations  are  easily  represented  as  finite  difference  expressions,  and  great 
difficulties  are  eliminated  by  having  coordinate  lines  coincident  with  the 
boundaries.  A  distinct  disadvantage  of  the  method  lies  in  its  introduction 
of  skew  coordinates  which  have  an  adverse  effect  on  the  accuracy  of  calculations. 
It  appears  that  the  problems  introduced  by  skewness  can  be  overcome  somewhat  by 
a  finer  grid  spacing  or  more  numerous  coordinates.  An  advantage  of  the 
method  is  the  ease  with  which  problems  of  different  geometry  can  be  worked. 
Practically  the  only  difference  from  one  problem  to  another  lies  in  the 
generation  of  a  coordinate  system  for  the  region  under  consideration. 

The  results  obtained  indicate  that  the  boundary  fitted  coordinate  method 
yields  accurate  results  and  is  relatively  easy  to  apply  to  solid  mechanics 
problems  which  can  be  formulated  in  terms  of  a  field  equation.  The  boundary 
fitted  coordinate  method  should  be  extendable  to  elasticity  problems  and  those 
problems  which  have  moving  boundaries  or  perhaps  regions  of  changing  shape 
(yield  sone  for  example) .  It  is  the  ability  of  the  boundary  fitted  coordinate 
method  to  follow  regions  of  changing  shape  which  should  be  exploited  in 
future  work. 


l  ■  'x  AS.  ' 


t  *  •  ■  •:  *  >:•  ■  -  .  -  '  ■ 


'vfypV**  ■  '  * 


.-»•  .11. 
V*  -  *v*- 
1  i>, 


•'I'., 

>-  •;  r?  '  ^ 

-‘f’  *  W  '  --f  ^  *■  i'  •• 


h  a 


T 


to 

& 

s 


.  >  ■ 


I 


* 

? 


276 


< 

1 


REFERENCES 


1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 


Thompson,  J.  F. ,  Thames,  F.  C. ,  and  Mas  tin,  c.  Vi.  (1977)  NASA  CR-2729. 

Den  Hartog,  j.  p.  (1952)  Advanced  Strength  of  Materials.  McGraw-Hill 
Book  Cos^any,  New  York  and  London,  pp.  1-48. 

Thames,  F.  C.  (1975)  Dissertation.  Mississippi  State  University,  pp.  Al- 
A8. 

Timoshenko,  s.  (1934)  Theory  of  Elasticity.  McGraw-Hill  Book  Company, 

New  York  and  London,  pp.  276-284. 

Timoshenko ,  s.  (1941)  Strength  of  Materials.  D.  Van  Nostrand  Company, 

New  York,  p.  326. 

Jacobsen,  L.  A.  (1925)  Transactions  of  the  ASME,  47,  pp.  619-638. 

Young,  C.  (1980)  Thesis.  Mississippi  State  University. 

Georgian,  J.  C.  (1957)  Journal  of  Applied  Mechanics,  24,  pp.  306-310. 


i 

( 

i 


i 


> 


-  A 


AD  P0009  7  6 

Published  1982  by  Luaviar  science  Publishing  Cospeny,  Inc. 
NUMERICAL  GRID  GENERATION 
•Joe  F.  Thompson,  editor 


277 


COORDINATE  SYSTEM  CONTROL: 


ADAPTIVE  MESHES 


J.  U.  BRACKBILL 

Applied  Theoretical  Division,  Los  Alamos  National  Laboratory,  Los  Alamos,  New 
Mexico  87545 


INTRODUCTION 

In  the  numerical  solution  of  transient  fluid  flow  problems,  the  flow  varia¬ 
bles  are  calculated  at  a  finite  number  of  points.  Typically,  the  points  form 
ordered  arrays  which  are  joined  together  in  some  systematic  way  to  form  a  com¬ 
putation  mesh.  On  this  mesh,  the  flow  equations  are  approximated  by  finite 
differences,  which  are  then  marched  in  time.'' 

It  is  intuitively  obvious  that  the  greater  the  number  of  points  in  the  com¬ 
putation  mesh,  the  more  accurate  the  numerical  solution  will  be.  For  one 
thing,  the  accuracy  of  the  difference  equations  depends  on  the  fineness  of  the 
mesh.  As  importantly,  the  accuracy  of  the  solution  depends  on  the  resolution 
of  flow  gradients.  Where  the  flow  gradients  are  largest,  the  aosolute  error 
in  the  difference  approximation  to  derivatives  is  largest.1  In  adaition, 

more  numerical  diffusion  must  be  introduced  to  maintain  sufficient  smoothness 

? 

of  the  solution  for  nonlinear  stability. 

When  the  flow  gradients  vary  from  place  to  place  and  tne  me»n  spacing  is 
constant,  the  numerical  errors  are  largest  where  f lowgraoients  are  least  well 
resolved.  When  mesh  points  can  be  added,  errors  are  reduced  most  efficiently 
by  adding  points  only  in  regions  of  strong  gradients.^  Similarly,  when  the 
nunber  of  mesh  points  is  fixed,  greater  overall  accuracy  can  often  be  obtained 
by  concentrating  mesh  points  where  gradients  are  strong  and  dispersing  them 
where  gradients  are  weak.  v 

' - -An  algorithm  which  concentrates  and  disperses  points  automatically  based  on 

the  numerical  solution  of  the  flow  equations  is  described  as  adaptive.  Here, 
an  adaptive  algorithm  is  derived  from  a  minimum  principle,  and  its  application 
to  transient  flow  problems  in  two  dimensions  is  described. 

The  major  topics  discussed  are  the  variational  formulation  of  a  mesh  gen¬ 
erator  with  interior  control,  its  use  in  adaptively  rezoning  a  time-dependent 
problem,  and  the  solution  of  the  Inverse  problem  to  allow  adaptive  zoning  of 
arbitrary  initial  meshes.  Some  of  the  discussion  is  reproduced  from  Ref.  1, 

A 

but  the  application  to  time-dependent  problems  is  emphasized. 
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VARIATIONAL  FORMULATION  OF  THE  MESH  6ENERAT0R 

For  the  solution  of  finite  difference  equations  on  a  computation  mesh,  the 
data  is  typically  stored  in  ordered  arrays  of  numbers,  6(i,j)  in  which  the 
indices  i  «  1,  ....  M;  j  -  1,  ....  N,  give  not  only  the  location  of  the  data 
in  computer  memory,  but  also  the  physical  relationship  betwen  the  data  at  one 
vertex  x(i,j)  and  another,  x(i‘,j*). 

In  formulating  the  mesh  generator  problem  mathematically,  it  is  useful  to 
view  the  mesh,  whose  vertices  are  x(i,j),  as  the  image  of  a  mapping  £(?,n)  in 
which  the  points  corresponding  to  Integer  values  of  the  natural  coordinates,? 
and  n,  are  the  mesh  vertices.  The  image  of  the  mesh  in  natural  coordinates  is 
a  uniform,  rectilinear  mesh  with  mesh  spacing  a£  «  An  -  1.  A  mesh  generator 
determines  the  mapping  x(£,n). 

Obviously,  the  differential  properties  of  the  mapping  are  reflected  in  the 
properties  of  the  computation  mesh.  For  example,  [  (9x/a£)2  ♦  (ay/d?)2]1^2 
along  a  level  curve  of  n  is  related  to  mesh  spacing  between  vertices  with  the 
same  index  j.  Similarly,  the  volume  of  computational  cells  is  related  to  the 
Jacobian,  J,  of  the  mapping. 
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and  the  orthogonality  of  the  mesh  Is  related  to  the  scalar,  V£»Vn*  which  is 
zero  when  conjugate  lines  of  the  mesh  are  orthogonal. 

Integrals  over  the  computation  mesh  can  be  written  which  measure  these 
properties  of  the  mapping.  The  global  smoothness  of  the  mapping  (the  varia¬ 
tion  In  mesh  spacing  along  level  curves  of  £  and  n)  is  measured  by  the  Inte¬ 
gral, 


T,  -  /  [(VO2  +  (Vfi)2]  dV  . 

D 

The  orthogonality  of  the  mapping  Is  measured  by, 
2 

To  ■  /  *  *nJ  j3  4V 

D 


and  the  weighted  volume  variation  is  measured  by 
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Iv  -  /  wJ  dV  , 


where  w  »  w(x,y)  is  given. 

The  smoothest  mapping  can  be  obtained  by  minimizing  l$,  the  most  orthog¬ 
onal  mapping  by  minimizing  I'  and  the  mapping  with  specified  variation  of  J 

14  0 

by  minimizing  Iy.  ’ 

A  useful  mesh  generator  results  when  a  combination  of  1^,  Iv  and  I$ 
is  minimized  as  in  the  penalty  method. ^  That  is,  the  integral  I  is  mini¬ 
mized. 


I  -  X.  +  Vv  +  Vo  • 

where  xy  and  xQ  are  positive  constants  of  0(1). 

SOLUTION  OF  THE  VARIATIONAL  PROBLEM  IN  TWO  DIMENSIONS 

To  derive  the  Euler  equations  for  the  variational  problem  formulated  in  the 
preceeding  section.  It  is  first  convenient  to  Interchange  dependent  and  inde¬ 
pendent  variables  using  the  relations. 


5*“-r 


i  -3 
*  ~ 


After  interchanging  variables,  the  smoothness  measure  can  be  written. 


M  H  (*.2+lt.2  +  Vi.2+V2l 

I .-//  ^  in 

1  1  J 


for  which  the  corresponding  Euler  equations  are, 
(»3  3  3  3  .  r  (^2  +  *n2  +  ^2  +  yn2) 


fa  a  a  a  a  .  r 
l57  5t  5TT‘5n  577  1 


]  -  O  . 


<3  _  3  3  _  a  a  ,  ,  (*t2  +  »n2  +  2fe2  +  yn2J  , 

l57  5T  5yj"  57  5V11  - 3 - J  °  * 
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The  measure  of  volume  variation,  after  Interchanging  dependent  and  indepen¬ 
dent  variables,  can  be  written, 

M  N 

I v  -  J  /  «dn  wJ2  , 


for  which  the  Euler  equations  are. 


llj2  -  2  [J(w5y„  -  ^y?)  +  w(J5yn  -  V5)l  "  0  > 


J  -  2  -  x^)  +  w(x^  -  ^J5))  -  0 


Similarly,  the  orthogonality  measure,  I‘,  can  be  written 


M  N 

i'  -  /  /  dtdn  +yey„)2  , 


for  which  the  Euler  equations  are 

bol*«  +  bo2*5n  +  bo3*nn  +  aol^5  +  ao2^n  +  ao3Tnn  *  0  * 


aol*eC  +  a02*Cn  +  ‘03*00  +  c0l^C  +  co2*fco  +  co3?oo  “  0  • 

The  mesh  generator  equations  can  be  written  in  a  form  convenient  for  compu¬ 
tation  by  collecting  the  coefficients  of  the  highest  derivatives  of  x  and  y 
with  respect  to  £  and  n  and  writing, 

blx«  +  VCo  +  b3\n  +  aly«  +  a2y€n  +  a3yoo  “  "j2  8  *  (l) 
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aol  “  •  bol  "  *n2  »  col  *  ?n2  • 

ao2  "  +  •  bo2  “  2<2*fc*h  +  •  co2  "  2<*e*n  +  *Vn> . 

The  generator  equations  form  a  set  of  coupled,  quasi-linear,  partial  differen¬ 
tial  equations  of  second  order  which  are  only  slightly  more  complex  than  in 
the  original  Winslow  algorithm. 

Algebraic  equations  at  each  node  result  from  the  substitution  of  the  dif¬ 
ferences  for  derivatives.  The  system  of  equations  is  solved  by  a  Jacobi  iter¬ 
ation  in  which  the  values  of  x.  <  and  y<  *  are  treated  as  parameters.  The 
iterative  solution  of  these  equations  will  give  new  values  of  x,  .  and  y.  < 
which  satisfy  the  Euler  equations  above.  A  more  complete  discussion  of  the 
numerical  solution  of  the  Euler  equations  is  given  in  Refs.  1  and  6. 

THE  ADAPTIVE  MESH 

By  choosing  an  appropriately  defined  weight  function,  w(x,y),  the  mesh  gen¬ 
erator  can  be  made  part  of  an  algorithm  to  adapt  a  computation  mesh  dynami¬ 
cally  to  data  generated  by  the  solution  of  finite  difference  equations. 

The  weight  function  must  depend  on  the  data  in  such  a  way  that  numerical 
errors  are  reduced.  An  obvious  approach  is  to  minimize  the  truncation  error 
for  a  particular  difference  approximation.  While  this  may  be  optimal,  detailed 
analysis  of  a  given  difference  equation  usually  yields  a  very  complex  expres¬ 
sion  for  the  truncation  error  whose  minimization  may  have  no  clear  connection 
to  the  variational  forms  above. 

However,  a  simpler  approach  yields  a  practical,  yet  useful,  algorithm.  As 
has  been  noted  already,  numerical  errors  are  reduced  significantly  when  flow 
gradients  are  well  resolved.  When  there  are  sufficient  mesh  points  in  each 
gradient  length  of  the  function  being  represented,  the  smoothness  of  the  func¬ 
tion  assures  that  truncation  errors  and  numerical  diffusion  necessary  for  non¬ 
linear  stability  are  reasonable. 

The  choice  of  weight  function,  w,  is  simplified  by  noting  that  as  xy 
becomes  large,  the  solution  to  the  mesh  generator  can  be  written, 

wJz  »  const. 

Where  P,  the  function  being  represented.  Is  positive,  a  weight  function  with 
correct  dimensionality  is  given  by. 
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w  -  (j  V*)4  ,  (3) 

2 

so  that  wJ  Is  dimensionless.  Thus,  where  w  is  large,  corresponding  to 
steep  gradients,  J  will  be  small,  corresponding  to  increased  resolution. 

Although  the  choice  of  weight  function  is  straightforward,  there  are  a 
n inter  of  problems  of  a  practical  nature  which  must  be  solved.  The  gradient 
of  t  is  calculated  from  the  numerical  data  by  finite  differences  and  may 
accentuate  the  roughness  of  the  data.  Variations  in  mesh  size  occur  in  a  dis¬ 
crete  way  in  moving  from  one  cell  to  the  next  and  may  Increase  truncation 
error.  Finally,  there  are  constraints  on  maximum  and  minimum  zone  sizes.  The 
minimum  zone  size  determines  the  time  step,  and  thus  the  cost  of  a  calculation. 
The  maximun  zone  size  cannot  be  greater  than  the  entire  mesh. 

To  address  these  problems,  the  algorithm  must  be  modified.  The  weight 
function  calculated  from  the  data  is  smoothed  to  spread  the  influence  of  a 
single  data  point  over  a  region  of  the  mesh.  The  coefficient,  *y,  is  typi¬ 
cally  chosen  to  be  0(1)  so  that  the  Influence  of  the  smoothness  integral 
results  in  a  smooth  variation  in  cell  size  from  zone  to  zone.  Finally,  w  is 
scaled  between  maximum  and  minimum  values  corresponding  to  prescribed  maximum 
and  minimum  zone  sizes. 

A  NUMERICAL  EXAMPLE  OF  ADAPTIVE  ZONING 

A  simple  example  illustrating  the  effect  of  adaptive  zoning  in  two  dimen¬ 
sions  Is  afforded  by  considering  the  steady  solution  of  a  convection  diffusion 
equation  in  two  dimensions. 


v»(*U)  -mv2*  -  0  , 

where  U  -  fu(r)  is  given,  and  fi  is  a  positive  constant.  On  an  infinite 
domain,  the  first  Integral  of  the  equation  is  simply. 

U*  -mV*  -  0  . 


One  can  see  clearly  that  when  n  is  small,  where  U  is  finite  v*/*  will  be  very 
large.  Choosing  U(r)  to  be  a  function  which  Is  non-zero  only  in  an  annulus  of 
width  «r  at  rQ  will  result  in  the  formation  of  a  boundary  layer  at  rQ. 

To  demonstrate  the  Increased  accuracy  of  difference  equations  with  adaptive 
zoning  the  solution  *  is  given  analytically,  and  the  error  is  defined  as  the 
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value  of  the  RHS  of  the  first  Integral  when  9 6  Is  approx 1 Mated  by  a  finite 
dl fference. 

The  result  of  a  numerical  calculation  on  a  square  domain,  0  <  x  <  1, 

0  <  y  <  1,  with  r>0atx>y>  1/2,  rQ  .  1/4,  and  UQ  -  12  is  shown  in 
Fig.  1.  Where  there  is  rapid  variation  of  4,  the  cells  in  the  adapted  mesh 
are  small  in  the  figure. 

An  important  result  is  shown  In  Fig.  2a  where  the  variation  of  Iy,  I$ 
and  the  error,  c,  with  xy  is  shown. 

Clearly,  minimizing  ly  reduces  the  error  since  both  Iy  and  c  decrease 
together  as  xy  increases.  The  decrease  in  Iy  results  in  a  small  Increase 
in  I$  corresponding  to  a  departure  from  Winslow's  mesh.  The  decrease  in  c 
as  xy  Increases  from  0  to  1  is  dramatic;  from  25% to  3.5%.  The  conclusion 
is  that  with  increasing  adaptivity,  substantial  increases  in  accuracy  are 
obtained.  The  effect  of  varying  the  size  of  the  mesh  with  and  without  adap¬ 
tivity,  shown  in  Fig.  2b,  indicates  that  equivalent  accuracy  1$  obtained  with 
the  adaptive  mesh  with  one  tenth  as  many  cells  as  in  the  nonadaptive  mesh. 


ADAPTIVE  ZONING  OF  TIME-DEPENDENT  PROBLEMS 

Time  dependent  flow  calculations  can  be  adaptively  zoned  simply  and  cheaply 
by  the  following  algorithm.  At  the  beginning  of  each  time  step,  the  weight 
function  is  calculated  from  the  numerical  data  and  processed  as  described 
above.  The  coordinates  of  the  mesh  are  stored,  and  new  coordinates  are  calcu¬ 
lated  from  the  mesh  generator  and  separately  stored.  Either  by  interpolation 
or  by  the  solution  of  transport  equations  In  conservation  form,7  the  data 
are  transferred  from  the  old  mesh  to  the  new  one,  and  the  new  mesh  replaces 
the  old  mesh  in  memory. 

The  algorithm  Is  explicit.  The  new  mesh  is  generated  with  data  from  the 
previous  time  step  and  does  not  anticipate  changes  which  may  occur  during  the 
course  of  the  time  step.  This  splitting  of  time  advancement  of  the  flow  equa¬ 
tions  and  time  advancement  of  the  mesh  is  more  accurate  when  the  solution 
changes  slowly  from  time  step  to  time  step,  as  expressed  by  the  Inequality, 
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One  might  object  that  this  condition  may  be  violated  locally,  especially  In 
singular  perturbation  problems.  For  exaaple,  a  shock  may  move  a  distance 
comparable  to  Its  width  In  a  time  step  resulting  In  large  changes  In  the  solu¬ 
tion  In  the  neighborhood  of  the  shock.  With  this  In  mind,  one  can  understand 
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the  value  of  smoothing  the  weight  function  so  that  the  fine  zoning  Induced  by 
strong  gradients  In  the  shock  front  extends  some  distance  to  either  side  of 
the  shock  front.  Thus,  a  more  relevant  condition  for  the  time  step  Is  given 
by  the  rate  of  change  of  the  weight  function, 

1  3w  t  , 
w  5T  4t  <  *• 

When  the  weight  function  Is  varying  too  rapidly,  additional  smoothing  of  the 
data  Is  often  required  (with  some  consequent  loss  In  adaptivity). 

When  the  Inequality  above  Is  satisfied,  the  displacement  of  the  mesh  over  a 
time  step  Is  relatively  small,  and  the  mesh  at  the  beginning  of  the  time  step 
very  nearly  satisfies  the  mesh  generator  equations.  After  only  two  or  three 
Iterations,  the  solution  Is  usually  sufficiently  good  that  further  Improvement 
Is  unnecessary.  There  Is  also  a  physical  argument  why  this  Is  so.  The  change 
In  the  flow  solution  over  a  time  step  at  a  given  point  depends  only  on  the 
flow  variables  at  neighboring  points.  So  that  the  mesh  generator  can  respond 
on  the  same  time  scale  as  the  flow  solution,  the  domain  of  dependence  for  each 
point  In  the  mesh  must  be  at  least  as  large.  Since  each  iteration  of  the  mesh 
generator  Increases  the  domain  of  dependence  by  one  cell  In  every  direction, 
two  or  three  Iterations  are  sufficient. 

The  value  of  adaptive  grlddlng  In  time-dependent  flow  problems  can  be  Iden¬ 
tified  by  considering  the  problem  of  numerical  diffusion.  In  all  flow  calcu¬ 
lations,  the  approximation  to  convective  transport  Introduces  numerical  diffu¬ 
sion.  The  amount  of  diffusion  can  be  estimated  by  truncation  error  analysis.2 
For  example,  when  convective  transport  In  one  dimension  Is  approximated  by  an 
Implicit  difference  equation,8 


n+1 

where  -  #(j«x,(n,*-l)«t),  the  differential  equation  approximated  by 
the  difference  quatlon  to  0(«x3,at2)  Is, 


where  r'  Is  the  nwerlcal  diffusion 
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When  it  is  required  for  accuracy's  sake  that  uat  ax,  x'  can  be  written. 
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Clearly,  when  flow  gradients  are  not  resolved  and  ax(au/3x)  >  u,  «'  is  nega- 

2 

tive  and  numerical  instability  results.  Analysis  of  other,  standard  dif¬ 
ference  approximations  yields  similar  results. 

There  are  a  number  of  approaches  to  maintaining  stability.  Historically, 
an  explicit  numerical  viscosity  has  been  added  to  the  flow  equations  to  smooth 
gradients  and  make  than  resolvable.  However,  the  consequent  reduction  of  max¬ 
imum,  representable  Reynolds  numbers  is  currently  considered  unacceptable. 
Several  other  approaches  which  do  not  introduce  excessive  additional  diffusion 
are  now  available.  One  can  calculate  the  negative  diffusion  locally  from 
truncation  error  analysis,  and  compensate  by  adding  a  comparable  positive  dif¬ 
fusion.  One  can  control  diffusion  locally  using  flux  corrected  transport. 
Alternatively,  one  can  Improve  the  resolution  of  flow  gradients  through  adap¬ 
tive  gridding.  In  this  case  adaptive  gridding  not  only  increases  the  accuracy 

of  numerical  calculations,  but  also  the  stability.  Of  course,  adaptive  grid- 

g 

ding  is  compatible  with  flux  corrected  transport. 

The  effect  of  adaptive  gridding  is  illustrated  by  the  numerical  solution  of 
Fisher's  equation  in  a  moving  frame, 

it  +  o  •  v*  -  kV  •  V*  +  ♦(!  -  ♦>/*  , 

St  ~ 

where  is  the  frame  velocity,  k  the  diffusion  coefficient,  and  r  the  reac¬ 
tion  time.  This  single  equation  contains  many  of  the  effects  modelled  by  a 
system  of  equations  describing  diffusion  of  chemically  reacting  materials. 

In  one  dimension,  the  solution  to  Fisher's  equation  corresponds  to  a  steady 
front  moving  with  speed  v  -  (x/r)*^,  Across  the  front,  whose  thickness  is 
proportional  to  $  increases  from  zero  to  one.*® 

Since  Fisher's  equation  will  be  solved  on  a  moving  grid,  it  is  convenient 
to  Integrate  the  equation  over  a  volume  whose  boundary  is  moving  with  local 
velocity  U, 


**  >s*_  '^rvre?' 


nature  of  the  numerical  diffusion,  the  reduction  results  from  better  resolu¬ 
tion  of  the  flow  gradients. 


AOAPTIVITY  FOR  ARBITRARY  MESHES:  THE  INVERSE  PROBLEM 

To  apply  adaptivity  to  a  non-uniform  mesh,  one  must  solve  the  following 
Inverse  problem:  consider  a  mesh  given  by  the  solution  of  the  mesh  generator 
equations  with  xy  «  0.  This  mesh  satisfies  the  generator  equations  with 
xy  i  0  only  for  some  particular  w(x,y),  which  must  be  calculated. 

In  a  typical  problem,  one  has  no  a  priori  knowledge  of  the  location  of 
boundary  layers  or  shocks.  However,  the  boundaries  of  the  domain  or  embedded 
structures  may  be  represented  most  conveniently  using  the  mesh  generator  with 
xy  m  0,  or  by  a  simple  functional  mapping  x(£,n),  y(E.n).  To  adaptively 
zone  a  calculation  using  this  mesh  as  the  initial  mesh,  one  must  calculate  the 
corresponding  Wj(x,y). 

The  weight  function  Wj(x,y)  can  be  calculated  from  the  Euler  equations 
most  conveniently  when  they  are  written  in  a  form  which  explicitly  displays 
their  dependence  on  w  and  Its  derivatives.  This  form  can  be  derived  from  Eqs. 
(1)  and  (2)  by  collecting  coefficients  of  w,  aw/ax  and  aw/ay  to  obtain, 
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where  S^,  $z,  R^  and  Rz  are  easily  evaluated  using  the  definitions  of 

the  coefficients  and  are  functions  of  the  given  mesh  coordinates. 

These  equations  are  easily  Integrated  along  level  curves  of  the  computation 

mesh.  Noting  that  w*  and  w  are  given  by  the  chain  rule,  the  derivatives 
C  n 

can  be  written, 


-{(Sj  ♦  wRj)x£  +  ($2  ♦  ^Jy^j/x^2 
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On  level  curves  of  the  mesh  where  £  is  constant,  one  Integrates  the  equation 
for  w  ,  and  vice  versa  for  mesh  lines  where  n  Is  constant.  So  that  the 
resulting  w  Is  single  valued,  one  must  require  that  the  difference  equations 
satisfy  the  condition, 

<V'<V"°  * 

where  the  brackets  denote  difference  equations. 

A  simple  example  taken  from  a  recent  calculation  of  magnetic  reconnection 
In  the  earth's  magnetosphere  Is  shown  In  Fig.  7.  The  mesh  Is  generated  In  the 
upper  half  plane  with  level  curves  of  £  corresponding  to  nested  ellipses  whose 
eccentricity  Increases  from  zero  at  the  center  to  some  large  value  on  the  out¬ 
side.  In  addition,  the  distance  between  ellipses  Increases  geometrically  from 
the  center  outward. 

With  xy  i  0  and  w  calculated  from  Eqs.  (4)  and  (5)  above,  the  mesh  which 
satisfies  the  generator  equations  Is  as  shown.  With  w  equal  to  a  constant, 
the  mesh  would  collapse  onto  the  center  of  curvature.® 

ADAPTIVE  ZONING  FOR  MOVING  BOUNDARY  CALCULATIONS 

In  many  moving  boundary  calculations,  the  ability  to  redistribute  points 
along  the  boundary  Increases  the  accuracy  and  reliability  of  the  calculations. 
For  example.  In  the  modeling  the  Raylelgh-Taylor  Instability  at  the  Interface 
between  two  fluids  regions  of  large  curvature  may  develop  which  require  addi¬ 
tional  points  to  resolve.  When  the  total  number  of  points  along  the  Interface 
Is  fixed,  the  points  may  be  redistributed  along  the  curve  using  the  adaptive 
mesh  generator. 

Where  the  curve  Is  parameterized  by  s,  so  that  x  -  x(s),  y  »  y(s)  where  s  - 
s(£),  the  analogue  of  the  smoothness  Integral  along  the  curve  may  be  written, 

*s  d*  * 

To  alter  the  distribution  of  points  along  the  boundary,  the  Integral, 
IR.Jws*d£  , 

Is  minimized  with  given  weight  function  w(s).  When  w  Is  proportional  to  the 
curvature. 
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JL  /  ♦  dV  -  -  /  <*  •  F)  d.  +  /  <4(1  -  4  )/t )  dV  , 

»  •  ~  v 

where  Ji  Is  the  displacement  of  the  grid  over  a  time  step  and  where  £,  the 
transport  across  the  surface  of  the  moving  control  volume  due  to  convection 
and  diffusion  is  given  by, 

r  -  (<”o  -  o)  -  «v 4 

As  noted  by  Thompson,  et  si.,6  conservation  form  is  preserved  in  natural 
coordinates. 
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v  •  F  -  {(P^  -  +  (-F^  ♦  P2^)n)/J 


where  F^  and  F?  are  the  x  and  y  components  of  F.  In  this  form,  difference 
equations  In  natural  coordinates  are  easily  derived. 

Using  an  algorithm  which  combines  donor  and  Interpolated  donor  cell  differ¬ 
encing  in  the  correct  proportion  to  guarantee  positive  diffusion,7  Fisher’s 
equation  is  solved  on  the  domain  0  <  x  £  l,  0  <  y  <  L  with  (  .  c  >  0  in  a 
small  neighborhood  of  (x.y)  -  (0.2L,  0.21)  initially,  and  U  -  (v,v),  where  v  - 
(k/t)  ,  a  circular  front  expands  to  eventually  fill  the  domain.  with 

(«r)^2  -  1(T2L,  the  thin  front  shown  in  Fig.  4  results  at  t  -  0.4L/(k/t)172. 

With  an  Eulerlan  mesh,  the  results  with  a  mesh  of  625  cells  shown  in  Fig.  3 
are  typical  of  a  calculation  with  significant  numerical  diffusion.  The  speed 
of  the  front  Is  greatest  toward  the  lower  left  corner,  and  the  front  actually 
overtakes  the  Incoming  flow  and  stops  only  at  the  boundary.  When  the  mesh 
size  Is  increased  to  5625  cells,  the  results  shown  In  Fig.  4  are  satisfactory. 
The  speed  of  propagation  Is  approximately  correct  and  the  shape  of  the  front 
Is  circular. 

With  an  adaptive  mesh  and  weight  function  given  by  Eq.  (3),  the  results 
with  625  cells  are  shown  In  Figs.  5  and  6,  and  are  similar  to  the  finely  zoned 
Eulerlan  calculation  with  nearly  ten  times  as  many  cells.  The  speed  of  propa¬ 
gation  Is  nearly  correct,  and  the  shape  is  roughly  circular.  (With  finer  zon¬ 
ing,  there  Is  further  Improvement  as  one  might  expect.) 

With  the  same  nuaber  of  zones,  evidently  the  adaptively  zoned  calculation 
introduces  less  numerical  diffusion  than  the  Eulerlan  one.  Because  of  the 
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points  along  the  curve  are  concentrated  In  regions  of  greatest  curvature. 

The  Euler  equations  for  combined  smoothing  and  curvature  resolution  terns 
can  be  written, 

0  *  +  W  ’ 

A  simple  numerical  example  of  the  effect  of  adaptive  zoning  on  an  Interface 
Is  shown  in  Fig.  8.  In  this  example,  points  are  distributed  at  equal  inter- 

A 

vals  along  the  curve  y  -  sin  x  when  iR  -  0.  and  are  concentrated  where 
the  curvature  Is  largest  when  xR  -  100.  Note  that  the  area  under  the  curves 
is  the  same.  Displacements  of  points  along  the  curves  are  constrained  to  pre¬ 
serve  the  area  under  the  curve. 

CONCLUSIONS 

The  discussion  of  the  formulation  and  properties  of  the  adaptive  mesh  algo¬ 
rithm  Is  as  complete  as  space  permits.  Some  additional  details  and  examples 
are  given  In  Refs.  1  and  9.  Other  aspects  of  the  method,  especially  regarding 
the  use  of  adaptive  gridding  In  realistic  calculations,  are  described  in  Refs. 
11  and  12. 

As  should  be  clear  from  the  discussion,  adaptive  gridding  is  most  useful 
for  singular  perturbation  problems  where  localized  regions  with  large  gradients 
develop  spontaneously.  Often,  choosing  the  correct  weight  function  is  not 
trivial,  and,  sometimes,  it  is  appropriate  to  cause  the  mesh  to  respond  to 
structure  In  several  dependent  variables  simultaneously. 

An  interesting  new  direction  for  adaptive  meshes  Is  described  in  Ref.  12. 
There,  an  adaptively  zoned,  partlcle-ln-cell  method  Is  presented.  Numerical 
diffusion  of  material  properties  Is  eliminated,  and  changes  in  scale  are  accom¬ 
modated.  The  method  appears  to  have  significant  potential  for  multi-material 
calculations. 
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Fig.  1.  In  the 
adaptive  mesh,  the 
zones  are  concen¬ 
trated  In  an  annulus 
where  there  Is  the 
greatest  variation 
in  the  solution. 


293 


Fig.  3.  The  solution  of 
Fisher’s  equation  on  a  625  zone 
Eulerian  mesh  is  depicted. 
Contours  of  constant  i  are 
concentrated  in  the  front  across 
which  6  increases  from  0  outside 
to  1  inside.  The  distortion  of 
the  front  from  the  correct, 
circular  shape  is  evident. 


Fig.  4.  With  a  5625  zone  Euler¬ 
ian  mesh,  a  solution  with  a  more 
circular  front  and  correct  pro¬ 
pagation  speed  is  obtained. 


Fig.  5.  With  a  625  zone  adaptive 
mesh,  a  comparable  solution  to 
one  with  a  5625  zone  Eulerian 
mesh  Is  obtained.  The  shape  Is 
nearly  circular  and  the  propaga¬ 
tion  speed  Is  approximately  cor¬ 
rect. 


Fig.  6.  The  mesh  corresponding 
to  Fig.  5  Is  shown.  Note  the 
concentration  of  zones  In  the 
front . 


Fig.  7.  A  computation  mesh  for  a  simulation  of 
reconnection  in  the  earth's  magnetosphere  is  shown. 
The  grid  results  from  the  solution  of  the  inverse 
problem  with  adaptivity  implemented. 


Fig.  8.  In  (a}>  points  are  equally  spaced  along  the 
curve.  In  (b),  the  points  are  concentrated  in 
regions  of  high  curvature. 
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I.  INTRODUCTION 

Finite  difference  practitioners  frequently  make  use  of  arbitrary  coordinate  transforms 
and  introduce  body  conforming  curvilinear  grid  systems.  The  coordinate  transforms  may 
either  be  built  in  globally  in  mappings  from  physical  space  to  computational  space,  or 
they  may  be  built  in  locally  in  the  finite  volume  sense.  The  advantages  of  using  body 
conforming  curvilinear  grids  in  finite  difference  flow  field  simulation  include  the  following: 
Body  conforming  grids  simplify  the  application  of  boundary  conditions  insofar  that  grid 
lines  will  coincide  with  the  body  boundary.  Curvilinear  grids  may  be  clustered  to  flow 
field  action  regions  to  improve  solution  accuracy.  Body  conforming  grids  may  allow 
simplification  of  the  governing  equations.  Such  grids  can  also  help  maintain  a  well-order  4 
system  of  algebraic  equations  suitable  for  vector-computer  processing  or  approrit*.*?,- 
factorization-implicit  techniques. 

The  task  of  generating  suitable  body  conforming  curvilinear  grids  is  not  an  easy  one. 
The  grids  should  be  generated  in  an  automatic  manner  requiring  minimum  user  input. 
Yet  the  user  will  wish  to  maintain  considerable  control  of  where  points  will  be  distributed 
along  the  boundary  surface  and  how  they  are  clustered  in  the  interior  field.  Moreover  the 
grid  must  be  tailored  in  some  degree  to  the  numerical  algorithm  because  some  numerical 
algorithms  are  more  sensitive  than  others  to  grid  smoothness,  skewness,  and  stretching. 

Although  use  of  body  conforming  curvilinear  grids  can  offer  the  advantages  cited 
previously  their  careless  application  can  lead  to  difficulties.  This  is  particularly  true  when 
the  governing  equations  ere  differenced  in  conservative  (i.e.,  divergence)  form  and  transform 
metric  terms  are  brought  inside  the  difference  operators.  Then  as  noted  above,  some 
numerical  algorithms  are  far  more  mesh-sensitive  than  others,  and  numerical  accuracy 
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and  computational  efficiency  can  be  affected  by  how  rapidly  a  grid  changes  or  how  far 
away  it  is  from  orthogonality.  o 

>  The  subject  of  this  paper  is  not  the  generation  of  body  conforming  curvilinear  grids; 
rather  it  is  the  use  of  such  grids  in  finite  difference  applications.  In  Section  ^  of  this  paper 
the  difficulties  of  solving  the  transformed  equations  in  conservative  form  are  discussed. 
In  Section  IB  various  experiences  are  cited  to  suggest  that  considerable  computational 
efficiency  can  yet  be  gleaned  by  further  improvements  of  the  grid.  Concluding  remarks 

follow  in  Section  IV.  _ _ _ 

v  — 

H.  CONSERVATIVE  DIFFERENCING  OF  TRANSFORMED  EQUATIONS 

a)  Background 

In  aerodynamics  applications  we  frequently  try  to  difference  the  governing  equations 
in  conservative  or  divergence  form.  Conservative  form  differencing  is  preferred  because 
it  best  maintains  the  correct  weak  solution  of  the  governing  equations.  Thus  if  a  shock 
wave  is  captured  by  simply  solving  the  difference  equations  (as  opposed  to  fitting  a  shock 
wave  discontinuity  into  the  difference  equations),  then  the  speed,  location  and  jump  of 
the  shock  can  only  be  correct  if  the  partial  differential  equations  are  in  conservative 
form.  The  difference  equations  must  also  satisfy  the  divergence  relation,  at  least  in  the 
vicinity  of  the  shock.  The  conservative  form  of  the  equations  may  also  be  desirable  for  its 
numerical  properties.  For  example,  nonlinear  equations  in  conservative  form  can  be  more 
cleanly  linearized  about  a  previous  state  than  those  in  nonconservative  form.  This  can 
be  advantageous  in  implicit  marching  procedures  in  order  to  avoid  iterative  solutions  of 
nonlinear  equations  with  each  marching  step. 

Let  the  conservation-law-form  of  the  equations  be  represented  in  Cartesian  coordinates 
as 


&tQ  +  d,F  +  dtG  *=0  (1) 

where  for  simplicity  only  two  dimensions  are  considered.  This  strict  divergence  form  of 
the  equations  can  be  maintained  for  new  independent  variables 


£  =  £(*,  y,  t) 

*?  =  »?(*,».  0 
T  =  t 

as  (c.f.  [1)) 

dfQ  +  d(P  +  d^G  =  0 


Q  =  J“lQ  (4a) 

F  =  +  £*F  +  £,G)  (46) 

G  =  J-l(ntQ  +  tizF  +  ritG)  (4c) 

and  where  J  is  the  transform  Jacobian 

J  —  £*f»  -  £,»?x  (5) 

For  a  thermally  perfect  gas  Q,  F,  and  G  may  represent  the  Cartesian  inviscid  and 
viscous  flux  quantities  for  conservation  of  mass,  momentum  and  energy.  For  example,  for 
inviscid  flow 

(P\  f  P  \  P 

pu  pu2  +  p  puv 

Q=  ,  F=  ,  G=  (6) 

pv  puv  pv*  +  p 

Ve/  \«(e  +  P)J  VM«  +  P)> 

where  p  is  fluid  density,  u,  v  and  w  are  Cartesian  velocities  components,  p  is  pressure  and 
e  is  given  by 

e  =  (7-ir‘p+|p(«2  +  »a)  (7) 


Alternately  in  the  case  of  compressible  potential  flow 

Q  =  P,  F  —  ptz,  G  =  p<t>,  (8) 

and  p  =  p(4>)  is  determined  by  the  Bernoulli  relation. 

Although  the  transformed  governing  equations  (3)  are  more  complex  than  (1),  apparent 
simplicity  is  returned  to  the  inviscid  flow  equations  with  introduction  of  the  unsealed 


v.f, ; 
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contravariant  velocities 

U  —  &  +  +  Zvv  =  {x(u  -  *)  +  {,(«>  -  p)  (9a) 

V  =  t Jt  +  «?*«  +  i?„t>  =  t?,(«  -  i)  +  tif(v  -  p)  (96) 

For  example,  the  transformed  conservation  of  mass  relation  is  given  by 

dr(p/S)  +  ff((pU//)  +  d,(pV/J)  =  0  (10) 

and  does  not  appear  too  much  more  complex  than  the  Cartesian  form.  Moreover,  if  r\  —  0 
coincides  with  the  body  boundary  surface  then  flow  boundary  conditions  such  as  tangency 
and  no  slip  are  especially  elegant  and  are  expressed  as 

V  =  0  (tangency)  (11) 

C/,V  =  0  (no  slip)  (12) 

To  motivate  further  discussion  is  it  noted  that  the  transformed  equations  (3)  can  be 
derived  by  first  performing  chain  rule  expansions  on  the  terms  of  (1).  For  example 


Fx  =  ZxF(  +  t]xFv  +  tzFt  (13) 

where  rx  —  0.  The  equations  are  then  scaled  by  J~l  and  metrics  are  brought  back  inside 
the  operators  using  differentiation  by  parts.  For  example, 

LS(F-S,(bfy  ™,(&) 

and  so  on.  Terms  are  then  collected  to  give  equation  (3)  as  well  as  combinations  of  metric 
terms  that  will  be  found  to  be  zero.  That  is 

d,Q  +  8,  t  +  8,C  =  «[*((£)  +  8,(7)  +  «.(j)]  +  +  *.(7)] 


(14) 


-  v«r.~ 


•  ‘  **  * 


All  such  right-hand-side  combinations  of  metric  terms  are  found  to  be  zero  because  of  the 


relations 


for  example, 


and  so  on. 


(x/J  —  y» 

(»/  J  —  ~xn 

it  —  ~*t(z  -  Vr(, 


»«(£)  + ».  +  (^)] 


ttz/J  =  ~V( 

1),l  J  =  T( 

n t  =  -*T »/*  -  Vrl), 


F(V(n  -  Vn()  =  0 


The  point  of  all  this  is  that  the  metric  quantities  have  been  worked  inside  the  differential 
operators.  This  is  possible  because  combinations  of  metric  terms  such  as 


are  found.  Note  also  that  unlike  equation  (1),  equation  (3)  has  been  scaled  by  J~l . 

b)  Metric  Differencing 

The  fact  that  the  transformed  governing  equations  now  have  the  metrics  brought 
inside  the  difference  operations  can  lead  to  numerical  errors.  This  is  because  the  metric 
variation  is  now  being  differenced  along  with  the  flow  field  quantity.  In  typical  external 
aerodynamics  applications,  the  flow  quantities  far  from  the  body  are  essentially  constant 
or  uniform.  Difference  terms  should  therefore  be  zero,  and  this  will  be  true  if  equation  (1) 
is  differenced  on  a  uniform  mesh.  For  a  nonuniform  mesh  the  transformed  equations  will 
not  yield  zero  in  regions  of  constant  flow,  however,  unless  proper  differences  of  the  metric 
identities  are  zero,  that  is  from  (14) 


J 


6((t*/J)  + 6,(11  JJ)  =  0  ( 18a) 

6f((,/J)  +  6MJ)  =  0  (186) 

6(( (,/S)  +  6,(tit/J)  +  6,(1//)  -  0  (18c) 

where  S(,  6,  and  6,  are  the  difference  operators  used  in  the  solution  algorithm  for  (3).  If, 
for  example,  the  metrics  (,//,  etc.,  could  be  exactly  evaluated  (as  they  can  be  in,  say, 


rj. 

■ ,  «* 

mm.1 


300 


a  cylindrical  coordinate),  then  equations  (18)  will  not  be  exactly  zero  but  will  be  zero 
to  within  the  order  of  accuracy  of  the  operators  Sf,  etc.  For  a  rapid  variation  of  the 
metrics  and  for  large  grid  spacing — a  phenomenon  frequently  occurring  in  aerodynamic 
applications  in  the  far  field — this  error  can  be  very  appreciable.  It  can,  in  fact,  add  a 
error  source  to  the  equations  that  can  overwhelm  the  solution  accuracy.  However,  if  the 
metrics  themselves  are  differenced  such  that  equations  (18)  are  exactly  zero,  then  this  error 
is  controlled.  For  example,  in  two  dimensional  steady  flow  relations  (18a)  and  (18b)  become 
using  (15) 

*<(*»)  -  Mv<)  =  0  (wo) 

-*<(*„) +  fi,(*e)  =  0  (196) 

If  ]rq  and  ]f(  are  differenced  as  6ny  and  S(p  where  Sn  and  6;  are  the  same  difference  operators 
used  in  the  solution  algorithm  for  (3),  then  the  metric  identities  (19)  exactly  difference  to 
zero.  The  importance  of  satisfying  these  relations  was  pointed  out  in  [2]  in  which  three 
point  central  spatial  differences  were  used  in  the  solution  algorithm  [3]  as  well  as  for  the 
metric  quantities. 

In  three  dimensions  it  becomes  more  difficult  to  exactly  difference  the  metric  identity 
relations.  For  steady  or  simple  unsteady  grid  motion,  Pulliam  and  Steger  [4]  introduced 
an  averaging  process  for  the  steady  terms  that  works  for  any  difference  operator  that  can 
be  differenced  in  parts  as 

6(ut>)  =  (ftvXSv)  +  (pu)(6v)  (20) 

where  p  is  an  averaging  operator.  An  example  of  (20)  is  given  by 

Vuv  =  (/»v)(Vti)  +  (fiu)Vv  (21) 

where  Vu  —  Uj  -  u y_j,  pu  =  etc.  In  extended  work  Thomas  and  Lombard  [5] 

correctly  treated  the  unsteady  metric  variations  and  cleverly  simplified  the  calculation  of 
the  spacial  metric  terms.  They  also  coined  the  term  “metric  conservation  law”  to  describe 
the  fact  that  the  metric  relations  (18)  must  be  differenced  to  be  zero. 

As  one  introduces  higher  order  central  or  one-sided  spatial  difference  operators,  or 
uses  predictor-corrector  schemes,  it  becomes  more  and  more  difficult  to  correctly  satisfy 
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the  metric  relations  (18).  This  ultimately  lead  (4)  to  an  approximate  cancellation  method 
that  relies  on  solving  the  differenced  equations  in  a  simple  perturbation  form: 

M0-0«)  +  «f(>'->'Oo)  +  M6-6oo)  =  0  (22) 

In  the  far  field  F— » F<»,  etc.,  and  any  consistent  difference  scheme  is  satisfied  regardless  of 
how  rapidly  the  metrics  vary.  When  F  appreciably  varies  from  Foe ,  etc.,  it  is  assumed  that 
the  grid  is  sufficiently  smooth  and  refined  so  that  the  metric  erK.'  is  no  greater  than  the 
error  of  differencing  the  fiux  terms.  In  external  flow  application;  this  process  has  worked 
quite  well,  including  successful  use  with  the  potential  flow  equation  (cf.  |6j). 

A  direct  means  of  cancelling  the  metric  errors  is  the  straightforward  one  of  subtracting 
the  error,  for  example,  for  a  stationary  grid 

6tQ  +  S(P  +  SVG  =*  F(6(fv  —  6ng()  +  G(—6(ZV  +  d«r*f)  (23) 

This  puts  the  equation  into  a  weak  conservation  law  form  that  in  principle  does  not  degrade 
the  shock  capturing  properties  of  the  scheme.  It  could,  however,  contribute  to  a  mild 
source-term  weak  instability  that  would  be  alleviated  somewhat  by  spatial  averaging  of 
the  right-hand  side  F  and  G  flux  terms.  These  right-hand-side  flux  terms  can  also  be 
approximately  evaluated  at  oo  in  somewhat  duplication  of  (22)  above. 

The  whole  problem  of  differencing  the  metrics  has  been  avoided  in  [7-10].  In  this 
approach  the  Cartesian  equations  are  expanded  by  chain  rule  and  then  simply  left  that 
way.  That  is 

drQ  +  Zt&tQ  +  ItdqQ  +  C*ff<F  + 1 ?»0„F  +  £td(G  + i;  pd„F  —  0  (24) 


and  is  called  the  quasi-linear  form  by  Shamorth  and  Gibeling  [10]  or  chrm-rule  conservation 
form  by  Hindman  (0[.  Although  the  Jacobian  is  never  divided  through,  this  form  is 
somewhat  similar  to  the  weak  conservation  law  form  (23)  just  discussed,  particularly  so 
with  averaging  of  F  and  G.  It  should  also  properly  capture  the  correct  jump  relations. 
The  chain-rule  conservation  form  may  well  be  a  good  compromise  to  differencing  the 
transformed  equations  in  conservative  form.  For  certain  algorithms  (e.g.,  Beam-Warming 
[3])  it  appears  to  require  more  work  than  using  the  strong  conservation  law  form  with  free 
stream  correction. 
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c)  Perturbation  Form  Digression 

The  above  idea  of  subtracting  out  the  free  stream  metric  variation,  equation  (22), 
discussed  previously  is  a  special  case  of  perturbing  the  solution  about  a  known  function 
which  in  some  sense  is  also  a  nearby  or  approximate  solution.  Let  Q  =  Qo  +  Qf  where 
Qo  is  the  nearby  or  approximate  solution  and  let  Qf  be  the  perturbation.  The  terms  of 
equation  (3)  can  be  rewritten  as, 


3r<?=*0,Go  +  *T<?' 

3<F(g)  =  9(fr{Q o)  +  d({P(Q)  -  F(Q0)) 

etc. 

Then  assuming  functions  of  Q0  are  sufficiently  simple  to  be  very  accurately  (or  exactly 
differentiated)  with  operators  6,  the  differencing  of  equation  (3)  can  be  represented  as 


6tQ  +6( 


F[Q)-F(Qo) 


+  *„  £(<?)- G(Qo) 


~-drQ0+MW  +  M?(<?o) 


(25) 


where  Sr,  6(,  and  6,  represent  the  algorithm  difference  operators  and  6r,  6(,  6,,  represent 
the  very  accurate  differencing.  In  the  case  Q0  =  Qoo  the  right-hand  side  is  analytically 
zero  and  equation  (25)  is  identical  to  equation  (22). 

Such  a  perturbation  form  of  the  differenced  equation  has  been  proposed  in  internal 
spin-up  problems  to  remove  the  axisymmetric  variation  from  the  dependent  Cartesian 
velocity  variable  [11,12].  It  might  also  be  used  in  problems  in  which  certain  fine  details 
might  be  otherwise  lost  in  a  coarse  grid.  For  example,  a  nonuniform  incoming  flow  profile 
can  be  represented  in  Qo  that  would  otherwise  be  lost  in  a  far  field  coarse  grid.  Assuming 
in  this  case  that  Qo  satisfies  the  Euler  equations,  the  right-hand  side  of  (25)  is  identically 
zero.  Calculations  using  this  particular  technique  for  incoming  inviscid  shear  Sows  have 
been  tested  by  Buning  and  Steger  [13],  Although  not  yet  tried,  Qo  might  be  chosen  as 
an  approximate  solution,  in  which  ease  the  right  hand  side  of  (25)  would  not  be  zero.  In 
regions  in  which  Q-*Qo,  one  could  hope  to  use  a  much  coarser  grid  without  losing  solution 
accuracy. 
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m.  CALCULATIONS  ON  CURVILINEAR  GRIDS 

Finite  difference  and  related  finite  volume  calculations  using  body  fitted  curvilinear 
grid  systems  have  been  carried  out  for  some  time.  Solution  variables  have  included 
velocity  potential,  stream  function,  and  the  primitive  variables.  Computed  results  include 
incompressible  and  compressible  flow  around  airfoils,  projectiles,  cascades,  inlets,  wings, 
wing-body  combinations,  etc.  In  some  cases  the  body  deforms  with  time  (e  g.,  airfoil 
with  moving  aileron)  and  occasionally  solutions  for  multiple  non-connected  bodies  appear 
(e.g.,  airfoil  with  detached  flap).  No  attempt  will  be  made  to  review  this  work — the 
interested  reader  will  find  much  of  the  material  in  the  AIAA  Journal,  the  Proceedings  of 
the  International  Conference  on  Numerical  Methods  in  Fluid  Mechanics,  Computers  and 
Fluids,  and  the  Journal  of  Computational  Physics.  What  is  apparent  from  this  literature  is 
that  while  we  are  becoming  more  adept  at  solving  the  flow  about  complex  configurations, 
considerable  computational  efficiencies  are  yet  to  be  obtained. 

In  order  to  illustrate  points  to  be  discussed  later,  the  results  of  a  finite  difference 
simulation,  due  to  Nicolet  et  al.  [14]  for  flow  about  an  X-24C  configuration  is  reproduced 
in  Figs.  1  to  3.  A  head-on  view  of  the  X-24C  is  indicated  in  Fig.  1,  while  Fig.  2  shows 
typical  views  of  the  grid  fit  between  the  body  surface  and  an  analytically  fit  outer  bow 
shock.  The  grid  in  this  case  is  generated  with  a  hyperbolic  partial  differential  equation  grid 
generation  scheme  (15).  The  overall  three  dimensional  grid  is  formed  by  generating  two 
dimensional  grids  at  each  station  along  the  body  as  the  solution  progresses  by  marching 
the  steady  parabolized  Navier-Stokes  (PNS)  equations.  The  hyperbolic  grid  generation 
scheme  is  fast  enough  to  be  used  within  the  flow  field  marching  scheme.  Moreover,  each 
two  dimensional  grid  is  itself  generated  using  the  same  kind  of  numerical  algorithm  used 
for  solving  the  PNS  equations — a  sort  of  conservation  of  numerical  algorithm  knowledge. 
Computed  surface  pressure  and  heat  transfer  at  a  station  just  prior  to  the  beginning  of 
the  wing  are  compared  to  experimental  data  in  Fig.  3. 

In  carrying  out  the  preceding  calculation  or  any  similar  calculation  on  a  generalized 
grid  it  is  found  that  the  solution  accuracy  depends  on  the  grid.  This  is  not  surprising 
because  unless  one  has  a  very  fine  mesh  throughout  the  field,  an  accurate  solution  will 
require  that  grid  points  be  clustered  to  the  flow  field  action  regions — the  change  of  gradient 
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regions.  The  grid  in  Fig.  2,  for  example,  is  exceedingly  fine  near  the  body  surface  in  order 
to  resolve  viscous  gradients  along  the  wall.  (The  less  than  perfect  agreement  with  the 
experimental  heating  rate  shown  in  Fig.  3  is  apparently  not  due  to  inadequate  resolution 
in  this  direction).  The  outer  grid  line  also  coincides  with  the  bow  shock,  and  points  are 
clustered  along  the  body,  for  example  to  resolve  the  cross  flow  expansion  around  the  chime 
(i.e.,  lower  right  corner  in  Fig.  2)  when  the  vehicle  is  at  angle  of  attack  (here  at  6°). 
Otherwise  no  other  attempt  was  made  in  this  calculation  to  adapt  the  grid  to  computed 
flow  field  gradients. 

Besides  proper  grid  clustering,  the  smoothness  of  the  grid,  the  skewness  of  the  grid, 
and  sometimes  the  aspect  ratio  of  the  grid  can  affect  the  accuracy  of  a  numerical  solution 
or  the  efficiency  with  which  it  is  obtained.  The  grids  shown  in  Fig.  2  are  nearly  orthogonal 
close  to  the  body  surface  and  they  have  a  smooth,  gradual  variation.  These  grids  would 
be  judged  felicitously.  However,  the  quality  of  a  grid  seems  to  be  hard  to  quantify  be¬ 
cause  various  numerical  algorithms  appear  to  behave  differently  to  the  properties  of  grid 
smoothness,  skewness,  and  stretching.  Numerical  algorithms  that  use  a  very  compact 
stencil  of  points  to  evaluate  fluxes  and  metrics,  for  example,  generally  seem  to  be  less  sen¬ 
sitive  to  grid  spacings  that  change  rapidly  or  even  discontinuously.  Thus  computers  using 
the  MacCormack  finite  volume  method  for  Navier-Stokes  equations  sometimes  change  the 
grid  spacing  by  a  factor  or  2  or  4  in  a  given  region.  Such  a  change  is  not  allowed,  for 
example,  when  using  high  order  central  spacial  differencing  operators. 

Some  numerical  algorithms  appear  very  sensitive  to  mesh  cell  aspect  ratio,  i.e.,  the 
ratio  of  Ax  to  Ay  or  (x|  +  y^)l/a  to  (**  +  yjj)1^3.  Thus  Jameson  (16)  in  developing 
a  multTxrid  relaxation  algorithm  for  the  transonic  potential  equation  abandoned  SLOR 
iterative  methods.  In  its  place  he  used  an  alternating-direction-implicit  scheme  as  the 
multigrid  iterative  solver  because  it  is  less  sensitive  to  cell  aspect  ratio.  The  very  efficient 
approximate-factorization- implicit  relaxation  scheme  of  Holst  [17]  appears  to  degrade  if 
uniform  fine  grid  spacing  is  used  along  the  body,  prompting  Holst  to  generate  his  grids 
with  this  constraint  in  mind.  For  his  approximate-factorization  scheme  the  grid  shown  in 
Fig.  4  is  much  preferred  to  that  shown  in  Fig.  5.  A  user  of  a  standard  alternating-direction- 
implicit  relaxation  scheme,  however,  may  very  well  opt  instead  for  the  grid  of  Fig.  5  over 
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that  of  Fig.  4  simply  because  of  its  finer  grid  spacing  near  the  body  and  presumably  greater 
accuracy. 

Avoiding  certain  undesirable  grid  properties  such  as  skewness  can  lead  to  more  com¬ 
plex  computer  programs  and  perhaps  other  difficulties.  The  cascade  C-grid  shown  in  Fig. 
6  for  example  is  too  highly  skewed.  While  the  implicit  Beam- Warming  algorithm  for  the 
Euler  or  Navier-Stokes  equations  functions  on  such  a  grid,  it  runs  far  from  optimum.  An 
alternative  grid  to  that  shown  in  Fig.  6  might  use  an  overlapped  or  patched  grid  system. 
For  example,  the  overlapped  grid  system  shown  schematically  in  Fig.  7  is  suggested  because 
each  gTid  is  easy  to  generate  and  has  minimum  distortion.  However,  such  a  grid  system 
requires  extensive  modification  of  existing  numerical  algorithms  and  computer  programs. 
This  is  because  certain  grid  points  will  have  to  be  flagged  off,  and  grid  interfaces  will  have  to 
be  joined  without  degrading  numerical  stability.  Nevertheless,  overlapped  or  patched  grid 
systems  will  ultimately  be  needed  as  body  boundary  configurations  become  more  complex, 
for  example,  in  computing  flow  about  a  wing  with  engine  nacelles. 

Finally,  it  should  be  remarked  that  the  effect  of  a  poorly  spaced  gTid  will  sometimes 
not  be  observed  until  the  data  is  displayed  or  Utilized  in  a  different  way.  The  unpublished 
result  due  to  Seidel  [18]  that  is  shown  in  Fig.  8  is  an  example.  The  plots  of  generalized 
pitching  moment  versus  reduced  frequency  show  an  essentially  exact  solution  (dashed  line) 
and  a  low  frequency  transonic  small  disturbance  finite  difference  solution  with  the  nonlinear 
terms  removed.  The  flow  is  about  a  flat  plate  subjected  to  an  angle  of  attack  pulse.  The 
small  oscillations  shown  in  the  finite  difference  result  are  a  significant  error  in  a  flutter 
calculation.  They  were  traced  back  to  a  discontinuous  change  of  grid  stretching  more 
than  a  chord  away  from  the  airfoil,  and  were  eliminated  by  using  a  smoothly  stretched 
grid  throughout. 

IV.  CONCLUDING  REMARKS 

Finite  difference  methods  coupled  with  body  conforming  curvilinear  grid  systems  are 
being  used  to  solve  a  variety  of  complex  flow  fields.  Current  numerical  algorithms  and 
grids  are  tuned  to  Sow  field  applications  that  can  be  computed  in  reasonable  times  on 


306 


present  day  machines.  These  numerical  algorithms  rely  on  sparse-equation  time-accurate 
or  iterative-solution  methods  that  function  best  on  well  ordered  grids. 

Curvilinear  body  conforming  grids  have  made  modern  finite  difference  schemes  into 
practical  engineering  tools.  They  simplify  the  application  of  boundary  conditions  and  allow 
flow  field  gradients  to  be  resolved  in  an  orderly  manner.  However,  one  must  be  careful  in 
differencing  transformed  equations,  especially  when  the  equations  are  in  conservative  form 
and  transform  metrics  are  brought  inside  the  difference  operators.  Finite  difference  algo¬ 
rithms  are  also  sensitive  to  grid  smoothness,  skewness  and  stretching  with  some  algorithms 
being  much  more  adversely  affected  than  others. 

As  finite  difference  methods  are  extended  to  more  complex  geometries,  it  becomes 
obvious  that  more  than  one  grid  system  will  have  to  be  used.  Exactly  how  multiple 
grids  should  best  be  joined,  patched,  or  overset  together  remains  a  research  topic,  but  a 
number  of  approaches  will  likely  give  satisfactory  results.  The  simultaneous  development  of 
multiple  grid  systems  and  finite  difference  schemes  suitable  for  multiple  grids  is  underway 
and  will  be  a  major  pacing  item  in  computational  fluid  dynamics. 
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ABSTRACT 

The  grid  point  distribution  used  in  solving  a  partial  differential  equation 
using  a  numerical  method  has  a  substantial  influence  on  the  quality  of  the 
solution.  An  adaptive  grid  which  adjusts  as  the  solution  changes  provides  the 
best  results  when  the  number  of  grid  points  available  for  use  during  the  calcu¬ 
lation  is  fixed.  Basic  concepts  used  in  generating  and  applying  adaptive  grids 
are  reviewed  in  this  paper,  and  examples  illustrating  applications  of  these 
concepts  are  presented.  v' _ _ 

INTRODUCTION 

One  of  the  first  steps  in  computing  the  numerical  solution  of  a  partial 
differential  equation  is  that  of  choosing  a  coordinate  system.  Using  this 
coordinate  system,  a  grid  is  generated  providing  placement  of  mesh  points  on 
the  region  of  interest  in  physical  space.  The  numerical  solution  is  usually 
calculated  in  a  computational  space  which  is  related  to  the  physical  domain  by 
a  transformation.  This  transformation  is  shown  schematically  in  Fig.  1.  For 
simplicity,  the  computational  domain  s  usually  rectangular,  although  the 
region  under  consideration  in  physical  space  may  be  of  arbitrary  shape.  When¬ 
ever  possible,  the  physical  boundaries  are  selected  to  simplify  application  of 
boundary  conditions  or  provide  some  other  advantage  in  the  computation. 

The  distribution  of  grid  points  in  physical  space  is  established  initially 
and  usually  doesn't  change  during  the  course  of  the  cal  ulations.  However, 
the  grid  can  always  be  restructured  by  interrupting  the  calculations  after  any 
number  of  steps.  In  order  to  construct  a  mesh  which  is  appropriate  for  a 
specific  problem,  a  knowledge  of  the  solution  is  required  at  the  outset.  For 
example,  high  mesh  point  densities  are  desirable  in  high  gradient  regions,  but 
if  the  locations  of  these  regions  are  unknown,  it  is  difficult  to  establish  a 
suitable  grid.  Unfortunately,  we  seldom  know  the  exact  details  of  a  solution 
before  it  is  computed  and  even  for  cases  where  approximate  results  are  known , 
unexpected  behavior  frequently  occurs.  Construction  of  an  appropriate  grid 
without  an  a  priori  knowledge  of  the  solution  is  an  uncertain  job  at  best. 

Since  the  best  grid  for  a  given  problem  depends  on  the  solution,  a  technique 
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for  moving  grid  points  as  the  solution  changes  is  desirable.  In  the  ideal  case, 

an  adaptive  grid  scheme  which  provides  the  grid  as  part  of  the  solution  would 

be  best.  Numerous  methods  for  generating  grids  have  been  developed  and 

recently,  new  techniques  for  constructing  adaptive  grids  have  been  used.  A 

comprehensive  review  of  all  of  these  techniques  will  not  be  presented  here. 

The  purpose  of  this  paper  is  to  review  in  detail  the  methods  of  Rai  and 
12  3  4 

Anderson  '  '  and  Anderson  and  Rai  and  demonstrate  the  application  of  these 
schemes  to  various  problems. 

A  number  of  different  approaches  can  be  used  to  construct  solution  adaptive 
grids.  However,  all  schemes  can  be  classified  as  methods  which  determine  grid 
speeds  or  methods  which  determine  the  transformation  metrics  or  physical  coor¬ 
dinates.  An  example  demonstrating  the  transformation  of  the  first-order  linear 
wave  equation  can  be  used  to  illustrate  this  point.  Consider  the  equation 


3u 

3t 


+ 


0 


(1) 


where  (x,t)  are  the  independent  variables  and  c  is  the  constant  wave  speed. 
Suppose  a  real  nonsingular  mapping  to  computational  space,  (£,t) ,  is  given  by 
the  relationships 


T  -  t 
£  «  £(x,t) 


The  linear  wave  equation  in  computational  coordinates  is  of  the  form 


3u  ,r  r  ,  3u 
3t  +  (5t  +  35 


(2) 


(3) 


When  Eq.  (3)  is  solved  using  a  numerical  method,  the  solution  is  obtained  in 
the  computational  plane  and  the  equation  is  integrated  with  respect  to  T.  Some 
means  of  evaluating  the  £t  and  £x  terms  is  required  before  this  integration  can 
be  carried  out.  The  central  problem  of  adaptive  grid  generation  is  that  of 
establishing  the  transformation  §  ■  £{x,t)  required  in  the  integration  of 
Eq.  (3). 

The  two  terms  in  Eq.  (3)  related  to  the  transformation  from  physical  to 
computational  space  have  a  distinctly  different  nature.  The  £fc  term  is  the 
grid  speed.  While  it  is  true  thit  the  values  of  £  do  not  change  in  computa¬ 
tional  space ,  this  partial  derivative  is  evaluated  at  a  fixed  x  position  and  is 
related  to  the  grid  speed  in  physical  space.  This  relationship  is  given  by  the 
expression 


XT  "  "V5x 


(4) 


which  is  much  easier  to  visualize  as  the  x-component  of  the  grid  speed.  The 
metric  coefficient,  is  also  the  Jacobian  of  the  transformation  in  this 
simple  example  and  we  note  that 


In  view  of  the  fact  that  both  the  grid  speed  and  the  transformation  metric 
appear  in  Eq.  (3),  two  ways  of  establishing  the  mapping  £  =  £(x,t)  are  avail¬ 
able.  The  first  is  to  evaluate  the  metric  by  using  seme  law  governing  the 
stretching  or  compression  in  the  mapping  and  determine  the  corresponding  point 
locations  in  physical  space  by  integrating  the  metric.  This  approach  is  easy 
to  understand  since  the  Jacobian  relates  the  arc  length  elements  in  this  one- 
dimensional  example.  Once  the  new  point  locations  are  known ,  the  grid  speed  is 
determined  by  using  the  past  history  of  the  grid  point  positions.  The  second 
approach  is  to  directly  evaluate  the  grid  speed.  This  is  done  by  using  an 
auxiliary  equation  for  the  grid  speed  which  provides  the  desired  control  on 
point  motion.  Once  the  grid  speed  is  determined,  the  new  grid  point  positions 
in  physical  space  are  obtained  by  integration,  and  the  metrics  are  computed  by 
simply  using  the  arc  length  ratios. 

Both  methods  of  establishing  £(x,t)  have  advantages  and  disadvantages.  Tech¬ 
niques  which  determine  ^  initially  are  easier  to  understand  because  the  meaning 
of  the  metric  is  clear.  The  coupling  of  the  grid  dynamics  to  the  solution  of 
the  partial  differential  equation  lags  in  time  although  positive  control  over 
point  location  is  always  maintained.  It  is  also  difficult  to  extend  these 
schemes  to  multidimensional  problems  unless  grid  generators,  such  as  that  of 
Thompson  et  al.  ,  are  used.  Techniques  which  directly  provide  the  grid  speed 
are  easy  to  use  in  multidimensional  problems,  and  the  dynamic  motion  of  the 
grid  does  not  lag  the  solution  of  the  partial  differential  equation.  On  the 
other  hand,  control  of  grid  point  motion  is  not  easily  maintained.  The  choice 
of  which  technique  to  use  depends  on  the  philosophy  employed  by  the  investiga¬ 
tor  in  viewing  the  grid  generation  problem. 

The  problem  addressed  in  this  paper  using  the  concept  of  an  adaptive  grid 
scheme  may  be  stated  as  follows:  How  should  a  fixed  number  of  grid  points  be 
distributed  to  reduce  the  error,  improve  resolution,  or  otherwise  enhance  the 
quality  of  the  numerical  solution  of  a  partial  differential  equation? 

The  approach  favored  here  for  use  in  redistributing  mesh  points  is  to  deter¬ 
mine  the  grid  speeds  directly.  Once  these  grid  speeds  are  known,  the  coordi¬ 
nates  at  the  next  level  are  easily  found  by  integration.  In  addition  to  the 
choice  of  technique  for  moving  points ,  a  number  of  other  considerations  must  be 
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made  when  considering  construction  of  an  adaptive  grid. 

1.  The  grid  must  evolve  as  part  of  the  solution  of  the  problem. 

2.  Grid  points  must  move  due  to  both  boundary  motion  and  changes  in  the 
interior  solution. 

3.  The  grid  speed  equations  should  be  as  simple  as  possible. 

4.  The  grid  speed  equations  must  account  for  the  elliptic  nature  of  the 
problem. 

5.  The  resulting  grid  mv'ct  reduce  error,  provide  better  resolution,  or 
otherwise  improve  the  solution. 

6.  The  adaptive  grid  scheme  must  be  easily  extended  to  any  number  of 
dimensions. 

With  these  thoughts  in  mind,  we  now  consider  the  development  of  a  technique 
for  moving  grid  points. 


THE  BASIC  METHOD 

In  order  to  describe  the  basic  adaptive  grid  technique  as  singly  as  possible, 
we  consider  a  one-dimensional  problem  with  the  transformation  frcn  physical  to 
computational  space  given  by  Eq.  (2).  Let  |e|  represent  the  absolute  value  of 
any  quantity  to  be  reduced  at  a  point  such  as  the  truncation  error  and  let  the 
average  value  over  all  mesh  points  be  denoted  by  l«lav.  The  quantity  |e|  will 
be  referred  to  as  the  error  even  though  it  may  represent  any  variable  used  to 
drive  the  adaptive  grid.  When  a  numerical  solution  is  computed  on  a  grid  with 
a  fixed  number  of  mesh  points,  we  assume  the  error  can  be  reduced  by  using  more 
points  in  regions  of  large  error  and  assigning  fewer  points  to  regions  of  small 
error.  Assume  that  the  best  grid  is  one  that  has  the  same  error  at  each  mesh 
point.  This  grid  can  be  constructed  in  the  computational  domain  by  assuming 
that  points  where  |e|  is  larger  than  )®lav  attract  other  points  and  points 
where  |ej  is  less  than  |e|av  repel  other  points.  Every  point  is  assumed  to 
induce  a  velocity  at  every  other  point  where  the  magnitude  and  direction  depend 
upon  the  local  excess  error.  We  also  assume  that  the  greater  the  distance 
between  two  points,  the  less  they  influence  each  other.  This  can  be  achieved 
by  assuming  a  l/rn  law  as  an  attenuation  factor. 

For  two  points,  A  and  B,  we  write  the  grid  velocity  at  B  due  to  error  at 
point  A  in  computational  space  as 


BA 


K 


r 


n 

BA 


where  r^A  is  the  distance  from  B  to  A,  n  is  the  power  controlling  the 
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attenuation,  and  K  is  a  proportionality  factor.  Figure  2  shows  the  points  A 
and  B  along  with  the  velocity  induced  at  point  B.  The  grid  speed  in  physical 
space  is  obtained  from  V  by  using  the  expressions 


For  a  problem  with  N  points  we  may  write 


•T —  £  (|e|.  "  Ul  )/r?  .  -  £  (|e|.  “  lel  >/r”  • 

Tj  Cx  i-j+1  1  av  i-1  1  av 


The  sunmation  is  split  and  a  sign  change  occurs  because  the  positive  direction 
for  induced  velocity  switches  depending  on  whether  the  point  is  to  the  left  or 
right  of  point  j.  Equation  (7)  earn  be  viewed  like  a  gravitational  force  equa¬ 
tion  where  the  grid  speed  plays  the  role  of  force  and  the  excess  error  divided 
by  plays  the  role  of  mass.  This  may  also  be  compared  to  the  force  on  a  test 
charge  in  an  electrostatic  field. 

In  constructing  either  a  fixed  or  adaptive  grid,  it  is  important  that  grid 
lines  do  not  cross.  In  this  example,  two  points  in  computational  space  will 
not  collapse  into  a  single  point  in  physical  space  for  two  reasons. 

1.  The  force  which  drives  the  grid 


I  J 


switches  signs  when  two  points  approach  each  other  at  close  range  and 
this  creates  a  repulsive  effect. 

2.  The  £x  term  becomes  very  large  as  two  points  get  close  together  leading 
to  a  very  stiff  system.  For  this  reason,  even  if  points  continue  to 
attract  each  other,  they  will  never  reach  the  same  physical  point. 

The  term  je|  has  been  referred  to  as  a  truncation  error  in  the  above  dis¬ 
cussion.  The  truncation  error  for  a  numerical  solution  depends  on  the  order 
of  the  numerical  method  used.  If  a  quantity  other  than  truncation  error  is 
used,  the  grid  generation  scheme  can  be  applied  in  exactly  the  same  way  by 
using  a  different  choice  for  |e|.  It  resolution  of  high  gradient  regions  is 
desired,  then  the  gradient  may  be  used.  This  flexibility  in  selecting  the 
driving  force  is  an  advantage  of  the  technique. 

The  scaling  factor  K  in  the  grid  speed  equation  is  necessary  because  no 

physical  law  relates  grid  speed,  excess  error,  and  distance.  This  factor  is 

choeen  so  the  velocity  at  my  point  does  not  exceed  a  preset  maximum  ( £  | 

t  max 
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In  order  to  calculate  K,  we  compute  the  grid  speed  at  all  points  assuming  K  «  1, 
then  recalculate  K  using  the  expression 


{SU 

^computed  max 


(9) 


The  grid  speeds  at  every  point  are  now  rescaled  and  written  as 
^t'rescaled  "  K  Miscalculated 


(10) 


During  the  calculations/  the  driving  force.  Eg.  (8),  at  each  point  becomes 

smaller,  and  K  must  be  increased  in  order  to  maintain  the  preset  maximum  grid 

speed.  The  maximum  value  of  K  is  also  preset  and  once  this  maximum  is  reached, 

the  grid  point  velocities  die  out  very  rapidly.  Specifying  a  large  value  of 

K  results  in  small  values  of  the  excess  error  in  the  grid.  The  selection  of 
max 

K  is  done  on  an  empirical  basis.  If  a  value  of  K  which  is  too  large  is 
'.ax  max 

used,  the  result  is  an  oscillation  of  the  grid,  while  a  small  value  severely 

restricts  the  grid  point  speeds.  The  maximum  grid  speed  is  also  determined  in 

a  somewhat  arbitrary  fashion.  The  most  common  value  of  (£.  )  used  is  1.0. 

t  max 

An  example  of  results  produced  using  the  adaptive  grid  ideas  presented  here 
is  given  by  the  numerical  solution  of  the  unsteady  viscous  Burgers'  equation 

ut  +  UUx  ■  (11) 


with  initial  conditions 


r  1  x  -  0 

u(0,x)  -  V 

L  0  0  <  X  <.  1 

and  the  boundary  conditions 
u (t ,0)  «  1 
u(t,l)  -  0 

This  problem  has  the  steady-state  solution 
u  ■  u  tanh  (1  -  x)j 

where 

St  mi 

and  G  is  a  solution  of  the  equation 

3-1 


G  +  1 


«  exp(-flRe) 


(12) 


(13) 


(14) 


(15) 
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(16) 
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Figure  3  presents  resul-ts  obtained  for  this  problem  with  Re  »  4.  The  error 
measure  used  to  drive  the  grid  in  this  case  was  either  u,  or  u./£  .  Using 
first  derivative  information  directly  addresses  the  question  of  resolution  and 
less  directly  the  error  reduction  issue.  In  this  example,  MacCormack* s6  second- 
order  scheme  was  used  to  integrate  Burgers'  equation.  If  the  finite-difference 
equation  is  expanded  using  Taylor  series,  we  obtain  the  modified  partial  differ¬ 
ential  equation  which  explicitly  includes  the  truncation  error  terms  due  to  the 
discretization.  The  form  of  the  lowest-order  error  term  depends  on  the  order 
of  the  finite-difference  method  being  used.  The  lowest-order  truncation  error 
term  in  this  case  includes  both  a  third  derivative  and  fourth  derivative  term. 

If  higher  derivatives  of  the  solution  are  formed  using  finite-difference 
methods,  the  result  is  a  very  noisy  error  estimate.  As  a  result,  large  amounts 
of  smoothing  or  some  other  means  of  avoiding  wild  swings  in  data  used  to  drive 
the  grid  must  be  employed.  Grid  oscillations  and  excessive  clustering  of 
points  can  be  prevented  by  damping  the  grid  speeds  permitted  by  limiting  the 
change  in  the  Jacobian  at  each  point.  Application  of  this  idea  prevents 
excessive  stretching  of  the  mesh  and  the  associated  errors  in  the  transforma¬ 
tion  metrics. 

Such  a  method  for  controlling  the  mesh  can  be  implemented  by  computing  the 
Jacobian  at  all  points  initially  and  storing  these  values.  At  the  end  of  each 
integration  step,  the  Jacobian  J^  is  formed  at  every  point,  and  the  ratio  R^ 
is  formed. 


rJi/Ji  if  Ji/Ji  >  1 
if  J*/J*  <  1 


(17) 


If  the  ratio  R  at  any  point  exceeds  a  preset  maximum  value,  R  ,  the  grid 
1  MX 

speeds  are  exponentially  damped.  If 


R^  «  maximum  (R)  over  all  points 
1max 


then 


calculated 


where 


-  exp 


(18) 


(19) 


D 


(20) 
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The  use  of  this  damping  factor  provides  strong  control  over  grid  point  motion. 
In  the  results  using  u^  shown  in  Fig.  3,  there  is  a  simpler  way  of  preventing 
excess  stretching.  In  this  case,  smoothing  can  be  applied  by  using 

u  -  fu  +  (1  -  f)  (1  -  x)  0  <  f  <  1  (21) 


and 


g  * 


(22) 


This  provides  excellent  grid  point  control  for  this  problem.  Using  this 
approach  requires  that  the  best  value  of  f  be  computed.  It  is  also  apparent 
that  the  technique  is  problem  dependent.  However,  the  Jacobian  damping  scheme 
is  not  problem  dependent  and  is  highly  recommended. 

The  results  using  u,/5  as  an  error  estimate  are  also  shown  in  Fig.  3.  No 
damping  of  any  kind  was  used  to  obtain  the  error  curves  shown.  The  grid 
driving  force  used  was  of  the  form 

g  -  !Vg  -  |uc/gav  (23) 


This  particular  form  of  the  driving  force  results  from  considering  the  trunca¬ 
tion  error  in  the  second-order  central  difference  approximation  to  a  first 
derivative  in  physical  space.  This  error  may  be  written  in  the  form 


error (u^) 


Ax2  /  - 

— 


3?  t  UPr  +  £3Urrp 

x^xx  55  ^x  555/ 


(24) 


This  is  similar  to  the  truncation  error  term  which  appears  in  the  modified 
partial  differential  equation  and  should  represent  a  good  error  estimate.  If 
it  is  assumed  that  5(x,t)  is  nearly  linear  in  x,  second  and  third  derivatives 
of  5  may  be  neglected,  suppose  we  also  assume  that  |u^^  |  can  be  replaced  by 
| |  in  the  error  estimate.  Using  these  approximations,  the  error  in  computing 
ux  may  be  written  as 

|error(ux)|  =  lu^/5xl  (25) 

Consistent  with  these  assumptions,  the  larger  the  Reynolds  number,  the  more 
results  deteriorate  when  Eq.  (23)  is  used. as  a  grid  driving  force.  In  the  high 
gradient  regions  at  the  viscous  front,  the  grid  stretching  is  very  nonlinear 
and  the  higher  derivatives  of  the  mapping  are  important .  However,  the  use  of 
the  driving  force  given  by  Eq.  (23)  provides  significant  reduction  in  error 
without  any  smoothing.  This  eliminates  any  empiricism  in  arriving  at  an 
optimise  smoothing  technique. 


% 


325 


EXTENSION  TO  MULTIDIMENSIONAL  PROBLEMS 


The  grid  generation  scheme  presented  above  for  a  one-dimensional  problem  can 
easily  be  extended  to  two  or  three  space  dimensions  with  no  difficulty.  Con¬ 
sider  a  problem  in  two  space  dimensions  and  time,  and  let  the  physical  coordi¬ 
nates  be  (x,y,t)  and  the  computational  coordinates  be  (£,r),t)  where 


K  -  £(x,y,t>  (26) 

n  ■  n(x,y,t) 

As  in  the  one-dimensional  problem,  we  assume  that  the  grid  speeds  in  computa¬ 
tions1  space  jure  given  by  and  and  are  determined  by  prescribing  a  certain 
jrid  driving  function.  Once  these  quantities  are  known,  the  grid  speeds  in 
physical  space  can  be  determined  from  the  transformation  equations  and  may  be 


Ctnx  ' 


^xny  "  nx^y 


The  collapse  of  two  mesh  points  into  one  and  the  overlap  of  grid  lines  are 
prevented  for  the  sasm  reasons  noted  in  the  one-dimensional  case. 

In  order  to  compute  the  grid  speeds  in  computational  space,  we  require  the 
calculation  of  |e^|  and  |en|  for  each  point  where  e^  and  e^  represent  error 
estimates  in  the  f,  and  h  directions.  The  quantities  !e^lav  f°r  every 
q  «  constant  line  and  je^l^y  tor  every  5  “  constant  line  must  also  be  confuted. 


The  grid  speed  equations  then  baccate 
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assuming  A£  »  An  »  1  in  the  computational  domain.  Point  motion  can  be  con¬ 
trolled  and  excessive  stretching  or  compression  of  the  grid  is  avoided  by  using 
damping  based  upon  the  forms  given  in  Eq.  (19)  with  the  D  factor  for  both  £ 
and  nt  determined  from  the  Jacobian  of  the  transformation.  In  two  space 
dimensions,  the  Jacobian  represents  the  mesh  area  ratios  rather  than  the  arc 
lengths  noted  in  the  one-dimensional  case. 


BOUNDARY  POINT  SPEEDS 

Points  near  the  boundaries  and  the  boundary  points  need  special  treatment 
when  an  adaptive  grid  is  used.  Points  can  be  made  to  move  along  a  constant  n 
line  by  specifying  rt  »  0.  A  similar  procedure  can  be  used  for  £  *  constant 
lines.  This  permits  grid  points  to  move  along  boundaries  or  selected  surfaces. 
If  this  procedure  is  followed  on  boundaries,  undesirable  behavior  appears  in 
the  resulting  grid.  This  is  most  easily  demonstrated  by  an  example. 

The  two-dimensional  linearized  viscous  Burgers'  equation  is  of  the  form 


ut  + 


u  +  u 
x  y 


U(u  + 

XX 


u  ) 

yy 


(31) 


If  this  equation  is  solved  on  the  unit  square  with  the  boundary  conditions 
«<*•••»  ' '  *  11  ~ 


U<x,l,t)  -  u(l,y,t)  »  1  (32) 

an  analytic  solution  for  the  steady  state  is  known  and  is  given  by 

u  -  i  +  t.1  **e  <**  <“  -  mm  zjffleiSEiaLz. Mil  (33) 

(1  -  exp  (-Re)  )2 


where 


Re  -  1/u 

An  adaptive  grid  was  generated  for  this  two-dimensional  problem.  Gradients 
were  used  to  drive  the  grid  and  the  first  derivatives  were  calculated  directly 
from  the  given  analytical  solution.  The  grid  obtained  using  this  approach  is 
shown  in  Fig.  4.  The  distortion  near  the  boundaries  is  evident.  These 
results  were  computed  by  forcing  grid  points  to  move  tangential  to  the  bound¬ 
aries  by  setting  either  or  nt  equal  to  0.  While  the  grid  produced  using 
this  boundary  procedure  is  shaped  as  expected,  motion  of  the  points  near  the 
boundary  requires  more  careful  study. 


.  -jUMPgrt! 


Consider  a  one-dimensional  problem  where  the  quantity  |e|  -  l«lav  is  nearly 
constant  close  to  the  boundary.  If  we  compute  the  velocity  of  the  second  grid 
point  with  K  -  1  and  n  ■  1#  [see  Eq.  (7) 1, 


-«V,-  <1*1  •  Kv>  D  *  ST  *  £  ‘  •••-?] 


which  results  in  a  nonzero  grid  speed.  This  places  an  unnatural  constraint  on 
grid  speed  which  produces  the  grid  distortion  shown  in  Fig.  4.  This  problem 
is  eliminated  by  introducing  a  set  of  pseudo  points  outside  the  boundary  and 
setting 

l«  L  -  |e| _ _  j  -  0.  -1,  ...  (35) 


and  including  the  pseudo  points  in  calculating  the  grid  speeds.  The  condition 


on  the  boundary  is  automatically  satisfied  by  this  scheme.  This  procedure  was 
used  to  compute  the  grid  for  the  same  Burgers'  equation  problem  where  grid 
distortion  was  noted.  Figure  5  shews  the  result.  While  the  results  in  this 
case  are  not  grossly  different,  the  addition  of  the  reflected  boundary  with 
pseudo  points  certainly  produces  a  smoother  grid.  This  boundary  point  treat¬ 
ment  is  necessary  when  an  adaptive  grid  is  used  in  more  complex  problems.  An 
exact  solution  for  Burgers'  equation  is  known  for  this  example  and  comparison 
of  error  for  adaptive  vs.  nonadaptive  grids  can  be  made.  However,  these  com¬ 
parisons  will  be  omitted  in  the  interest  of  brevity.  They  show  the  same  trends 
as  the  one-dimensional  problem  and  results  are  presented  in  detail  in  Bai's 
Ph.D.  dissertation. 

The  two  simple  examples  outlined  above  demonstrate  the  technique  used  for 
constructing  an  adaptive  grid.  When  a  fluid  dynamics  problem  is  solved, 
numerous  complexities  that  are  not  present  in  simple  examples  always  appear . 

A  good  test  case  to  demonstrate  this  is  the  inviscid  supersonic  flow  over  a 
cylinder.  In  computing  the  results  for  this  problem,  the  unsteady  equations 
of  motion  are  integrated  in  time  until  the  steady-state  solution  is  achieved. 
The  bow  shock  is  fit  as  a  boundary  and  the  flow  field  was  computed  using  the 

g 

SCM  method  for  solving  hyperbolic  partial  differential  equations.  Results 
were  confuted  on  10  x  10  point  fixed  and  adaptive  grids  and  compared  to  a 
19  x  19  point  fixed  grid  solution.  The  fixed  grids  were  generated  by  equally 
spacing  points  along  the  cylinder,  drawing  rays  perpendicular  to  the  cylinder 
to  the  boundary  shock  wave,  and  then  dividing  each  ray  into  equal  seqments. 

This  example  provides  a  number  of  new  complexities  which  must  be  accoun.ted 
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for  when  using  on  adaptive  grid.  These  include  fixed  curved  boundaries,  moving 
boundaries,  solution  of  a  system  of  partial  differential  equations,  and  the 
associated  difficulty  of  not  having  a  predominant  variable  that  can  be  used  to 
drive  the  grid.  In  order  to  understand  these  differences,  it  is  worthwhile  to 
examine  this  problem  in  some  detail. 

The  Euler  equations  in  two  space  dimensions  and  time  may  be  written  in  the 
form 

W  +  [A]W  +  [B]H  -  0  (37) 

t  X  y 


where 


In  these  expressions ,  p  and  p  are  the  pressure  and  density,  u  and  v  represent 
the  velocity  components  in  the  x  and  y  directions,  and  y  is  the  ratio  of 
specific  heats.  If  a  transformation  such  «a  that  specified  in  Eqs.  (26)  is 
made,  the  governing  equations  may  be  written 


»»T  +  [A]»?  +  [B]Wn  -  0  (38) 

where 

[A]  -  Ct[I]  +  CX(A]  +  Cy[B]  (39) 

(Bj  -  ITjJl]  +  T^tA]  +  ny[B]  (40) 


and  I  is  the  identity  matrix. 

The  SCM  scheme  used  to  calculate  a, steady-state  solution  to  this  problem  is 
second-order  accurate  except  at  the  solid  surface  boundaries  where  it  is  a 
first-order  scheme .  Since  this  renders  the  solution  formally  first-order 
accurate,  the  second  derivative  of  H  represents  a  good  estimate  of  the  trunca¬ 
tion  error.  If  we  ass  use  that  errors  in  calculating  the  metrics  are  small, 
the  error  in  calculating  *T  may  be  represented  as 


s(Mt)  -  -lAleOl^)  -  [B]e(W  )  (41) 

where  e(  )  represents  the  error  in  calculating  its  argumsnt.  He  let 
e5  -  |[A)e(H-)| 

*  (42) 

en-  |[B]e(Hn)| 


329 


and  note  that 

|e(Kt>|  1  I  [A]e  (W^)  I  +  |[B]e(*n)|  <_  +  en  (43) 

In  these  expressions  e'J  and  e1"1  represent  the  errors  that  are  used  to  produce 
grid  motion  in  the  respective  directions  and  the  norm  is  used  where  noted. 
The  truncation  error  is  assumed  to  be  proportional  to  the  second  derivative 
which  is  consistent  with  the  first-order  accuracy  (overall)  of  the  method  used 
to  solve  the  problem.  Ke  write  this  as 

e  (Wj.)  “  w 
e(W  )  o  W 

n  nn 

which  provides  the  error  terms  for  driving  the  grid  as 


-  |[A]W5?| 


This  analysis  assunes  that  excessive  stretching  is  avoided  in  the  transfor¬ 
mation.  This  is  assured  by  using  the  Jacobian  damping  outlined  in  Eqs.  (17)  - 
(20)  for  both  grid  speeds.  The  use  of  this  technique  prevents  both  excessive 
stretching  and  contraction  and  provides  a  means  of  exerting  positive  control 
over  the  grid  point  motion.  For  the  cylinder  problem,  a  value  of  R  of  1.03 

1DAX 

was  used.  For  this  value  of  R  ,  only  small  distortions  of  the  grid  occur. 

max 

If  a  larger  value  of  R  is  used,  the  adaptive  grid  changes  significantly, 
max 

Figure  6  shows  the  fixed  grid  used  in  computing  the  flow  field.  This  grid 
also  forms  the  initial  mesh  for  the  adaptive  grid  calculations.  Figure  7  shows 
the  converged  adaptive  grid.  As  noted,  there  are  only  small  changes  in  the 
grid  geometry  for  this  problem  and  the  similarity  of  Figs.  6  and  7  verifies 
this.  Figure  8  shows  the  converged  adaptive  grid  using  a  16  x  10  point  mesh 

and  an  R  of  6.0.  The  increase  in  clustering  for  larger  values  of  R  is 

max  max 

evident.  Figure  9  shows  the  error  in  total  enthalpy  along  the  body  surface  for 
grids.  In  the  solution  for  inviscid  supersonic  flow  over  a  cylinder,  the 
correct  total  enthalpy  is  known.  Consequently,  the  comparison  of  the  total 
enthalpy  computed  from  the  numerical  result  with  the  correct  known  value  is  a 
good  measure  of  the  quality  of  the  solution.  As  can  be  seen,  the  adaptive 
grid  does  significantly  reduce  the  error  on  the  body. 

The  motion  of  the  shock  boundary  does  not  require  any  special  treatment  in 
the  adaptive  grid  routine.  The  shock  is  propagated  separately  using  the 
correct  jtap  and  shock  speed  equations,  and  the  adaptive  grid  scheme  is  applied 
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independently.  Since  the  body  boundary  is  curved  some  special  considerations 
aust  be  given  to  point  motion  on  the  surface.  Using  the  pseudo  point  idea 
described  earlier  provides  a  sero  grid  point  speed  normal  to  the  body.  However, 
integration  of  the  tangential  velocity  will  slightly  displace  the  grid  points 
from  the  body.  At  the  end  of  each  integration  of  the  grid  speed  equations, 
the  position  of  the  boundary  points  aust  be  corrected  to  insure  that  they 
continue  to  lie  on  the  curved  body. 


SHOCK  ALIGNING  SCHEMES 

The  technique  for  moving  grid  points  presented  in  the  previous  sec .ions  can 
be  used  to  create  a  grid  using  a  variety  of  driving  mechanisms .  The  flexibility 
afforded  by  directly  establishing  the  grid  speed,  as  opposed  to  otter  adaptive 
grid  scheaes,  provides  a  way  of  moving  points  to  satisfy  any  desi’ed  require¬ 
ment.  A  demonstration  of  shock  aligning  grids  for  use  with  shoo  < -capturing 
methods  will  demonstrate  this  point. 

When  numerical  solutions  of  systems  of  hyperbolic  partial  differential  equa¬ 
tions  are  obtained,  provision  aust  be  made  for  the  occurrence  of  discontinu¬ 
ities.  In  inviscid  high  speed  flaw  problems,  these  discontinuities  are  shock 
g 

waves.  Lax  proposed  that  nuaerlcal  solutions  of  fluid  flow  problems  with 
shocks  should  be  cooputed  by  using  the  conservation  law  form  of  the  governing 
equations.  The  solution  for  the  flow  across  any  shocks  can  then  be  computed 
without  any  special  treatment.  This  approach  has  been  used  with  success  since 
lax  originally  proposed  the  idea.  However,  solutions  for  flow  through  shock 
waves  obtained  using  shock-capturing  techniques  axe  characterized  by  dispersive 
errors  whan  second-order  finite-difference  methods  are  used,  and  the  solution 
is  spread  over  several  mesh  intervals  when  dissipative  scheams  are  used.  The 
typical  oscillations  which  occur  are  due  primarily  to  the  fact  that  the  mesh 
is  not  aligned  with  the  shock.  Under  these  conditions,  the  conservative 
variables  are  not  continuous  across  the  shock  and  differencing  these  quan¬ 
tities  across  the  shock  gives  rise  to  oscillations.  In  order  to  understand 
this  phenomena,  we  need  to  examine  the  conditions  which  aust  hold  across  shock 
waves. 

The  conservative  form  of  the  inviscid  equations  for  two-dimensional  steady 
supersonic  flow  may  be  written 
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The  fluid  variables  have  the  sane  meaning  as  before.  In  addition  to  Eq.  (45), 
the  integrated  fora  of  the  energy  equation  is  used.  When  Eq.  (45)  is  solved 
using  finite-difference  methods,  the  solution  exhibits  dispersive  behavior  at 
shock  waves  because  the  conservative  variables  are  discontinuous.  Since  a 


[Ejcosa^  +  [Fjcosa^  ■  0 


(46) 


where  the  square  brackets  represent  the  jump  in  the  function  across  the  discon¬ 
tinuity.  The  direction  cosines  of  the  normal  to  the  shock  and  the  x  and  y  axes 


are  denoted  by  cosa^  and  cosa^  as  shown  in  Fig.  10.  If  a  coordinate  system  is 


selected  in  such  a  way  as  to  align  one  of  the  coordinates  with  the  shock,  say 
cij  -  90*,  the  jusqo  condition  given  in  Eq.  (46)  becomes 


[Elcoso^  ■  o 


(47) 


This  shows  that  the  E  vector  is  continuous  across  the  shock  since  the  jump  in 
E  is  xero  for  cosc^  ¥  0.  For  any  other  coordinate  orientation,  E  is  discon¬ 
tinuous  and  we  would  not  expect  finite  differences  across  such  a  discontinuity 
to  yield  a  well-behaved  result.  If  an  adaptive  grid  system  can  be  constructed 
that  autoMtically  aligns  one  of  the  coordinates  with  the  shock,  better  solu¬ 
tions  of  Eq.  (45)  would  be  expected. 

Consider  a  line  segment  on  •  (  •  constant  line  between  two  points  A  and  B 
(see  Fig.  11).  let  the  midpoint  of  this  segswnt  be  0  and  suppose  a  shock  wave 
occurs  between  points  A  and  B.  let  h  be  any  variable  which  changes  discontinu¬ 
ous  ly  through  the  shock.  An  adaptive  grid  which  aligns  with  the  shock  can  be 
constructed  using  this  intonation.  If  C  is  another  point  in  computational 
space,  we  define 

,.Vc . 


(48) 
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where  (£t>c  is  the  grid  speed  at  C  due  to  the  changes  in  h  along  line  AB, 

|hjj|0  and  |h^|0  are  the  absolute  values  of  the  gradients  in  h  at  point  0  in  the 


£  and  n  directions,  K  and  n  are  constants,  and  is  the  distance  between 


points  0  and  C  in  computational  space.  The  integer,  k,  determines  the  direc¬ 
tion  of  point  notion  and  is  given  by 
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solution  with  a  shock  mathematically  represents  a  weak  solution  of  Eq.  (45),  the 
condition  which  must  be  satisfied  at  the  shock  may  be  written10 
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sgnth^/h^) sgn (nQ 


nc)  <  0 


V.  2  sgn  (h^/h^Jsgn  (nQ  -  nc>  >0 

As  in  the  previous  adaptive  grid  schemes,  the  r^,  term  limits  the  radius  of 
influence  of  various  points  and  restricts  the  grid  alignment  to  a  limited 
region.  As  a  line  segment  rotates  more  nearly  parallel  to  h  >  constant  sur¬ 
faces,  the  gradient  in  one  direction  decreases,  and  we  must  increase  the  value 
of  K  in  order  to  maintain  reasonable  grid  speeds.  As  previously  noted,  K  is 
increased  to  maintain  a  maximum  grid  speed  until  a  maximum  value  of  K  is 
reached.  This  maximum  value  is  usually  chosen  to  be  5  to  10  times  the  value 
of  K  for  the  initial  calculations.  If  K  is  too  large,  the  grid  may  oscillate 
and  the  oscillations  die  out  very  slowly. 

The  effectiveness  of  the  aligning  grid  scheme  was  evaluated  by  solving  a 
unit  problem.  This  consisted  of  specifying  the  dependent  variable,  h,  on  the 
unit  square  by  the  expression 
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0  <  x  <  1 


0  <  y  <  1 


where  6  is  a  constant  and  x  is  a  prescribed  function  of  y.  Along  any  y  “  con- 

A 

stant  line,  h  increases  monotonically  and  over  95%  of  the  change  in  h  occurs 
in  the  region  given  by 

x  (y)  -  6/2  <  x  <  x  (y)  +  6/2  (51) 

m  —  —  m 

Different  shock-like  regions  can  be  obtained  by  choosing  different  functions 

for  x  (y) .  Figures  12  and  13  show  the  grid  created  using  x  as  a  linear 
m  in 

function  or  a  quadratic  function  of  y.  The  shaded  regions  correspond  to  those 
defined  by  Eq.  (51) .  The  alignment  of  the  grid  is  excellent  near  the  center 
of  the  regions  where  the  maximum  gradients  of  h  occur  and  not  as  good  near  the 
boundaries.  From  these  curves  it  is  apparent  that  the  alignment  is  a  local 
effect  which  quickly  attenuates  with  distance  from  the  high  gradient  region. 

To  demonstrate  the  effectiveness  of  the  shock  aligning  scheme  in  conjunction 
with  shock-capturing  finite-difference  methods,  the  flow  field  due  to  a 
straight  oblique  shock  in  a  uniform  supersonic  freestream  was  confuted. 

Figure  14  shows  the  location  of  the  shock  wave  in  a  uniform  grid.  The  angle 
of  misalignment  is  twenty  degrees.  The  flow  is  from  the  upper  part  of  the 
picture  toward  the  bottom  at  a  freestream  Mach  number  of  2.0  with  the  angle 
between  the  freestream  and  the  shock  wave  set  at  50*. 

The  two-dimensional  unsteady  Euler  equations  govern  inviscid  supersonic 
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flow.  In  the  interest  of  conserving  space,  they  will  not  be  repeated  here. 
The  Euler  equations  in  conservation  form  were  written  in  (x,y,t)  coordinates 
and  transformed  to  (£,ti,t)  using  a  transformation 
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where  a  is  a  constant.  The  Euler  equations  in  this  transformed  system  were 
integrated  in  time  using  MacCormack's  method  until  the  steady-state  solution 
was  obtained.  The  grid  points  were  moved  using  the  shock  aligning  expression 
given  in  Eq.  (47)  using  the  static  pressure  as  the  h  variable.  The  position 
of  the  shock  wave  in  the  converged  grid  is  shown  in  Fig.  15.  Again  the 
alignment  is  excellent.  Figures  16  and  17  show  the  pressure  distributions  at 
y  ■  0.208  and  y  =  o.O  for  both  aligning  and  nonaligning  grids.  The  solutions 
using  the  shock  aligning  grid  are  much  better  than  those  computed  on  a  uniform 
mesh.  The  absence  of  dispersive  oscillations  and  the  resolution  of  the  shock 
are  striking.  These  results  show  that  the  grid  can  be  aligned  with  a  high 
gradient  region  as  well  as  clustered  by  using  a  slightly  different  form  of  the 
grid  speed  equation.  The  results  for  the  simple  aligning  problems  studied 
offer  encouragement  in  applying  aligning  schemes  to  more  sophisticated  problems 
with  multiple  shocks. 

TIME  REQUIREMENTS 


I 

i 


The  computer  time  required  to  solve  a  problem  using  an  adaptive  grid  is 
usually  higher  than  that  required  using  a  fixed  mesh  when  explicit  techniques 
are  employed.  This  is  because  the  allowable  step  sizes  are  reduced  where  fine 
mesh  clustering  occurs.  In  the  solution  of  the  one-dimensional  Burgers'  equa¬ 
tion,  the  high  Re  cases  take  roughly  three  times  longer  than  the  fixed  mesh 
solutions  while  the  two-dimensional  problems  differ  by  approximately  a  factor 
of  two.  Since  the  problem  under  consideration  in  these  cases  is  very  simple,  a 
large  portion  of  the  computer  time  is  consumed  by  the  grid  calculation.  As  the 
complexity  of  the  problem  increases  and  systems  of  equations  are  solved,  the 
time  spent  on  grid  generation  compared  to  that  solving  the  equations  is  drasti¬ 
cally  reduced.  It  should  also  be  noted  that  the  time  required  to  compute  a 
solution  does  not  always  increase .  In  many  cases,  we  observe  more  rapid 
convergence  when  an  adaptive  grid  is  used  resulting  in  lower  overall  computer 
time  requirements.  This  behavior  is  limited  to  the  more  sophisticated  examples 
such  as  the  blunt  body  problem.  When  these  types  of  problems  are  solved. 
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uncertainty  exists  concerning  the  total  tine  required,  soeietimes  the  fixed 
mesh  solution  is  faster,  and  soeietimes  the  adaptive  grid  solution  takes  less 


CONCLUDING  REMARKS 

Methods  for  constructing  solution  adaptive  grids  which  directly  determine 
grid  speeds  have  been  reviewed.  The  grid  speed  is  assumed  to  depend  upon  local 
truncation  errors  throughout  the  mesh  and  the  new  grid  point  locations  are 
obtained  by  integrating  the  grid  speed  equations. 

Results  presented  show  that  significant  error  reduction  is  achieved  when 
adaptive  grids  are  used,  solutions  for  simple  one-  and  two-dimensional  prob¬ 
lems  as  well  as  more  complex  fluid  flows  ware  presented.  The  flexibility  of 
the  grid  generation  technique  was  demonstrated  by  constructing  a  shock  aligning 
grid  for  use  with  shock-capturing  methods.  Solutions  obtained  with  this  scheme 
alleviated  the  dispersive  error,  usually  associated  with  calculations  through 
shock  waves. 

Although  the  results  obtained  using  the  adaptive  grid  schemes  reviewed  in 
this  paper  are  satisfactory,  significant  improvements  remain  to  be  made.  One 
area  where  improvements  are  needed  is  in  establishing  error  estimates.  Since 
the  quality  of  an  adaptive  grid  is  usually  baaed  at  least  to  same  extent  on 
local  truncation  errors,  better  grids  can  be  constructed  if  batter  error 
estimates  are  available.  Better  techniques  for  deriving  grid  speeds  are  also 
needed.  These  techniques  should  be  more  responsive  to  local  solution  changes 
and  still  provide  a  stable,  error  reducing  grid.  The  empiricism  required  in 
using  adaptive  grid  schemes  should  also  be  eliminated  and  methods  that  are 
completely  automated  should  be  developed. 

Since  the  adaptive  grid  field  is  new,  everyone  should  be  encouraged  to 
develop  new  ideas  and  techniques  which  look  promising.  New  concepts  should  be 
carefully  studied  with  the  hope  of  constructing  better  methods  for  computing 
solutions  to  partial  differential  equations. 
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Fig.  1.  General  mapping  between 
physical  and  computational  space. 
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Fig.  2.  Mesh  point  speed  definition. 
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Pig.  5.  Converged  grid  using  reflection  Fig-  6.  Fixed  grid  for  the  cylinder, 
•t  the  boundaries. 
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Fig.  11.  Grid  point  speed  for  shock 
Aligning  scheme. 
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Fig.  13.  Converged  grid  using  curved 
high  gradient  region. 
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Fig.  12.  Converged  grid  for  straight 
high  gradient  region. 
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Fig.  14.  Fixed  grid  for  the  straight 
oblique  shock  problem. 
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Fig.  15.  Converged  grid  and  shock 
location  for  the  oblique  shock  problem. 


Fig.  16.  Pressure  comparison  at 
y  »  0.206. 


Fig.  17.  pressure  comparison  at  y  ■»  o.O 
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INTRODUCTION 

Q'tf purpose  in  writing  this  paper  is  to  review  some  ot-mw-  recent  work  in  the  calculation 

of  optimal  meshes  for  the  solution  of  parabolic  and  elliptic  partial  differential  equations  (PDE). 

-rt  /Ay 

7'-/  VW first  explain  our  strategies  for  the  adaptive  placement  of  mesh  points.  In  addition make 

some  speculation  as  to  promising  avenues  for  future  research  in  mesh  adaptation.  Finally,  ve"  ^*y 

discuss  examples  of  the  application  of  adaptive  gridding  to  problems  of  heat  and  mass  transfer. 

—■  ■-y  We  draw  these  examples  from  our  work  in  combustion  modeling. 

In  obtaining  numerical  solutions  to  PDEs,  the  spatial  derivatives  are  often  approximated 
by  discrete  representations  on  a  mesh  network.  The  accuracy  of  any  numerical  solution  depends 
in  an  important  way  on  the  relationship  of  the  location  of  the  mesh  points  to  changes  in  the 

o  v  •*  f  f  * 

dependent  variables.  Our-objective  is  to  investigate  finite  difference  methods  in  which  the  mesh 
networks  adapt  themselves  dynamically  to  obtain  accurate  solutions.  Such  methods  represent 
an  important  advance  in  overcoming  a  major  shortcoming  of  traditional  fixed  mesh  methods 
which  are  often  unable  to  resolve  accurately  steep  fronts  or  sharp  peaks.  ^  - 

Our  research  in  adaptive  meshing  follows  two  avenues.  One  is  to  employ  a  fixed  number  of 
mesh  points  and  to  move  their  location  by  coordinate  transformations.  The  other  is  to  add  or 
subtract  mesh  points  as  needed.  In  either  case  the  positioning  of  the  mesh  depends  on  one  or 
more  important  characteristic  of  the  solution.  We  attempt  to  equidistribute  this  characteristic 
between  each  mesh  interval.  For  example,  equidistribution  of  the  arc-length  of  the  solution  has 
the  effect  of  concentrating  mesh  points  in  steep  gradients.  Taking  the  coordinate  transformation 
approach,  the  original  equations  are  recast  so  that  the  new  independent  variable  becomes  the 
arc-length.  Then,  in  addition  to  solving  the  original  equations  in  the  transformed  variables,  a  set 
of  equations  is  also  solved  to  describe  the  movement  of  the  original  physical  coordinates  relative 
to  the  new  transformed  variables.  When  adding  and  subtracting  grid  points  (the  variable  node 
approach)  we  specify  the  maximum  value  of  the  equidistributed  characteristic  (say  arc-iengtb) 
allowed  over  any  mesh  interval,  and  continue  to  add  points  until  this  criterion  is  satisfied.  The 
latter  approach  is  closer  to  that  used  in  ODE  software  where  as  many  timesteps  as  needed  are 
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taken  to  bring  the  local  truncation  error  to  within  prespeeifled  tolerances.  However,  while  this 
approach  may  be  needed  to  insure  high  accuracy  for  PDEs,  it  can  suffer  from  limitations  of 
computer  storage  and  time.  While  we  are  developing  two  approaches  for  adaptive  meshing,  we 
believe  that  the  research  will  ultimately  lead  to  a  combination  of  the  methods. 

Our  variable  node  method  stems  largely  from  our  development  of  methods  to  solve  sys¬ 
tems  of  stiff  and  unstable  nonlinear  boundary  value  problems.  Such  systems  occur  frequently 
in  modeling  energy  systems.  Our  applications  have  been  principally  in  combustion  chemistry, 
particularly  in  the  investigation  of  complex  chemical  kinetics  in  premixed  flames.  Our  coor¬ 
dinate  transformation  work  was  initially  used  to  track  moving  flame  fronts,  and  more  recently 
to  investigate  droplet  combustion.  In  all  our  work  we  are  concerned  with  solving  simultaneously 
a  relatively  large  number  of  PDEs;  in  the  case  of  the  premixed  flames,  30  coupled  PDEs  are 
typical. 

Our  work  draws  on  earlier  work  in  both  the  aeronautical  and  the  boundary  value  problem 
literature.  From  the  former  we  take  the  ideas  of  generalized  non-orthogonal  coordinate  trans¬ 
formations  and  boundary-fitted  coordinate  systems.1’2  From  the  latter  we  take  the  ideas  of 
equidistribution  of  weight  functions  and  error  control  strategies.  Generally  speaking,  the  boun¬ 
dary  value  problem  literature  has  more  theory  on  which  to  base  methods,  but  the  problems 
are  simpler  inasmuch  as  they  are  one-dimensional. 


BASIC  SYSTEM  OF  EQUATIONS 

The  solutions  to  the  physical  problems  which  are  presented  in  this  paper  cover  a  range  of 
flow  and  chemical  systems.  However,  in  all  of  the  problems  there  is  the  common  simplification 
of  uncoupling  the  fluid  mechanics  from  the  heat  and  mass  transfer.  For  some  systems,  such 
as  steady  flame  propagation,  the  simplification  is  natural  to  the  problem,  while  in  others,  it  is 
more  artificial.  In  either  case,  it  does  allow  for  a  clev  understanding  of  the  problems  caused 
in  grid  adaptation,  when  beat  and  mass  transfer  as  well  as  chemical  reactions  are  considered. 

The  system  of  reaction-diffusion  equations  which  describe  the  problems  in  this  paper  are: 

h(pZm) + Tx[puZm) + £j{pvZm) = + + "m  (1) 

where  Z  is  the  dependent  variable  vector  (temperature,  and  species  mass  fractions),  and  wm  is 
the  vector  representing  the  the  chemical  source  terms: 


(T,Yt,Y2,.. 

,Yk )' 

(2) 

(wr.wi.k'a, . 

.  mk)* 

(3) 

In  these  equations  the  following  notation  has  been  employed:  p  -  mass  density,  u  -  velocity 
in  z-directk>n,  v  -  velocity  In  the  y-direction  and  Dm  -  the  diffusive  transport  coefficient  for 


. ' v*.  ****** *?•*  v««o  ,-r.  ^  ■  -*  ■■'.'•*  5 


the  mlh  equation.  The  details  of  the  source  terms  and  velocity  fields  are  described  when  the 
physical  examples  and  results  are  presented  later  in  the  paper. 

For  some  of  the  results  presented,  the  above  equation  set  is  transformed  into  generalized 
non-orthogonal  coordinates  {r,  (  and  y): 

a7+  +  n+dj+H  (4) 


where, 


Q=  — 

V  J 

£  =  - f />«*,) 

z 

P  =  -y(vt  +  /»«*?*  +  pvri,) 

h  Drn(  &Zm  9Zm  c  \ 

n=-r{-jr‘[*+-dft') 


-H 


9Zm  dzm  ^ 

-87*'  + -W1*1 ) 


* -T 

The  transformation  metrics,  or  areas  and  volumes,  are  given  by: 


HVn  ~  xiV( 

=  £»  =  —Jxv,  (t  = —Xt(r~  Vt€t 

V*  —  *?«  =  -XtVt-  Vtflt 

We  readily  see  that  the  resulting  equations  are  more  complex;  however,  with  some  addi¬ 
tional  programming  a  much  more  valuable  tool  is  obtained.  In  the  above  form  it  is  quite  easy 
to  implement  body-oriented  coordinates  for  arbitrary-shaped  bodies,  as  is  often  done  for  flow 
over  airfoils.  However,  the  mqjor  advantage  of  these  transformations  in  our  work  is  the  ease 
with  which  coordinate  adaptation  can  be  utilized. 

Even  though  the  governing  equations  are  somewhat  simplified  compared  with  the  Navier- 
Stokes  equations,  they  still  encompass  a  large  selection  of  important  problems.  Moreover,  they 
include  a  rich  and  disparate  collection  of  physical  time  scales.  As  a  result,  they  are  likely 
to  have  solutions  with  regions  which  need  adaptive  gridding  to  be  resolved  accurately.  For 
example,  the  effects  of  the  following  time  scales  will  be  illustrated  in  the  results  presented 
Aty  =  L/U,  Velocity  convection  scale 
Af„  =  l?lv,  Viscous  diffhsion  scale 
At  a  »=  L2/a,  Heat  conduction  scale 
AtDm  *  L?!Dm,  Mass  diffusion  Kale 
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Mum  “  Reaction  rate  scale 

As  these  scales  become  disparate  (depending  on  the  particular  problem),  steep  gradients  in 
space  and  time  develop.  Without  adaptation,  the  numerical  integration  methods  can  be  pushed 
to  dramatic  failure.  It  is  our  purpose  to  present  methods  which  resolve  these  scales  in  space 
and  time  in  an  efficient  and  accurate  manner. 


ADAPTIV  E  GRID  METHODS 

We  consider  both  steady  and  transient  problems.  The  steady  problems  are  elliptic  boun¬ 
dary  value  problems,  while  the  transient  problems  are  parabolic  initial-boundary  value  problems. 
At  each  time  step  of  a  transient  problem,  however,  an  elliptic  boundary  value  problem  must  be 
solved.  Therefore,  our  meshing  strategies  share  the  same  essential  features  regardless  if  the  ap¬ 
plication  is  steady  or  time-dependent. 

During  the  last  fifteen  years  many  varied  methods  have  been  developed  to  attempt  to 
choose  optimal  grid  spacings  on  which  to  solve  two-point  boundary  value  problems.  When  these 
problems  are  solved  using  an  initial  value  method  (such  as  shooting),  the  adaptive  meshing 
is  done  automatically  and  accurately.  Variable-step  initial  value  problem  software  is  used 
to  adjust  the  step  size  as  the  integration  proceeds  in  order  to  control  the  focal  truncation 
error.  Unfortunately,  many  problems  in  combustion  are  unstable  to  initial  value  methods,3 
and  therefore  global  solution  methods  must  be  used. 

Kautsky  and  Nichols4  point  out  that  many  of  the  adaptive  mesh  selection  procedures  used 
for  global  solution  methods  can  be  interpreted  as  equidistributing  a  positive  weight  function. 
On  the  interval  [0,L],  one  attempts  to  determine  a  mesh  M 


M  =  (0  =  Zi  <  *2  <  . . .  <  xm  —  L) 


such  that  the  weight  function  achieves  a  given  constant  value  over  each  subinterval.  Among 
the  various  approaches  developed,  White6  has  discussed  equidistribution  of  the  arc-length  of 
the  solution;  Pereyra  and  Sewell3  have  equidistributed  the  local  truncation  error  and  Smooke3 
has  chosen  to  equidistribute  both  the  change  in  the  discrete  solution  and  its  gradient.  Other 
methods  for  choosing  appropriate  meshes  for  two-point  boundary  value  problems  have  been 
investigated,  for  example,  by  Russell  and  Christiansen,7  Ablow  and  Schecter,8  de  Rivas,*  and 
Denny  and  Landis.10 


Positive  Weight  Function  Concept 

Following  the  notation  of  Kautsky  and  Nichols,  we  say  that  the  mesh  M  is  equidistributed 
on  (0,L)  with  respect  to  the  non-negative  weight  function  /  and  the  constant  W  if 


W,  i 


1.2, 


M  —  1 


(5) 
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Similarly  X  is  called  sub- equi distributing  on  [0,L]  with  respect  to  /  and  IV  if 

f  1+1  f  dx<W,  j  =  1,2,...,  M  —  1  (6) 

Jtj 

Strategies  for  determining  an  optimal  mesh  for  two-point  boundary  value  problems  can 
be  implemented  either  implicitly  or  explicitly.  In  the  implicit  approach,  the  weight  function 
depends  directly  upon  the  solution.  As  a  result,  the  original  boundary  value  problem  is 
converted  into  an  augmented  system  in  which  the  dependent  variables  and  the  mesh  are 
computed  simultaneously.  In  the  explicit  approach,  the  weight  function  does  not  depend  upon 
the  current  solution.  Instead,  it  depends  upon  a  previously  calculated  solution.  For  both 
linear  and  nonlinear  boundary  value  problems,  the  implicit  approach  requires  that  one  solve  a 
nonlinear  two-point  boundary  value  problem.  Thus  implicit  equidistribution  techniques  do  not 
preserve  the  linear-nonlinear  character  of  the  original  problem.  Moreover,  even  for  nonlinear 
problems  the  augmented  system  is  usually  more  difficult  to  solve  than  the  original  problem. 
Explicit  equidistribution  techniques,  on  the  other  hand,  preserve  the  linear-nonlinear  character 
of  the  original  two-point  boundary  value  problem. 

Our  experience  has  led  us  to  consider  explicit  equidistribution  methods.  We  have  found 
that  as  the  number  of  dependent  variables  increases,  or  the  problem  becomes  more  nonlinear, 
the  selection  of  a  mesh  by  equidistributing  an  implicit  weight  function  is  less  practical  than  by 
equidistributing  a  weight  function  based  on  the  solution  from  a  previous  grid.  The  approach  we 
have  chosen  to  determine  an  adaptive  grid  for  premixed  flame  problems  is  similar  to  the  method 
used  by  Pearson11  in  solving  scalar  boundary  layer  problems.  We  attempt  to  equidistribute  the 
difference  in  the  components  of  the  discrete  solution  and  the  difference  in  the  gradient  of  the 
components  of  the  discrete  solution  between  adjacent  mesh  points.  That  is  we  seek  to  obtain 
a  mesh  M  such  that 

'.IIS:::?;.1- 

and 

. «->,  (8) 

h,  '  d* 1  *  ')  . . ,K  +  1‘ 

where  Z  is  the  dependent  variable  vector,  6  and  7  are  small  numbers  less  than  one  and  the 
values  of  max|Z«l  and  max|rfZ</rfz|  are  obtained  from  a  converged  numerical  solution  on  a 
previously  determined  mesh. 

A  potential  disadvantage  of  the  method  described  so  far  is  that  the  mesh  may  not  be 
smoothly  varying.  For  example,  the  ratio  of  consecutive  mesh  intervals  may  diflier  by  several 
orders  of  magnitude.  This  can  adversly  affect  the  accuracy  of  the  solution  as  well  as  the 
convergence  properties  of  the  method.  As  a  result,  we  impose  the  added  constraint  that  the 
mesh  be  locally  bounded,  i.e.,  the  ratio  of  adjacent  mesh  intervals  must  be  bounded  above  and 
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below  by  constants.  We  require  that 

^<7r~<C,  y=2,3,...,M  (9) 

C  hy—  1 

where  Ay  =  x3  —  iJ_1  and  C  is  a  constant  less  than  one.  Snch  a  “buffering"  of  the  mesh  tends 
to  smooth  out  rapid  changes  in  the  size  of  the  mesh  intervals. 

We  note  here  an  analogy  to  the  approach  followed  for  time  step  selection  in  predictor- 
corrector  ODE  software.  In  these  codes  some  estimate  of  the  local  truncation  error  is  made. 
One  way  to  measure  the  error  is  by  comparing  the  difference  between  a  certain  order  predictor 
and  the  same  order  corrector.  Their  difference  is  related  to  the  local  truncation  error  incurred 
in  taking  a  time  step.  The  time  step  is  then  adjusted  such  that  this  error  is  below  a  prespecified 
level.  Possible  ways  to  measure  truncation  error  are  to  use  different  differencing  formulas,  or 
to  use  the  same  difference  formulas  but  on  different  meshes. 

Certainly  the  equidistribution  and  control  of  local  truncation  error  is  the  most  conservative 
and  accurate  approach  to  mesh  adaptation.  However,  in  many  cases  it  may  be  more  costly 
than  necessary.  For  instance,  if  only  integrated  properties  of  the  solution  are  of  interest  (e.g. 
flame  speed  or  surface  drag)  then  perhaps  less  attention  need  be  paid  to  truncation  error 
everywhere  in  the  flow  field.  For  problems  with  strong  nonlinearities  it  may  even  be  preferable 
to  equidistribute  something  related  to  the  local  truncation  error  rather  than  the  error  itself. 
In  particular,  we  have  seen  that  weight  functions  based  on  higher  derivatives  (to  more  closely 
match  truncation  error)  have  led  to  instabilities.  Moreover,  if  the  differencing  scheme  is  first 
order  then  the  local  truncation  error  is  proportional  to  second  derivatives  of  the  solution.  Thus, 
the  weight  function  in  Eq.  (8)  is  proportional  to  the  local  truncation  error.  As  a  result  we 
believe  that  weight  functions  similar  to  those  in  Eqs.  (7),  (8)  and  ( 10).  are  perfectly  adaquate 
for  many  problems. 

Steady-State  Problems,  Variable  Node  Method 

After  discretization,  the  governing  equations  form  a  nonlinear  system  of  algebraic  equa¬ 
tions.  We  solve  this  system  by  a  damped  modified  Newton  method.12  First  the  equations 
are  solved  on  a  uniformly  spaced  coarse  mesh  (3-5  subintervals).  The  values  of  max|£,j  and 
max|dZ,/rfx|  are  then  evaluated.  We  next  test  the  inequalities  in  Eq.  (7)  and  Eq.  (8)  for  each 
of  the  K  -+- 1  components  of  Z  at  each  node  of  the  coarse  mesh.  If  either  of  the  inequalities  is 
not  satisfied,  a  grid  point  is  inserted  at  the  midpoint  of  the  interval  in  question.  Once  a  new 
mesh  has  been  obtained,  we  check  to  see  whether  it  is  locally  bounded.  If  it  is  not,  a  grid  point 
is  inserted  at  the  midpoint  of  the  intervals  in  which  the  inequality  in  Eq.  (9)  is  not  satisfied. 
The  previously  converged  numerical  solution  is  interpolated  onto  this  new  mesh  and  the  result 
serves  as  an  initial  solution  estimate  for  Newton's  method  on  this  finer  grid.  The  governing 
equations  are  solved  on  the  new  mesh  and  the  process  continues  until  the  inequalities  in  Eqs. 
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(7),  (8)  and  (9)  are  satisfied.  Note  that  if  we  had  refined  the  mesh  by  using  only  the  inequality 
in  Eq.  (7),  we  would  resolve  high  gradient  regions  but  would  have  difficulty  resolving  regions 
of  high  curvature  (for  example  the  local  maxima  of  sharp  peaks  in  the  solution). 

Most  of  the  ideas  discussed  above  can  be  extended  to  the  solution  of  multi-dimensional 
elliptic  boundary  value  problems.  We  are  just  beginning  to  explore  methods  to  obtain  optima) 
grids  for  two-dimensional  nonlinear  elliptic  boundary  value  problems.  In  our  initial  attempts 
we  have  made  the  logical  extension  of  the  one-dimensional  ideas.  That  is,  we  start  on  a  coarse 
two-dimensional  grid,  and  add  grid  pionts  according  to  Eqs.  (7),  (8)  and  (9)  in  both  the  x  and  y 
directions.  In  two-dimensions  the  Jacobian  of  the  system  is  block  penta-diagonal  and  we  solve 
the  system  by  block  line  SOR  iteration.  If  fronts  in  the  solution  align  reasonably  well  with  one 
of  the  coordinates  then  the  method  is  efficient.  Of  course  if  a  front  crosses  the  mesh  on  a  bias 
then  a  fine  mesh  results  everywhere  and  the  direct  extension  of  the  one-dimensional  method  is 
not  really  useful.  In  these  cases  either  a  coordinate  rotation  or  a  local  mesh  refinement13  must 
be  employed. 


Time-Dependent  Problems 

The  ideas  used  in  solving  one-dimensional  steady-state  problems  are  readily  adapted  for 
time-dependent  mixed  initial- boundary  value  problems.  In  particular,  by  considering  the  solu¬ 
tion  of  a  time  dependent  problem  as  the  solution  of  an  inhomogeneous  two- point  boundary 
value  problem  at  each  time  level,  the  methods  developed  in  the  realm  of  steady-state  problems 
can  be  applied  in  a  time-dependent  setting.  Both  the  implicit  and  the  explicit  equidistribu- 
tioa  techniques  have  natural  time-dependent  analogues.  In  the  case  of  the  implicit  methods, 
the  original  equations  are  recast  so  that  in  addition  to  solving  the  original  equations  in  the 
transformed  variables  a  set  of  equations  is  also  solved  to  describe  the  movement  of  the  original 
physic^  coordinates  relative  to  the  new  transformed  variables.  In  general,  one  can  expect  the 
difficulty  with  specifying  an  initial  solution  estimate  for  the  dependent  solution  components 
and  the  grid  points  to  be  less  severe  in  the  time-dependent  setting  than  in  the  steady-state 
one  since  the  previous  time  level  solution  is  often  an  excellent  starting  estimate.  The  explicit 
equidistribution  techniques  can  be  used  in  a  time-dependent  setting  by  explicitly  moving  the 
grid  based  upon  solutions  at  previous  time  levels. 


Coordinate  Transformation  Methods 

Our  coordinate  transformation  technique  has  been  tested  extensively  by  Dwyer,  et.  al. 
for  one-dimensional  problems,  and  more  recently,  it  has  also  performed  quite  well  in  two 
dimensions.14  We  note,  however,  that  so  far  we  have  not  implemented  a  general  two-dimensional 
adaptation  procedure.  Instead,  we  take  advantage  of  some  a  priori  physical  knowledge  of  the 
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solution  to  extend  the  one-dimensional  method.  Although  the  method  is  not  yet  fully  adaptive 
in  two-dimensions,  we  believe  that  the  solution  to  many  important  problems  can  benefit  from 
its  use.  Moreover,  we  believe  that  generalization  of  the  method  will  follow  from  current  work. 
The  solution  technique  in  the  two-dimensional  problems  is  a  non-iterative  block-tridiagonal 
ADI  method15’18  in  which  the  Jacobians  are  evaluated  analytically. 

In  this  method  the  lines  of  constant  r\  are  fixed  (forming  arcs  in  space),  and  the  adaptation 
is  done  along  these  arcs.  In  effect,  the  method  is  quasi-one-dimensional,  and  it  relies  on  the 
modeler  having  sufficient  qualitative  knowledge  about  the  solution  to  be  able  to  fix  a  set  of 
coordinates  which  are  roughly  normal  to  any  steep  fronts  in  the  solution.  We  typically  take 
the  weight  function  (or  transformation)  for  adaptation  along  the  fixed  arcs  to  be  given  by: 

«...  do, 

fo  (l+b\9T/dS\)dS 

where  S  is  the  length  along  the  fixed  arc,  and  b  is  an  adjustable  constant  used  for  “optimization" 
of  the  grid  distribution.  For  the  case  fc  =  0  a  uniform  distribution  of  points  along  the  fixed  arc 
results.  For  large  values  of  6,  the  mesh  intervals  are  determined  so  that  the  same  change  in  the 
dependent  variable  T  occurs  between  mesh  points.  A  typical  value  of  b  is  1/3.  The  coefficient 
b  can  be  thought  of  in  terms  of  the  “buffering"  concept  introduced  earlier.  That  is,  6  is  chosen 
so  that  not  all  the  mesh  points  are  concentrated  in  the  front  region.  Some  are  in  regions  of 
relatively  uniform  T,  and  there  is  a  smooth  progression  of  mesh  interval  sizes  in  moving  away 
from  a  front. 

The  weight  function  is  evaluated  explicitly,  and  the  mesh  transformation  is  held  fixed 
throughout  the  time  step.  In  some  cases,  however,  we  have  used  a  prediction  of  the  solution 
at  t  -f-  At  instead  of  the  solution  at  t  to  form  the  basis  of  the  transformation.  In  all  cases  the 
integrals  in  Eq.  (10)  are  evaluated  using  the  trapezoidal  rule.  If  At  is  large  enough  for  the  front 
to  move  out  of  the  fine-mesh  region,  then  implicit  or  iterative  coordinate  generation  schemes 
would  have  to  be  considered.  However,  this  was  never  the  case  in  our  problems,  since  the  fast 
chemical  reactions  prohibit  the  taking  of  large  time  steps.  Also,  the  buffering  effect  of  the  6 
parameter  causes  there  to  be  adaquate  resolution  even  if  the  front  does  move  away  from  its 
optimal  location. 


Linear  Algebra  Considerations 

We  take  as  an  assumption  that  for  problems  of  interest  (in  combustion)  the  system  of 
equations  is  stiff— they  are  characterized  by  widely  disparate  time  and  length  scales.  This 
fact  leads  us  to  consider  only  implicit  solution  procedures.17  A  salient  characteristic  of  implicit 
methods  is  that  they  require  the  simultaneous  solution  of  nonlinear  equations  at  each  time 
step  (or  iteration).  For  multi-dimensional  problems  or  problems  involving  many  dependent 
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variables  (e.g.  species  concentrations),  these  solutions  lead  to  a  need  to  form  and  solve  systems 
represented  by  large  matrices.  Therefore,  the  way  in  which  this  task  is  accomplished  has  a 
major  bearing  on  the  structure  of  the  computer  codes  which  solve  the  systems. 

Our  approach  currently  for  one-dimensional  problems  is  to  employ  a  modified  Newton 
method.  The  block  tri-diagonal  Jacobian  matrix  is  formed  numerically  using  finite  differences 
and  its  LU  decomposition  is  computed  immediately.  The  LI1  decomposition  factors  occupy  the 
same  storage  locations  as  the  Jacobian  did  originally.  The  same  decomposed  matrix  is  then 
used  for  several  iterations  (or  time  steps  in  transient  problems).  As  long  as  the  iterations  are 
convergent,  a  sizable  cost  savings  is  realized  by  not  re-evaluating  and  factoring  the  Jacobian. 
This  approach  is  commonly  used  for  solving  systems  of  stiff  nonlinear  ODEs. 

In  two-dimensional  problems  we  take  two  approaches.  For  the  flxed-numbcr-of-grids 
coordinate  transformation  problems  we  employ  a  standard  alternating  direction  implicit  (ADI) 
method.  Here  the  block  tri-diagonal  Jacobian  is  formed  and  LU  decomposed,  and  the  linear 
system  is  solved  along  each  row  and  column  of  the  mesh  at  each  time  step.  No  iteration  is  done. 
Justification  for  the  approach  follows  the  well-known  arguments  that  the  error  incurred  by  the 
ADI  splitting  is  of  the  same  order  as  the  truncation  error  already  incurred  by  the  discretization 
of  the  time  derivative.15,18 

We  take  a  different  approach  in  solving  the  nonlinear  equations  in  the  variable  node 
formulation.  Here  the  full  Jacobian,  a  block  five-diagonal  matrix,  is  formed  at  once.  A  modified 
Newton  method  is  used  to  solve  the  nonlinear  system.  At  each  stage  of  the  Newton  iteration 
an  iterative  block-line-SOR  method  is  employed  to  solve  the  linear  system.  The  LU  factors 
are  stored  and  re-used  for  successive  iterations.  However,  after  the  solution  is  completed  on  a 
given  mesh  and  new  mesh  points  are  added  as  needed,  a  new  Jacobian  must  be.  computed  on 
the  new  mesh. 

We  expect  that  significant  computational  gains  will  result  from  research  on  and  develop¬ 
ment  of  incomplete  Jacobian  factorizations  or  matrix  splittings.  The  objective  here  is  to  avoid 
solving  the  original  equations  directly,  and  instead  to  solve  a  related,  and  approximately  equiv¬ 
alent,  system  that  is  much  easier  to  solve.  The  best  known  example  of  such  splitting  is  the 
ADI  method,  which  can  be  thought  of  as  an  incomplete  factorization  of  the  full  Jacobian.  Even 
though  the  factorization  is  incomplete,  the  error  which  it  introduces  is  of  the  same  order  as 
that  introduced  by  the  time  discretization.  Therefore,  the  approximation  does  not  degrade  the 
accuracy  of  the  solution  but  it  increases  significantly  the  efficiency  of  the  computation. 

The  ADI  factorization  is  only  one  of  a  large  family  of  related  splittings  which  can  take 
advantage  of  some  particular  characteristic  of  a  problem.  For  example,  it  is  often  the  case  in 
systems  of  PDEs  that  some  of  the  equations  are  weakly  coupled  to  the  others.  In  such  cases, 
solving  the  equations  sequentially  (instead  of  fully  coupled)  is  known  to  result  in  significant 
savings.  Instead  of  solving  systems  of  block  tri-diagonal  equations,  one  is  able  to  solve  a 
sequence  of  scalar  tri-diagonal  equations  with  far  fewer  operations  required.  Similarly,  in  some 
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combustion  problems,  considerable  savings  are  realized  through  operator  splitting  algorithms 
in  which  the  chemical  rate  terms  are  handled  separately  from  the  transport  terms.  These 
methods  are  equivalent  to  matrix  splittings  of  the  system’s  Jacobian.  However,  in  both  cases, 
application  of  the  procedures  has  been  ad-hoc,  i.e.  with  little  theory  to  help  determine  the  rate 
of  convergence,  or  whether  the  process  converges  or  not.  By  studying  pre-conditionings  and 
incomplete  factorizations  of  the  Jacobians,  rather  than  ad-hot  splittings  of  i  be  equations,  such 
methods  can  be  put  on  a  firmer  theoretical  footing  and  thus  more  reliable  i  nd  effective  PDE 
methods  should  result. 

The  cost  of  evaluating  the  Jacobian  is  usually  very  high  in  our  problems  (up  to  95('c  of  the 
computer  time  in  some  flame  problems).  Therefore,  it  is  natural  to  seek  methods  which  require 
as  few  Jacobian  evaluations  as  possible.  Based  on  the  success  of  the  modified  Newton  method,18 
where  we  have  applied  it,  and  its  success  in  the  ODE  software,  we  expect  that  similar  approaches 
will  ultimately  find  wider  application  in  the  solution  of  PDEs.  The  dilemma  is  that  in  order 
to  use  a  modified  Newton  method,  the  full  Jacobian  must  be  stored.  For  multi-dimensional 
problems  this  storage  requirement  is  usually  too  large  for  the  memory  of  any  computer  in  use 
today.  Therefore,  effective  use  of  a  modified  Newton  method  requires  development  of  algorithms 
which  quickly  move  Jacobian  information  between  computer  memory  and  peripheral  storage. 
We  note  here  also  that  some  splitting  methods,  as  discussed  above,  lead  to  fewer  function 
evaluations  to  complete  a  Jacobian  evaluation. 

EXAMPLE  PROBLEMS 
Steady  Premixed  Flames 

The  method  we  have  implemented  in  the  calculation  of  premixed  flame  structure  equi- 
distributes  the  difference  in  the  components  of  the  solution  and  its  gradient  between  consecutive 
grid  points.  To  illustrate  the  importance  of  adaptively  placing  grid  points  in  the  flame  zone  to 
the  accuracy  and  efficiency  of  the  flame  calculation,  we  have  performed  several  calculations  for 
an  acetylene-oxygen  flame  using  equi-spaced  and  adaptively  placed  grids.  (For  these  problems 
a  system  of  21  species  and  72  reactions  was  used.)  Figure  1  shows  the  molecular  hydrogen 
profiles  for  a  series  of  calculations  using  20,  40,  80,  and  160  equi-spaced  points.  We  include  the 
experimental  data  for  reference.  We  secure  not  only  a  much  smoother  solution  but  one  which 
agrees  better  with  the  experimental  data  as  a  finer  and  finer  grid  is  used. 

Figure  2  shows  the  molecular  hydrogen  profile  for  the  same  flame  but  solved  using  adaptive 
meshing.  In  this  case  41  adaptively  placed  points  are  used  to  obtain  three  significant  figures 
of  accuracy  in  the  solution.  As  expected,  the  adaptive  calculation  secures  a  highly  resolved 
species  profile  with  far  fewer  points  than  are  required  using  the  equi-spaced  grid. 

In  the  adaptive  calclation,  19  of  the  41  grid  points  are  located  in  the  "flame  zone,"  or 
region  of  fast  chemical  reaction.  Note  that  a  relatively  large  region  of  the  computation  has 
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Figure  l.  Hydrofiii  mole  fraction  dis¬ 
tribution  profile*  to  u  acetylene-oxygen 
flame,  computed  on  varfcxu  equi-sp need 
nld*.  Boxei  are  experimental  data  of 
Eberius,  Hoyermann  ana  Wagner. 


Figure  2.  Hydrogen  mole  fraction  distribu¬ 
tion  profile*  in  an  acetylene-oxygen  flame, 
computed  on  41  adaptively  placed  grid*. 
Boxes  are  experimental  data  of  Eberioi, 
Hoyermann  and  Wagner. 


relatively  little  chemical  reaction.  Either  the  temperature  is  too  low,  or  the  fuel  is  almost 
all  consumed.  The  smallest  mesh  interval  is  640  times  smaller  than  the  total  interval  of  the 
problem.  So  to  obtain  the  same  resolution  over  600  equi-spaced  grids  would  be  required.  The 
adaptive  calculation  took  275  seconds  of  CPU  time  on  a  CRAY-1S  computer.  The  equi-spaced 
calculation  with  160  subintervals  took  585  seconds  of  CPU  time. 

In  the  next  example  we  compare  the  effects  of  adaptive  and  equi-spaced  grids  in  the 
prediction  of  flame  speeds  in  a  one-atmosphere,  stoichiometric,  hydrogen-air  flame.1®  The 
accurate  placement  of  grid  points  in  regions  where  the  solution  varies  rapidly  leads  to  a 
significant  reduction  in  the  number  of  subintervais  needed  to  obtain  accurate  flame  speeds. 
As  a  result,  the  overall  cost  of  a  flame  speed  computation  can  be  substantially  reduced.  In  the 
first  set  of  calculator  we  determined  flame  speeds  on  grids  consistng  of  20,  40,  80,  160,  320, 
and  640  equi-spaced  points.  The  results  of  the  calculator  are  listed  in  Table  I. 

The  second  set  of  calculations  was  performed  using  the  adaptive  grid  procedure.  In  this 
case  we  used  grids  of  20,  30,  40,  50,  and  60  adaptively  placed  points.  The  results  are  listed  in 
Table  H. 

Several  points  merit  further  discussion.  First,  for  both  the  equi-spaced  and  adaptively 
placed  grids,  we  see  that  as  the  number  of  mesh  intervals  increases,  the  flame  speeds  decrease. 
Second,  the  sequence  of  flame  velocities  obtained  in  the  adaptive  calculations  approach  a 
limiting  value  with  only  40  to  50  grid  points,  while  flame  velocities  obtained  in  the  equi-spaced 
calculations  are  still  changing  by  almost  15  percent  as  we  go  from  80  to  160  grid  points.  In  fact, 
it  was  not  until  640  equi-spaced  points  were  used  that  the  flame  speed  was  within  2  percent 
of  the  result  calculated  on  the  50  point  adaptive  grid.  Like  the  previous  example,  the  ratio  of 
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TABLE  1 

HYDROGEN- AIR  FLAME  SPEEDS,  EQUI-SPACED  GRIDS  (cm/sec) 


No.  of  Points 

20 

40 

80 

160 

320 

640 

Flame  S[ieed 

445 

289 

244 

211 

193 

184 

TABLE  B. 

HYDROGEN-AIR  FLAME  SPEEDS,  ADAPTIVE  GRIDS  (cm/sec) 


No.  of  Points 

20 

30 

40 

50 

60 

Flame  Speed 

248 

212 

185 

181 

181 

minimum  mesh  size  to  the  domain  of  integration  was  625.  Also,  as  expected,  the  adaptive  grid 
computation  is  less  expensive.  The  50  point  adaptive  calclation  took  15  seconds  of  CPU  time 
while  the  640  point  equi-spaced  calculation  took  327  seconds.  A  savings  of  about  a  factor  of 
seven  resulted  in  going  from  equi-spaced  to  adaptive  grids. 


Two-Dimensional  Elliptic  Boundary  Value  Problem 

We  demonstrate  here  our  two-dimensional  extension  of  the  variable  node  method.  The 
equation  we  have  chosen  is  the  nonlinear  Poisson  equation  on  the  unit  square: 


d*z 
dx 2 


+  §7  + 


y) 


Z  =  g(x,y)  on  the  boundary 

We  have  chosen  f(x,y)  and  g(x,y)  so  that  the  solution  is  Z  —  exp— 30(x2  -f  y2).  The  initial 
equi-spaced  grid  was  2x2.  After  five  mesb  refinements  the  nonuniform  18  x  18  mesh  shown 
in  Fig.  3  evolved.  Note  the  high  resolution  of  the  solution  in  the  regions  of  high  slope  and 
curvature. 


Unsteady  Two-Dimensional  Flame  Propagation,  Coordinate  Transformation  Method 

In  this  section  we  demonstrate  coordinate  transformation  adaptive  grid  techniques  by 
disccussing  several  examples.  First  we  present  solutions  for  unsteady  flame  propagation  about 
spherical  particles.  In  these  examples  the  time  scales  for  convection  and  reaction  are  small 
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Figure  3.  Solution  to  tbe  elliptic  teit  problem  with  n  two-dimenitonnl  variable  node  ndnptire 
grid. 


compared  to  conduction  and  diffusion,  or 


At  a  and  At*m<Ata  and  Alom 

A  one-step  chemical  reaction  is  used  and  the  vector  of  dependent  variables  and  rate  terms  are 


Zm  —  ( T ,  pA) 

«rn  ~  [pA  txp{-t)A/T), -pA  £2-  expi-^/T)) 

where  T,  pA  and  f>A,  the  nondimensional  temperature,  premixed  fuel  concentration  and  activa¬ 
tion  energy,  have  been  normalized  by  reference  values.14  The  calculation  is  simplified  so  that 
the  overall  density  remains  constant  and  thus  the  flow  field  is  independent  of  the  combustion 
process.  The  velocity  field  is  given  as  a  low  Reynolds  number  Stokes  flow. 

The  results  of  an  interesting  calculation  are  shown  in  Figs.  4  through  9.  The  following 
ratios  of  time  scales  are  used: 


=  ~r~  —  Pt  (Peclet  Number)  =  200 
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Figures  4  and  5  illustrate  unsteady  flame  propagation  after  surface  ignition,  when  usin| 
uniform  grid.  (These  figures  are  divided  into  two  parts,  the  top  shows  tbe  coordinate  syst< 


and  the  bottom  plots  the  isotherm.'  There  are  tea  normalized  isotherms  plotted  which  range 
in  values  between  0.2  and  1.2)  The  figures  show  that  the  grid  is  uniform  and  the  isotherm 
distribution  exhibits  significant  oscillation.  Note  that  the  oscillation  in  the  isotherms  becomes 
larger  in  amplitude  as  the  fiame  moves  into  the  large  cell  regions  away  from  the  body.  These 
oscillations  are  a  result  of  the  large  cell  Peclet  number  and  the  central  difference  approximation 
for  the  spatial  derivatives.20  The  cell  Peclet  number  is  large  because  of  the  increasing  velocity 
and  cell  size  as  the  grid  moves  away  from  the  body.  If  we  had  used  windward  differences, 
the  numerical  viscosity  would  have  increased  significantly,  and  thus  introduce  significant  errors 
such  as  an  the  increase  in  flame  thickness.  Use  of  a  refitted  uniform  grid  is  unreasonable  because 
of  the  additional  computational  requirements  of  time  and  storage. 

Now  consider  the  problem  using  an  adaptive  grid  as  shown  in  Figs.  6  and  7.  These  figures 
show  the  coordinate  and  isotherm  distributions  for  the  same  times  as  shown  in  Figs.  -1  and  5. 
Notice  that  the  fiame  has  a  new  and  more  accurate  velocity  and  position  and  that  there  are 
no  oscillations.  By  resolving  the  flame,  the  cell  Peclet  number  is  reduced  to  values  less  than 
one.  This  guarantees  that  the  solution  will  be  oscillation  free.  To  illustrate  our  point  further, 
the  radial  temperature  distributions  at  similar  angular  positions  are  shown  in  Fig.  8  for  both 
the  uniform  and  adaptive  grid  solution.  The  oscillations  in  the  uniform  grid  solution  are  quite 
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Figure  4.  Coordinate  system  and  isotherm  Figure  5.  Coordinate  system  and  isotherm 
distrlbette*  about  a  taming  particle  with  a  distribution  about  a  burning  particle  with  a 
uniform  gild,  early  time.  uniform  grid,  later  time. 
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Figure  6.  Coordinate  system  and  isotherm  Figure  T.  Coordinate  system  and  iaothenn 
distribution  about  a  burning  partkle  with  distribution  about  a  burning  particle  with 
a  coordinate  transformation  adaptive  grid,  a  coordinate  transformation  adaptive  grid, 
early  time.  later  time. 


apparent.  Also,  it  should  be  mentioned  that  the  uniform  grid  solution  terminated  at  the  next 
time  step  because  of  negative  temperatures  caused  by  the  oscillations. 

With  the  same  number  of  grid  points  we  have  been  able  to  convert  an  unusable  calculation 
to  an  efficient  and  accurate  one.  However,  we  have  introduced  some  new,  but  minor,  problems 
with  the  remedy.  One  of  these  problems  is  caused  when  the  thin  flame  passes  ont  of  the 
boundaries  of  the  system  and  there  are  no  longer  any  gradients  along  some  of  the  fixed  arcs. 
The  grid  then  reverts  back  to  a  uniform  grid  over  one  time  step.  In  the  present  calculation 
this  does  not  cause  a  problem  because  the  dependent  variable  is  uniform  and  the  rapid  change 
in  metrics  is  unimportant  because  the  solution  isn’t  changing.  However,  if  another  variable 
such  as  velocity  was  being  calculated  in  this  region  it  would  be  extremely  difficult  to  obtain  an 
accurate  solution  for  that  variable.  In  this  case  the  other  variables  (besides  temperature)  should 
be  considered  in  the  formation  of  the  weight  function  and  the  grid  transformation.  A  possible 
solution  to  this  problem  is  shown  in  Fig.  9  where  the  grid  distribution  has  been  frozen  at  the 
value  it  had  when  the  flame  left  the  computational  region.  With  this  strategy  the  metrics  are 
smooth  but  the  mesh  is  wastefully  fine  near  the  outer  boundary. 

Another  potential  problem  exists  when  different  regions  of  high  gradient  exist  within 
the  same  problem.  This  is  particularly  troublesome  when  the  regions  have  incompatible 


* 


f 

| 


"f 


354 


Figure  8.  Typical  temperature  distribution 
with  uniform  and  adaptive  grids.  Dashad  line 
is  on  uniform  grid,  and  shows  oscillations  dae 
to  high  cell  Peclet  number. 


Figure  0.  Coordinate  system  and  isotherm 
distribution  about  a  burning  particle  with 
a  coordinate  transformation  adaptive  grid. 
Coordinate  system  frown  at  outer  boundary. 


geometries  for  grid  stretching,  as  is  the  case  in  our  next  example.  Here  a  flame  surrounds 
a  burning  spherical  particle  over  which  the  flow  (Reynolds  number  of  100)  has  separated.  In 
this  calculation  both  the  flow  field  in  separation  region  and  the  temperature  gradients  in  the 
flame  must  be  resolved,  and  the  boundary  conditions  must  be  applied  far  from  the  body.  The 
coordinate  system  used  for  the  flame  is  not  well  suited  for  the  flow,  and  we  have  taken  the 
approach  of  using  two  different  coordinate  systems  and  interpolating  between  them.  Figure 
10  shows  the  vorticity  pattern  together  witb  the  grid  used  to  compute  the  flow  field.  The 
temperature  distribution  and  its  grid  are  shown  in  Fig.  11.  Certainly  the  use  of  two  coordinate 
systems  increases  storage  and  computation  time,  but  the  one  order  of  magnitude  improvement 
of  grid  resolution  achieved  by  the  adaptive  gridding  method,  more  than  makes  up  for  the 
additional  effort.  However,  it  it  easily  seen  that  this  approach  to  grid  adaptation  introduces 
many  new  problems,  which  should  prove  fertile  ground  for  new  solution  procedures. 


CONCLUSIONS 

We  believe  that  we  have  achieved  considerable  success  in  applying  adaptive  grid  methods 
to  solve  a  variety  of  problems,  but  it  is  also  true  that  the  results  are  not  complete.  We  have 
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Titan  10.  Coordinate  system  and  Mkm  Tigan  11.  Coordinate  qrrton  and  Torticftr 
distribution  aboat  a  burning  particle  with  distribution  about  a  burning  particle  with 
(operated  turn,  using  a  coordinate  transfer-  separated  flow,  using  a  coordinate  transfer 
motion  adaptive  grid.  motion  adaptive  grid. 

seen  clearly  that  adaptive  gridding  is  necessary  for  a  wide  range  of  heat  and  mass  transfer 
applications.  Our  examples  demonstrated  a  strong  dependence  of  flame  shape,  flame  speed, 
and  numerical  stability  on  the  mesh  spacing.  In  regions  such  as  flame  fronts,  the  grid  has  to  be 
so  fine  that  uniform  meshing  is  completely  impractical.  However,  using  the  adaptive  approach, 
we  have  kept  cell  Reynolds  and  Peclet  numbers  less  than  one  with  relatively  few  grid  points! 

We  discussed  the  concept  of  equidistribution  of  a  positive  weight  function  and  we  regard 
it  as  a  useful  framework  from  which  to  develop  adaptive  grid  methods.  The  variable  node 
approach  is  analogous  to  ODE  initial  value  problem  software,  and,  because  it  attempts  to  bring 
the  weight  function  within  pre-specifled  bounds,  it  is  potentially  the  most  accurate  approach  to 
adaptive  meshing.  However,  due  to  the  number  of  grid  points  which  may  be  needed,  it  is  often 
inefficient  in  computer  time  and  storage.  On  the  other  hand,  using  generalised  coordinates 
and  adaptive  gridding  through  coordinate  transformations  allows  for  good  resolution  of  body 
shapes  and  flame  structure  in  separated  flows  at  moderate  Reynolds  Number.  In  this  case, 
however,  the  weight  function  is  equidistributed,  but  not  driven  below  a  prespecified  bound.  We 
have  successful!)'  applied  both  the  coordinate  transformation  approach  and  the  variable  node 
approach  in  one-  and  two-dimensions.  Full  two-dimensional  generalisations  are  yet  to  come. 

Although  adaptive  gridding  is  required  for  accurate  resolution  in  many  problems  its  use 
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can  introduce  new  problems.  For  example,  we  see  problems  caused  when  high  gradient  regions 
intersect  boundaries  or  leave  the  computational  zone  by  convective  processes.  Also,  when  more 
than  one  physical  variable  causes  scaling  problems,  such  as  in  flame  propagation  and  flow 
separation,  it  may  be  difficult  to  use  one  grid  system  for  the  entire  problem.  Instead,  it  may 
be  avantageous  to  use  more  than  one  adaptive  coordinate  system  simultaneously.  So  far  the 
“fix”  to  many  of  these  problems  has  been  problem  dependent.  Generalisations  are  needed. 
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INTRODUCTION 

in  recent  years,  considerable  effort  has  been  focused  on  the  development  of 
techniques  for  the  generation  of  curvilinear  coordinates  to  facilitate 
confutation  of  fluid  flows  in  a  variety  of  complex  configurations.  The-  present  ^ 
paper  focuses  on  the  application  of  such  techniques  to  the  computation  of 
internal  flows.  The  paper  is  divided  into  three  major  sections.  First,  a 
brief  review  of  applications  of  grid  generation  techniques  in  internal  flows 
is  presented.  Due  to  the  impending  publication  of  a  major  review  article  on 
grid  generation  covering  up  to  mid-1981,  the  present  discussion  focuses  on  a 
number  of  recent  publications.  Second,  a  simple  method  for  generating 
orthogonal  or  nearly  orthogonal  curvilinear  grids  with  controlled  mesh  spacing 
is  presented.  Third,  a  current  research  problem  in  generation  of  three- 
dimensional  internal  flow  grids  is  discussed.  f~-- -  -  _ __ 


Characteristics  of  Internal  Flows 

Prior  to  a  discussion  of  grid  generation  techniques,  it  is  instructive  to 
broadly  characterize  internal  fluid  flow  problems.  First,  internal  flows  are 
characterized  by  lateral  physical  boundaries  which  are  contained  within  a 
finite  region.  An  obvious  example  is  the  simple  rectangular-to-round  diffuser 
shown  in  Figure  1,  for  which  the  lateral  boundaries  are  solid  walls.  The 
cascade  in  Figure  1  is  another  example,  for  which  periodic  boundary  conditions 

are  applied  on  a  portion  of  the  lateral  boundaries  of  a  chosen  computational 
2 

domain.  Second,  the  computational  domain  may  be  singly-  or  multiply-connected. 
The  diffuser  is  an  example  of  a  singly-connected  flow.  The  shell-and-tube  heat 
exchanger  of  Figure  2  illustrates  a  complex,  three-dimensional,  multiply- 
connected  doeiain.  Third,  internal  flows  are  often  characterized  by  high 
Reynolds  number  turbulent  flow,  thereby  requiring  refined  grid  resolution  near 
solid  boundaries. 
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Desirable  Characteristics  of  Curvilinear  Coordinates 

Although  the  requirements  on  curvilinear  coordinates  are  dependent  to  a 
certain  extent  upon  the  particular  physical  application,  a  number  of  desirable 
attributes  can  be  enunciated.  First,  the  coordinate  transformation  should  be 
boundary-oriented,  i.e.,  the  boundaries  of  the  physical  domain  should  coincide 
with  a  portion  (or  all)  of  a  curvilinear  coordinate  line  or  surface.  This 
concept  is  illustrated  in  Figure  3,  where  upstream  and  downstream  boundaries 
and  Tj,  respectively,  coincide  with  lines  of  constant  £  (i.e.,  segments  y3 
and  y2)  in  the  transformed  plane,  and  lateral  boundaries  and  coincide 
with  lines  of  constant  n  (i.e.,  segments  y3  and  y4 )  in  the  transformed  plane. 
This  simplifies  the  coding  of  the  fluid  dynamic  algorithm  and  application  of 

the  boundary  conditions.  Although  non-boundary  conforming  coordinate  systems 

3  4 

(typically  cartesian)  are  currently  employed,  '  their  application  requires 
special  treatment  of  the  fluid  dynamic  algorithm  near  the  boundaries.  A 
slightly  different  treatment  is  illustrated  in  Figure  4,  where  a  "C"-type  grid 
for  a  cascade  flow  is  shown.  A  branch  cut  AB  is  introduced,  and  the  curve  ABCD, 
which  includes  the  airfoil  surface,  is  mapped  into  a  segment  of  the  £  axis. 

In  a  more  complicated  geometries,  a  cut  may  be  introduced  into  the  transformed 
plane  as  illustrated  in  the  branching  circuit  of  Figure  5.  Further  interesting 
examples  are  presented  in  the  paper  by  Kumar  et  al.5 

Second,  the  coordinate  transformation  should  be  orthogonal  or  nearly 
orthogonal  within  boundary-layer  regions  in  order  to  provide  accurate  resolution 
of  the  viscous  stresses.  Also,  the  use  of  a  two-layer  zero-equation  turbulence 
model  such  as  Cebeci-Smith6  or  Baldwin- Lomax7  requires  the  local  normal  to  the 
boundary  to  be  defined  in  order  to  determine,  among  other  items,  the  point  at 
which  the  eddy  viscosity  switches  from  the  "inner"  to  the  "outer"  formulation. 
Clearly,  an  orthogonal  or  nearly  orthogonal  grid  within  the  boundary  layers 
eliminates  the  need  for  interpolation  among  the  grid  points  to  determine  the 
inner  and  outer  eddy  viscosity  profiles  along  the  local  normal.  It  should  be 
emphasised,  however,  that  there  is  no  universal  a  pnjjoiu.  reason  for  requiring 
the  grid  to  be  orthogonal  within  the  inviscid  region  of  the  flow.  For  example, 

O 

MacCormack  and  Paullay,  using  the  explicit  finite-difference  algorithm  of 
g 

MacCormack,  demonstrate  that  a  non-orthogonal  grid,  which  aligns  one  family 
of  coordinate  lines  with  a  shock  surface,  yields  a  more  accurate  solution  than 
a  grid  which  has  no  coordinate  lines  aligned  with  the  shock. 

Third,  the  coordinate  generation  technique  must  provide  the  capability  for 
some  degree  of  control  on  grid  spacing.  For  computations  utilizing  zero- 
equation  turbulent  eddy  viscoeity  models  and  solid  wall  boundary  conditions. 
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the  normal  mesh  spacing  An  adjacent  to  the  solid  boundary  should  satisfy 
An+  s  An  u„/vw  <  2  to  5,  where  u„  =  /tw/pw,  tw  is  the  local  wall  shear  stress, 

Pw  is  the  density  at  the  wall,  and  is  the  kinematic  viscosity  at  the 
wall.10'11'1^  For  computations  employing  a  multi-equation  turbulence  model,  a 
more  stringent  mesh  spacing  requirement  is  usually  required,*0'11'13  typically 
An+  <  0.2  to  0.5.  Since  these  requirements  imply  a  physical  mesh  spacing  An 
much  smaller  than  the  local  boundary  layer  thickness  6  (typically  much  less 
than  1%  of  4),  it  is  clear  that  grid  control  is  important. 

Fourth,  the  curvilinear  coordinates  should  display  smoothly  varying  metric 
coefficients.  Grid  smoothness  criteria  have  not  been  generally  developed,  and 

can  be  expected  to  depend  on  the  nature  of  the  flow  (e.g.,  viscous  or 

14 

inviscid)  and  numerical  algorithm.  For  example.  Forester  suggests  the 
following  rough  guidelines  for  compressible  potential  flow  calculations,  namely, 
a)  the  stretching  factor  for  successive  grid  cells  should  be  less  than  two, 
and  b)  the  rate  of  mesh  twisting  should  be  less  than  about  one  half  radian. 

Also,  a  discussion  of  the  relationship  between  coordinate  grids  and  numerical 
fluid  dynamics  algorithms  is  presented  in  the  papers  of  Hindman15  and  Thomas 
and  Lombard.16 

The  above  list  of  desirable  coordinate  attributes  is  certainly  incomplete, 
and  experience  in  particular  types  of  flow  computation  have  added  further 
information.  For  example,  computations  of  high  Reynolds  number  viscous  cascade 

flows  have  demonstrated  a  superiority  of  the  "C"-type  grid  shown  in  Figure  4 

17-19 

over  the  sheared- type  and  "0"-type  grids.  The  ,,C"-type  grid  provides  good 

resolution  of  the  stagnation  region  near  the  leading  edge,  an  attribute  which 
is  lacking  in  the  sheared- type,  it  also  provides  a  natural  set  of  coordinates 
for  the  wake  region,  which  is  less  easily  achieved  in  the  "0"-type. 


BRIEF  REVIEW  OF  RECENT  APPLICATIONS 

Since  a  major  review  of  grid  generation  techniques  is  pending  publication,1 
our  attention  is  focused  on  presenting  a  representative  sample  of  Accent 
applications  to  internal  flow  computations.  Although  in  the  author's  opinion 
it  is  too  early  in  the  development  of  the  field  of  grid  generation  techniques 
to  attempt  a  comprehensive  categorization  of  methods,  it  is  nonetheless 
instructive  to  discuss  recent  work  in  an  approximate  framework.  The 
categorizing  parameter  has  been  arbitrarily  chosen  to  be  the  nature  or  type  of 
the  mesh  generation  algorithm  (e.g.,  elliptic  partial  differential  equations, 
conformal  transformation,  etc.)  as  opposed  to,  say,  the  character  of  the 
resultant  grid  (e.g.,  orthogonal,  non-orthogonal ,  controllable  mesh  spacing. 


etc.).  It  ia  emphasized  that  this  discussion  is  intended  to  highlight  a 
selection  of  recent  applications  in  internal  flows,  and  the  reader  is  referred 

20 

to  the  other  papers  in  this  Conference  and  the  recent  workshop  at  NASA  Langley 
for  additional  discussion  in  the  following  categories. 


Elliptic  Partial  Differential  Equations 

Although  the  idea  of  curvilinear  coordinate  generation  by  means  of  elliptic 
partial  differential  equations  has  a  considerable  history  (see,  for  example , 

Refs.  21  to  23),  the  popularity  of  the  concept  was  substantially  increased  by 

24  25 

the  contributions  of  Thompson ,  Thames  and  Mastin.  '  Several  improvements 

26  27 

were  added  by  Ghia  et  al.  '  and  the  technique  was  applied  to  generation  of 

2Q-31 

curvilinear  grids  for  cascade  flows.  The  technique  was  utilized  by  Knight 

32 

in  computations  of  supersonic  aircraft  inlets,  and  Kumar  for  hypersonic 
scramjet  flows.  Johnson  and  Thompson33  treated  the  confluence  of  several 
waterways  in  Charleston  Harbor,  and  Kumar  et  al.5  computed  the  flowfield  in 

several  multi-channel  configurations.  The  technique  was  also  applied  to 

34  35 

turbomachinery  flows  by  Camamero  and  Younis,  Camamero  and  Reggio  using  the 
multi-grid  technique  for  the  solution  of  the  non-linear  partial  differential 
equations.  The  method  was  utilized  for  grid  generation  in  three-dimensional 
ducts  by  Roberts  and  Forester. 

A  number  of  modifications  of  the  method  of  Thompson,  Thames  and  Mastin  have 
been  developed  in  order  to  improve  grid  orthogonality,  mesh  spacing  control, 

and  other  features.  Sorenson  and  Steger  introduced  direct  control  of  the  grid 

37-39 

spacing  and  grid  orthogonality  near  boundaries.  Their  method  was 

40  41  42 

employed  by  Chausee  et  al.  and  Biringen  et  al.  '  for  the  computation  of 
two-dimensional  high  speed  aircraft  inlet  flowfields.  Visbal  and  Knight43'*4 
developed  a  general  technique  to  generate  orthogonal  or  nearly  orthogonal 
curvilinear  grids  with  direct  control  of  grid  spacing,  which  is  discussed  in 
detail  in  a  later  section.  The  technique  was  applied  to  the  generation  of 

curvilinear  grids  for  a  variety  of  internal  flow  configurations  including 

45 

inlets,  diffusers  and  cascades.  Mobley  and  Stewart  developed  an  orthogonal 
grid  generation  scheme  based  on  the  method  of  Thompson,  Thames  and  Mastin  and 

the  technique  of  Pope46  and  applied  the  method  to  several  internal  flow 

47 

geometries.  Thomas  and  Middlecoff  developed  techniques  for  approximate 

control  of  grid  spacing,  and  applied  them  to  generation  of  coordinates  for 

19 

three-dimensional  internal  flows.  Roach  and  Sankar  introduced  a  formulation 
for  the  source  terms  to  help  improve  grid  orthogonality. 
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Conformal  Transformations 

The  method  of  grid  generation  by  conformal  transformation  has  a  rich  and 
varied  history  (see,  for  example,  Ref.  48) ,  with  substantial  emphasis  on 

49 

aerodynamic  applications.  The  generalized  Schwartz-Christof fel  transformation 
for  curvilinear  boundaries  was  applied  by  Davis50  to  the  generation  of  ortho¬ 
gonal  coordinates  for  a  selection  of  internal  and  external  flow  configurations. 
The  technique  was  extended  by  Sridhar  and  Davis51  to  the  construction  of 
orthogonal  grids  for  a  greater  variety  of  two-dimensional  internal  flow 

geometries  including  ducts,  nozzles  and  cascades.  The  conformal  mapping 
52 

procedure  of  Anderson  was  employed  in  the  computation  of  the  flowfield  in  a 
turbofan  forced  mixer  nozzle  by  Anderson  and  Hawkins.53  Aircraft  inlet 

54 

configurations  including  centerbodies  have  been  treated  by  Ives  and  Menor. 

55 

A  double  conformal  mapping  procedure  was  employed  by  Sockol  for  the  generation 
of  C-type  cascade  grids.  Transonic  potential  flow  past  an  airfoil  in  a  wind 
tunnel  was  treated  by  Doria  and  South56  using  curvilinear  coordinates 
generated  by  a  combination  of  shearing  and  Schwartz-Christoffel  transformations 
following  the  approach  of  Caughey.57 

Algebraic  Techniques 

In  recent  years,  a  significant  effort  has  been  focused  on  the  application  of 

algebraic  methods  to  the  generation  of  curvilinear  grids  for  internal  and 

58 

external  flows.  A  general  algebraic  scheme  was  introduced  by  Eiseman  for 
two-dimensional  flows,  and  employed  for  the  generation  of  curvilinear 

coordinates  for  airfoil  cascades.  The  technique  was  later  extended  to  three- 
59 

dimensional  geometries,  and  additional  control  of  grid  spacing  and 
orthogonality  was  devised.  0  The  method  was  utilized  by  Shamroth  et  al.61  for 
the  computation  of  viscous  cascade  flows.  Eiseman  and  his  colleagues  also 
developed  a  general  "tube-like"  coordinate  treatment  of  three-dimensional  duct 
flows.62'63  The  approach  was  utilized  by  Levy  et  al.64  in  the  computation  of 
three-dimensional  turbulent  subsonic  flow  in  ducts  of  super-elliptic  and 
elliptic  cross-section.  The  algebraic  approach  of  Eiseman  was  extended  by 
Smith  and  Weigel65,  and  Smith  et  al.66  The  technique  was  applied  to  turbofan 

lobed  mixers  and  inlets  by  Kowalski,67  and  to  non-axi symmetric  nozzles  by 

68  69 

Swanson.  In  addition,  Drummond  and  Weidner  utilized  the  a’gebraic  mapping 

formulation  of  Roberts70  and  Holst71  in  the  computation  of  scramjet  engine 

flows. 

The  inherent  flexibility  of  algebraic  methods  is  an  important  feature. 

24-27 

However,  unlike  conformal  transformations  and  certain  elliptic  formulations 
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which  possess  a  maximum  principle,  the  algebraic  methods  do  not  necessarily 
always  generate  a  one-to-one  transformation  (i.e.,  there  can  be  crossing  of 
grid  lines  of  the  same  family^'67) ,  and  therefore  the  coordinate  transformation 
must  be  carefully  evaluated  a.  pO&ZyvLotu.  by,  for  example,  interactive 

v.-  66 

graphics. 

Other  Methods 

Although  the  majority  of  coordinate  transformation  techniques  applied  to 

internal  flows  can  be  classified  according  to  the  above  three  categories, 

72 

several  additional  approaches  have  been  employed.  McNally  developed  a  simple 
predictor-corrector  method  for  constructing  two-dimensional  orthogonal  grids 

73 

between  two  arbitrary  boundaries.  The  method  was  utilized  by  Graves  for 
axisymmetric  blunt  bodies,  and  is  extendable  to  certain  internal  flow 
configurations  as  well.  Steger  and  Sorensen  developed  a  hyperbolic  grid 
generation  scheme  for  two-  and  three-dimensional  flows.  The  technique,  however, 
does  not  guarantee  that  a  one-to-one  mapping  will  be  obtained,  and  cross-over 
of  grid  lines  of  the  same  family  can  occur.  Modest  success  has  also  been 

achieved  in  the  development  of  flow-adaptive  grids.  For  example,  the  method 

75  76  77  78 

of  Hirt  et  al.  has  been  employed  by  Hasen,  Perry,  ,  and  Kowalski  et  al. 

for  the  alignment  of  one  family  of  grid  lines  with  the  local  flow  direction 

for  nozzle  and  aftbody  flows. 

A  METHOD  FOR  GENERATING  TWO-DIMENSIONAL  ORTHOGONAL  OR  NEARLY  ORTHOGONAL  GRIDS 
WITH  DIRECT  CONTROL  OF  MESH  SPACING 

Introduction 

The  purpose  of  this  section  is  to  present  the  method  developed  by  Visbal 
43  44 

•and  Knight  '  for  the  generation  of  orthogonal  or  nearly  orthogonal  curvi¬ 
linear  grids  and  to  demonstrate  its  application  to  two-dimensional  internal 
flows.  In  Figure  3,  a  flow  region  ABCD  is  shown.  The  region  is  taken  to  be 
bounded  by  two  straight  line  segments  and  Tj  of  arbitrary  length  and  two 
arbitrary  curvilinear  boundaries  Tj  and  The  boundaries  Tj  and  I"4  need  not 

be  known  analytically  nor  have  a  continuous  slope.  The  general  flow  region  is 
typical  of  the  geometries  of  two-dimensional  diffusers,  ducts  and  inlets.  The 
configuration  also  incorporates  the  "CM-type  grid  utilized  for  airfoil 
cascades  as  shown  in  Figure  4,  where  ,  Tj,  and  are  identified  as  curves 
AF,  DE,  ABCD  and  FE,' respectively. 

The  method  is  characterized  by  four  major  features,  which  are  indicated  in 


Table  1,  and  can  be  operated  in  two  inodes.  In  Mode  1,  an  orthogonal  grid  is 
constructed  with  weak  control  of  grid  spacing  in  the  redirection  near  and 

P4- 

TABLE  1 

OPERATIONAL  MODES  OF  GRID  GENERATION  TECHNIQUE  OF  VISBAL  AND  KNIGHT 


F<=  ature 

Mode  1 

Mode  2 

1. 

Orthogonal  Grid 

Yes 

Nearly- 

Orthogonal 

2. 

Control  of  grid  spacing  in 

n-direction  near  r,  and  r , 

3  4 

Weak  Control 

Strong  Control 

3. 

Arbitrary  user-specified  grid 
spacing  along  or 

Yes 

Yes 

4. 

User  manipulation  of  forcing 
functions 

Not  required 

Not  required 

In  Mode  2,  strong  control  over  grid  spacing  in  the  redirection  near  and 
r4  is  obtained  at  the  expense  of  achieving  a  less  orthogonal  grid.  Both  inodes 
permit  arbitrary  specification  of  grid  points  along  or  Also,  the  method 

is  fully  automatic  for  both  inodes,  i.e.,  user  manipulation  of  forcing  functions 
is  not  required. 

The  method  is  based  upon  the  use  of  Poisson's  equation,  and  represents  an 

24 

extension  of  the  technique  of  Thompson,  Thames  and  Mastin.  Although  the 
method  of  Thompson  et  al.  provides  control  of  grid  spacing  along  both  curvi¬ 
linear  coordinate  directions  by  inclusion  of  a  general  class  of  forcing 
functions  (i.e.,  inhomogeneous  terms  in  the  governing  elliptic  equations),  the 
parameters  in  the  forcing  functions  are  not  known  a  ptco-ti  except  in  certain 
simple  geometries  and  must  therefore  be  adjusted  repeatedly  by  the  user  until 

the  desired  mesh  spacing  is  achieved.  In  addition,  the  transformation  is 

37-39 

generally  non-orthogonal.  Sorenson  and  Steger  incorporated  a  dynamic 

adjustment  of  the  forcing  functions  with  the  method  of  Thompson  et  al.  to 
provide  orthogonality  and  control  of  the  avid  spacing  in  the  vicinity  of 
selected  physical  boundaries.  Their  method,  however,  does  not  achieve  near¬ 
orthogonality  within  the  entitle  flow  region  and  highly  skewed  grids  can 
result.42''42  In  the  techniques  of  Ghia  et  al.2^'27  and  Thomas  and  Middlecoff ,47 
the  forcing  functions  were  evaluated  along  the  boundaries  employing  simplified 
forms  of  the  governing  equations  and  the  prescribed  Dirichlet  boundary 
conditions.  Interpolation  was  used  to  obtain  the  corresponding  values  at  the 
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interior  of  the  region.  The  resulting  forcing  functions,  however,  are  not 
consistent  with  orthogonality  and  significant  skewness  can  occur  depending  upon 

the  curvature  of  the  physical  domain  and  the  specified  distribution  of  mesh 

43  45 

points  along  the  boundaries.  In  the  work  of  Mobley  and  Stewart,  some 

measure  of  control  of  the  mesh  spacing  in  orthogonal  grids  was  achieved  through 

the  use  of  user-specified  stretching  functions.  However,  the  stretching 

function  corresponding  to  an  antuXAXlAy  distribution  of  mesh  points  along  a 

particular  boundary  (fcr  example,  r..  in  Figure  3)  is  in  general  unknown, 

J  19 

which  constitutes  a  serious  practical  disadvantage.  Roach  proposed  a  form 
for  one  of  the  forcing  functions  which  is  consistent  with  orthogonality  only 
under  certain  particular  conditions  and  assuming  an  appropriate  treatment  of 
the  boundary  conditions  is  given;  consequently,  the  transformation  is  in 
general  non-orthogonal. 

The  method  of  Visbal  and  Knight  is  a  two-part  procedure  consisting  of  an 
intermediate  and  final  transformation.  In  the  intermediate  trans formation ,  an 
orthogonal  grid  is  generated  with  a  user-specified  distribution  of  mesh  points 
on  Tj  (see  Figure  3).  The  final  transformation  can  be  operated  in  two  modes. 

In  Mode  1,  an  onXhoqonaJL  grid  is  obtained  with  a  user-specified  distribution 
of  mesh  points  along  and  Tj.  Grid  orthogonality  is  achieved,  however,  at 
the  expense  of  precise  control  over  mesh  spacing  in  the  n-direction.  For 
example,  the  spacing  in  the  n-direction  adjacent  to  and  I"4  is  determined  by 
the  governing  elliptic  equations  and  cannot  be  specified  by  the  user  (e.g., 
for  a  diverging  duct,  the  grid  spacing  in  the  n-direction  will  increase 
downstream  in  a  manner  similar  to  Figure  7  of  Ref.  46).  In  Mode  2,  a  MOA-Ly 
orthogonal  grid  is  obtained  with  a  user-specified  distribution  of  mesh  points 
on  rx,  and  T3  and  with  direct  control  of  the  mesh  spacing  in  the 
n-direction  adjacent  to  and  T^.  This  second  mode  is  particularly  important 
in  turbulent  flow  computations  where  the  requirement  of  resolution  of  the 
viscous  sublayer  is  more  important  than  strict  orthogonality.  Finally,  the 
entire  method  is  fully  automatic  and  does  not  require  iterative  adjustment  of 
forcing  functions  by  the  user. 

Intermediate  Transformation 

In  the  first  step  an  orthogonal  grid  is  generated  with  a  user-specified 
distribution  of  the  mesh  points  along  (see  Figure  3) .  The  purpose  of  this 
intermediate  step  will  be  discussed  at  the  end  of  this  subsection.  The 

43  44 

intermediate  transformation  (£(x,y),  x(*»y>)  satisfies  the  Poisson  equations  ' 


’2«  =  +'5'X)  =  iipr 
v2x  =  o 
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The  quantities  h_  and  h^  are  the  scale  factors 

.  .  2a  2,1/2 

h^  «  (x^+y^) 


.  2  2,1/2 

(x  +y  ) 

X  X 


where  x,  “  -57-,  etc.  The  boundary  conditions  on  5  are  (see  Figure  6) 


e  n 


£  «  0  on  r 


C  =  1  on  r 


£  =  F3(t)  on  r3 


on  r4  •  (3d, 

where  t  is  the  arc  length  along  T3  measured  from  and  n  is  the  normal 
distance  measured  from  r  .  Equation  (3c)  simply  indicates  that  the  user  has 
distributed  the  mesh  points  along  T3  in  an  OAbLtfUXAy  monotonic  fashion  as 
desired  and  no  analytic  expression  for  F3(t)  is  required.  The  boundary 
conditions  on  x  are 

S*0  on  V  r2  (4a,b) 

X  •  0  on  Fj  (4c) 

X  -  1  on  r4.  (4d) 

The  forcing  function  4  in  Equation  (la)  is  consistent  with  the  generation  of  an 
orthogonal  grid  through  Equation  (1)  and  the  boundary  conditions  (3)  and  (4) . 
The  form  of  4  results  from  the  general  expression  for  the  Laplacian  in 
orthogonal  curvilinear  coordinates 
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The  intermediate  transformation  is  obtained  by  inverting  Equations  (1)  to 
yield 


L(x)  =  -J2x^4 

(5a) 

L(y)  =  -J2y^ 

(5b) 

where 


L 


2B  8 


+  Y 


2  2 

a  »  x  +  y 
X  X 


e-=  x5xx  +  y5yx 

2  2 
y  ”  xc  YC 


J  =  xCyx"  Xxy5 


and  the  forcing  function  4>  is 

♦  '  [Y<xxxex+yxy5x)-i(x5xec+ycyee)]/^2 

The  transformed  boundary  conditions  are  prescribed  on  the  boundaries  y^, 
Y4  of  the  unit  square  in  the  (C,x)  plane,  as  indicated  in  Figure  7.  The 
expressions  obtained  from  Equations  (3)  and  (4)  are 

x^x  +  y^yx  =  0  and  Gj^x.y)  «  0  on 

x^x  +  y?yx  -  0  and  G2(x,y)  *  0  on  ^ 

t  «  F3(C)  and  G3(x,y)  -  0  on  r3 

x^x  +  y^yx  -  0  and  G4(x,y)  -  0  on  y4 


(5c) 


V  y 


(6a) 

(6b) 

(6c) 

(6dl 


As  indicated  previously,  the  function  F3  (?)  in  Equation  (6c)  denotes  that  the 
mesh  points  are  arbitrarily  distributed  by  the  user  along  r3  and  no  analytic 
expression  for  Fj(C)  is  required.  The  functions  G^(x,y)  •  0, . . . ,G4(x,y)  ■  0 
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singly  indicate  that  the  shape  of  the  boundaries  r^,...,r4  is  known  either 
analytically  or  through  specification  of  a  discrete  number  of  points. 

The  inverted  intermediate  transformation  equations  are  solved  using  a  two- 
step  iterative  procedure.  First,  the  point  successive  overrelaxation  (SOR) 
method  is  applied  for  typically  one  to  five  times  at  all  interior  points  to  the 
finite-difference  form  of  Equation  (5)  which  are  obtained  using  second-order 
accurate  centered  difference  approximations  for  the  derivatives.  Second,  the 
forcing  function  $  is  updated  by  the  use  of  Equation  (5c) ,  and  the  mesh  points 
are  redistributed  along  1^,  T2  and  r4  according  to  Equations  (6a),  (6b)  and 
(6d) ,  which  are  approximated  using  second  order  accurate  centered  or  one-side 
differences  as  required.  This  results  in  three  systems  of  simultaneous  non¬ 
linear  equations  which  are  solved  by  Newton's  method.  In  thos  cases  where  the 
shape  of  the  boundaries  and  T4  are  defined  by  a  suitable  discrete  set  of 
points,  piecewise  cubic  spline  interpolation  is  used  to  determine  the  functions 
G3  and  G4 .  These  two  steps  are  repeated  until  the  following  requirements  are 
satisfied: 

(a)  The  maximum  displacement  of  the  interior  mesh  points  in  the 
physical  plane  during  a  given  SOR  iteration  is  a  small  fraction 
of  the  local  mesh  size  in  the  5  and  x  directions.  A  value  of 
1%  was  found  to  be  satisfactory  and  was  used  in  all  cases 
presented  here. 

(b)  The  condition  of  orthogonality  at  r^,  T2  and  T4  is  effectively 
satisfied,  i.e., 


|8|/(ay)1/2  <  t 


for  all  points  on  ylf  f2  and  y4-  This  implies  that  the 
absolute  value  of  the  cosine  of  the  intersection  angles  formed 
by  the  coordinate  lines  at  the  boundaries  r^,  Tj  and  T4  are 
less  than  the  specified  parameter  e.  For  the  results  presented 
here,  the  value  chosen  for  e  is  0.01.  This  corresponds  to  a 
maximum  deviation  from  orthogonality  of  0.57  degrees  (i.e.,  the 
intersection  angles  are  between  69.43  and  90.57  degrees). 

It  is  important  to  note  that  SOR  was  used  for  simplicity  and  other  numerical 
techniques  could  be  employed  if  additional  efficiency  is  desired. 

The  purpose  of  the  intermediate  transformation  is  to  e.4(iciin££j/  obtain  the 
forcing  function  4  and  distribution  of  mesh  points  along  I"4  which  are 
consistent  with  orthogonality.  As  indicated  in  the  next  section,  this 
distribution  of  mesh  points  along  and  T4  are  then  prescribed  as  Dirichlet 
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boundary  conditions  in  the  solution  of  the  final  transformation.  Also,  the 

intermediate  grid  is  employed  in  the  determination  of  the  forcing  functions  and 

the  initial  guess  for  the  solution  of  the  final  transformation  equations  (the 

intermediate  mesh  must  be  stored  for  this  purpose) .  Our  experience  indicates 

that  the  intermediate  transformation  is  a  very  efficient  technique  particularly 

when  highly  refined  grids  near  r3  and  r4  are  required  in  the  final  mesh.  In 

the  intermediate  transformation  a  relatively  coarse  grid  in  the  x  direction  is 

employed .  This  improves  the  efficiency  of  the  implementation  of  the  Neumann 

boundary  condition  on  F^  and  also  the  dynamic  adjustment  of  the  forcing  function 

4.  Past  experience  indicates  that  the  use  of  a  Neumann  boundary  condition  on 

T.  in  the  presence  of  a  highly  refined  grid  is  very  time  consuming.  In 
4 

addition,  updating  the  forcing  functions  in  a  highly  clustered  mesh  may  result 
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in  numerical  instabilities.  '  This  does  not  occur  in  a  coarse  grid,  even 
when  a  poor  initial  guess  is  prescribed. 

Final  Transformation 

Although  the  intermediate  transformation  exhibits  the  desirable  charac¬ 
teristics  of  orthogonality  and  arbitrary  specification  of  mesh  points  along 
the  boundary  T3>  it  does  not  provide  control  over  the  mesh  spacing  in  the 
X-direction  as  desired.  The  final  transformation  is  then  introduced  to 
generate  a  grid  which  manifests  the  features  of  orthogonality  or  near-ortho¬ 
gonality,  and  weak  or  strong  control  of  the  grid  spacing  in  the  n-direction 

near  T,  and  T.  as  desired  (features  #1  and  #2  in  Table  1) . 

3  4 

The  final  transformation  is  motivated  by  the  simple  observation  that  a 
transformation 


X  “  X<h) 


(7) 


can  be  introduced  to  allow  a  concentration  or  stretching  of  the  grid  points  in 
the  n  direction.  The  governing  equation  for  t,  becomes’ 


,2c.p(5/f„ 


and  the  equation  for  n  i,B28' *5,47,79 


(8a) 


v2n  “  Q<C»n)  ■  o(n)  <n2+n.2) 


(8b) 


•«  .*..•***• %**v- 


and  the  scale  factors  hr  and  h_  are 

5  n 


h5  -  (x^y2)1'2 


h  =  (x2+y2)1/2 

n  n  n 


The  boundary  conditions  on  5  (see  Figure  B)  along  r^,  and  are  given  by 
Equations  (3a),  (3b)  and  (3c),  respectively.  The  boundary  condition  on  r4  is 


i  =  r4(t) 


where  (t)  denotes  the  distribution  of  the  lines  along  obtained  from 

the  intermediate  transformation  and  t  is  the  arc  length  along  The  boundary 

conditions  on  n  for  orthogonal  grids  (Node  1)  are 

n  =  F^(*)  on  (11a) 

|jj  -  0  on  r2  (lib) 

n  »  0  on  Tj  (11c) 

n  *  1  on  (lid) 

where  s  is  the  arc  length  along  measured  from  Equation  (11a)  indicates 

that  the  n-lines  are  arbitrarily  distributed  along  as  desired  by  the  user, 
and  no  analytic  expression  for  F^ (s)  is  required.  For  nearly  orthogonal  grids 
with  direct  control  of  the  normal  distance  of  the  n  -  constant  lines  from 
and  r4  (i.e..  Node  2),  the  boundary  condition  on  becomes  n  **  F2 (s) 
indicating  a  user-specified  distribution  on  n-lines  on  Tj. 

The  final  transformation  is  obtained  by  inverting  Equations  (8)  to  yield 


ax«-26xen  +  YXnn  ‘  'J  (V+xnB) 


«yrr-28yr.  +  yy„  -  <y,P+y_Q) 


(12b) 
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in  the  final  transformation  according  to  the  orthogonal  expression  (8a)  is 
inconsistent  and  is  therefore  not  performed. 

The  forcing  function  Q  is  determined  as  follows.  Application  of  the 
condition  of  local  orthogonality  (3  »  0  in  Equations  (12)  gives 


Q  *  yS/J2  where  (15a) 

yn  R 

S  =  T-^if  x^°  (15b) 

x 

S  =  T  +  —  -  if  y  *0  (15c) 

y5  Y  5 

where 


T  "  -(Vnn+Vnn)/(xW 


r  -  *£yec-yc*u 


(16) 

(17) 


It  can  be  simply  shown  that  S  =  a  (see  Equation  (8b)).  For  an  orthogonal  grid 
(Mode  1),  therefore,  S  is  a  function  of  n  alone  (see  Equation  (7)),  and  is 
evaluated  at  {  *  0  according  to  Equations  (15)-(17)  with  the  ^-derivatives 
approximated  using  the  intermediate  solution  and  linear  interpolation.  These 
derivatives  can  be  updated  during  the  solution,  although  experience  indicates 
that  such  adjustment  is  unnecessary. 

For  a  nearly  orthogonal  grid  with  controlled  spacing  of  the  n- lines  (Mode  2) , 
the  function  R  is  obtained  from  the  intermediate  transformation  using  linear 
interpolation.  Further  iterative  adjustment  of  R  is  inconsistent  with  the 
expressions  for  Q  in  Equations  (15)  obtained  using  the  assumption  of 
orthogonality  and  is  therefore  not  performed.  If  the  distribution  of  the 
g-lines  is  specified  in  terms  of  the  distance  s(£,n)  measured  from  along 
the  5-lines,  then 


s2 

T) 


<  *  < 


and 


ss  «xx  +  y  y 

n  wi  n  nn  rnn 

Frcm  Equations  (15)  and  (17) ,  the  function  T  becomes 


T 


-s/s 


n 


(18a) 


(18b) 


(19) 


Therefore,  T  can  be  determined  for  any  arbitrary  distribution  of  the  n- lines. 

In  this  research,  the  n- lines  are  distributed  exponentially  near  the  boundaries 
r3  and  r4,  and  uniformly  in  between.  This  distribution  would  be  appropriate 
for  numerical  simulation  of  high  Reynolds  number  flows  with  thin  boundary 
layers  along  and  r^.  The  resulting  expression  for  T  is 


o  <  n  <  nx 

«\i  <  n  <  n2 

n2  <  n  <  l 


(20) 


where  and  n2  are  slowly  varying  functions  of  £.  This  formulation 

permits  control  of  the  normal  distance  of  selected  n-lines  n*  and 
(0  <  n*  <  n  ,  hj  <  nj  <  1)  from  the  respective  boundaries  and  Equation 

(20)  may  be  integrated  along  each  £-line  to  determine  s((,n)  as  a  function  of 
Cl'  C2'  nl  and  n2‘  The  sPecifi«d  control  of  the  n  *  nj  and  n  «  n*  lines 
provides  a  pair  of  nonlinear  coupled  equations  for  and  C2  for  each  C-line 
which  are  easily  solved  by  Newton's  method. 

The  inverted  final  transformation  Equations  (12)  and  boundary  conditions 
(13)  are  solved  using  point  SOR.  Convergence  was  assumed  when  criteria  (a) 
discussed  in  the  previous  subsection  was  achieved.  Again,  it  is  noted  that 
SOR  was  employed  for  simplicity  and  other  techniques  could  be  employed  to 
improve  computational  efficiency. 


The  capabilities  of  the  method  are  illustrated  for  the  various  flow  regions 
shown  in  Figures  10,  12  and  13.  The  results  are  summarized  in  Table  2  and 
discussed  in  detail  below. 

Example  1:  Diffuser/Nozzle  Using  Mode  2 


In  this  example,  the  capability  of  the  method  is  demonstrated  for 
generating  a  very  nearly-orthogonal  mesh  with  an  arbitrary  non-uniform 
distribution  of  C-lines  along  and  with  direct  control  of  the  spacing  of 
selected  n-lines  throughout  the  entire  domain  (Mode  2) .  The  physical  region , 
shown  in  Figure  10a  is  representative  of  a  diffuser  or  nozzle.  The  upper 
boundary  is  formed  by  two  horizontal  segments  and  a  sinusoidal  curve.  The 
ratio  of  the  heights  of  the  right  and  left  boundaries  is  four  to  one.  The 
mesh  points  are  arbitrarily  distributed  along  r 3  and  are  clustered  in  the 


TABLE  2 

CHARACTERISTICS  OF  COORDINATE  TRANSFORMATIONS 


Example  No. 
3 


Intermediate  Mesh 


r 

No.  of  (-lines 

52 

31 

31 

59 

59 

No.  of  x_lines 

8 

8 

11 

11 

11 

| 

Final  Mesh 

t 

No.  of  (-lines 

52 

31 

31 

59 

59 

No.  of  g- lines 

31 

31 

31 

31 

31 

t 

Maximum  8 ^ 

4.6° 

4.3° 

2.8® 

10.9® 

2.3' 

i 

Maximum  6. 

L 

1.9° 

0.7° 

0.7® 

3.3® 

2.3' 

$ 

Maximum  8^ 

1.5° 

1.4° 

0.5® 

1.0® 

1.5' 

5I 

1.0° 

1.0° 

0.7® 

2.5® 

0.6' 

h 

0.6° 

0.4® 

0.4® 

1.0® 

0.7' 

£’ 

*0 

0.4° 

0.4® 

0.3® 

0.4® 

0.6' 

F  • 

Computer  time  (sec) 

16.0 

19.0 

19.0 

32.0 

36.0 

using  IBM  370/168 
Fortran  G  Compiler) 

Legend:  8  «  deviation  from  orthogonality  (i.e.,  the  absolute  value  of  the 

amount  by  which  the  angle  of  intersection  of  the  coordinate  lines 
differs  from  90°) 

8  »  average  deviation  from  orthogonality 

Subscripts:  I  “  Interior  mesh  points 
L  *  Mesh  points  on  r3 
0  *>  Mesh  points  on  r . 


vicinity  of  the  center  of  the  flow  region,  as  illustrated  in  Figure  10a.  The 
ratio  of  maximum  and  minimum  physical  grid  spacing  on  r3  is  2.7.  The  expression 
(20)  was  employed  for  T  with  "  1/3  and  n2  »  2/3.  The  values  of  C^  and  Cj 
at  each  (-line  were  determined  by  the  requirements  that  the  normal  distance  of 
the  n  *  nj  ■  2/15  line  from  r3  be  constant,  and  the  normal  distance  of  the 
n  •  nj  "  13/15  line  from  increase  smoothly  to  twice  its  value  on  over  the 

length  of  the  flow  region.  The  minimum  and  maximum  values  of  are  0.582  and 

2.817,  respectively,  and  the  corresponding  values  for  Cj  are  0.579  and  1.916. 

The  initial  guess  is  shown  in  Figure  10a,  and  the  intermediate  transformation 
is  shown  in  Figure  10b.  The  final  transformation  is  shown  in  Figure  10c, 
where  only  the  odd  nusfcered  ti- lines  have  been  plotted.  The  results  in  Table  2 
indicate  that  the  transformation  is  very  nearly-orthogonal ,  with  an  average 
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deviation  from  orthogonality  of  1.0°  in  the  interior.  The  average  absolute 
deviation  of  the  nj  line  from  the  specified  normal  distance  to  r3  is  3.8%,  and 
the  maximum  absolute  deviation  is  10.5%.  The  corresponding  figures  for  the  n£ 
line  relative  to  are  9.6%  and  35.0%,  respectively.  The  maximum  deviations 
occur  in  the  vicinity  of  the  x-station  where  the  slope  of  the  upper  surface  is 
a  maximum.  In  evaluating  the  success  of  the  control  of  the  spacing  of  the  t\J 
and  nj  lines,  it  is  worthwhile  to  note  that  when  the  condition  of  strict 
orthogonality  was  imposed  (i.e..  Mode  1),  the  normal  distance  of  the  n|  and  r\* 
lines  increased  by  300%  between  and  as  expected  from  the  overall  change 
in  shape  of  the  flow  region.  The  results  of  Example  1  indicate  .that  direct 
control  of  the  rr lines  can  be  accomplished  with  a  very  slight  increase  in 
deviation  of  the  transformation  from  orthogonality. 

Example  2:  Diffuser/Nozzle  with  P(£,n)  -  0  Using  Mode  2 

The  purpose  of  this  example  is  to  illustrate  the  capability  of  generating 
a  nearly-orthogonal  transformation  (Mode  2)  with  a  specified  forcing  function 
P(£,tl).  The  flow  region  is  the  same  as  in  Example  1.  For  the  purposes  of 
siaplicity,  p  was  taken  to  be  zero.  The  C- lines  were  redistributed  along  both 
r3  and  r4  in  the  intermediate  mesh  in  order  to  satisfy  orthogonality.  The 
expression  (20)  was  used  for  T.  The  values  of  Hj,  n2  and  and  C2  at  Tj  are 
the  same  as  for  Exaaple  1.  The  normal  distance  of  the  n  “  nj  -  2/15  and 
i)  “  n2  ~  13/15  lines  were  controlled  in  the  same  manner  as  for  Exaaple  1. 

The  final  transformation  is  shown  in  Figure  11,  where  only  the  odd  numbered 
n-lines  are  shown.  The  transformation  is  very  nearly  orthogonal,  as  indicated 
in  Table  2,  with  an  average  deviation  from  orthogonality  of  1.0°  in  the 
interior.  The  average  absolute  deviation  of  the  n|  line  from  the  specified 
noraial  distance  to  r3  is  2.9%,  and  the  maximum  absolute  deviation  is  11.3%. 

The  corresponding  figures  for  the  r\*  line  referenced  to  I*4  are  6.4%  and  34.8%, 
respectively.  The  final  transformation  also  demonstrates  the  mesh  spacing 
along  T3  corresponding  to  P  *  0  increases  monotonically  with  the  height  of  the 
flow  region  as  expected. 

Example  3;  Asymmetric  Half  Annulus  Using  Mode  2 

In  this  exaaple,  the  capability  is  demonstrated  for  generating  a  very 
nearly  orthogonal  grid  (Mode  2)  with  controllable  mesh  spacing  (in  the  £  and  n 
directions}  in  a  highly  curved  region.  The  physical  region  is  shown  in 
Figures  12a, b.  The  boundaries  Tj  and  are  two  non- concentric  circles  of 
radius  1.0  and  2.5,  respectively.  The  ratio  of  the  lengths  of  the  boundaries 
rx  and  r2  is  five  to  one.  The  5-lines  are  redistributed  along  T3  with  equal 
increments  in  arc  length.  The  expression  (20)  was  employed  for  T  with 
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rij  “  7/15  and  n2  “  2/3.  The  values  of  and  C2  at  each  £-line  were  determined 
by  the  requirements  that  the  normal  distance  of  the  n  =  nj  =  1/30  line  from 
be  constant,  and  the  normal  distance  of  n  =  n2  =  29/30  from  I"4  increase 
smoothly  to  four  times  its  value  on  over  the  length  of  the  flow  region. 

The  final  mesh  is  shown  in  Figure  12b.  The  results  in  Table  2  indicate 
that  the  transformation  is  very  nearly  orthogonal,  with  an  average  deviation 
from  orthogonality  of  0.7°  in  the  interior.  The  average  absolute  deviation  of 
the  ti*  line  from  the  specified  normal  distance  to  r 3  is  2.4%,  and  the  maximum 
absolute  deviation  is  5.7%.  The  corresponding  figures  for  the  n2  line 
relative  to  T4  are  3.4%  and  5.7%,  respectively.  It  was  found  in  this  example 
that  for  highly  curved  regions,  the  term  R  in  Equations  (15)  is  of  great 
importance  if  near-orthogonality  is  desired.  The  forms  of  the  forcing  function 
Q  suggested  by  Ghia  et  al. 26,27  and  Thomas  and  Middlecoff ,47  which  assume 
R  =  0,  produce  skewed  grids  for  this  type  of  domains. 

Example  4:  Airfoil  Using  Mode  2 

In  this  example  a  C-grid  was  generated  about  an  airfoil,  as  shown  in 
Figure  13,  using  Mode  2  operation.  For  the  purpose  of  simplicity  the  boundary 
r3  is  formed  by  a  symmetric  Joukowsky  airfoil  with  a  straight  cut,  and  the 
boundary  is  elliptical  with  major  and  minor  semi-axes  of  2.87  and  1,5, 
respectively.  The  mesh  points  were  arbitrarily  distributed  along  T3  with  some 
clustering  near  the  leading  and  trailing  edges  and  a  geometric-stretching 
along  the  cut.  The  term  T  was  evaluated  according  to  Equation  (20)  with 

=  7/15  and  n2  =  2/3.  The  values  of  and  C2  were  determined  by  the 
requirements  that  the  normal  distance  of  the  n  =*  nj  *  1/30  line  from  I"3 ,  and 
of  the  n  *  h2  =  29/30  line  from  T4  be  constant. 

As  shown  in  Table  2,  a  nearly  orthogonal  grid  was  obtained  with  am  average 
deviation  from  orthogonality  of  2.5°  in  the  interior.  The  average  absolute 
deviation  of  the  specified  normal  distance  for  the  n  “  hj  and  n  ■>  n2  lines 
are  3.9%  and  2.7%,  respectively. 

Example  5;  Airfoil  Using  Mode  1 

The  previous  case  was  also  computed  using  the  condition  of  strict 
orthogonality  (Mode  1).  A  very  nearly  orthogonal  grid  was  achieved  (see 
Table  2) ,  with  an  average  deviation  from  orthogonality  of  0.6s  in  the  interior. 
The  maximum  deviation  from  the  specified  normal  distance  of  the  n  ■  n*  line 
from  r3  is  85.8%,  which  compares  very  unfavorably  with  20.5%  for  the  grid  of 
Example  4.  It  is  therefore  clear  that  if  strict  orthogonality  is  imposed, 
direct  control  of  the  spacing  of  the  n-lines  cannot  be  enforced.  It  is 
however  possible,  as  the  present  example  shows,  to  achieve  direct  control  of 
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the  mesh  spacing  with  only  a  slight  deviation  from  orthogonality  away  from  the 
boundaries. 

A  CURRENT  RESEARCH  PROBLEM  IN  GRID  GENERATION  FOR  INTERNAL  FLOWS 

Despite  the  notable  recent  successes  in  developing  grid  generation  techniques 
for  internal  flows,  a  number  of  important  problems  remain.  The  focus  of  this 
section  is  the  description  of  one  particular  problem,  namely  the  generation 
of  a  suitable  grid  for  simply-connected  three-dimensional  internal  flows. 

A  straightforward  approach  to  grid  generation  for  3-D  internal  flows  is  to 

develop  a  sequence  of  2-D  curvilinear  grids  in  planes  normal  to  some  prescribed 
62 

centerline  of  the  duct.  Each  plane  intersects  the  duct  boundary  along  some 
continuous  closed  curve  as  shown  in  Figure  14.  The  problem  of  3-D  grid 
generation  thereby  reduces  to  the  task  of  generating  a  sequence  of  2-D  body- 
oriented  curvilinear  grids. 

Two  basic  approaches  have  been  employed .  The  first  method,  which  may  be 
denoted  the  "single-focus"  technique,  introduces  a  polar-like  curvilinear  grid 
as  illustrated  in  Figure  14.  A  branch  cut  is  introduced,  and  the  two  sides  of 
the  cut  rx  and  f2  are  mapped  into  the  left  and  right  boundaries  y^  and  y?  in 
the  transformed  plane.  The  focus  is  a  singularity  of  the  transformation 
(i.e.,  the  Jacobian  vanishes  at  the  focus),  and  is  mapped  into  the  segment  y^ , 
while  the  entire  outer  boundary  1*^  of  the  duct  is  mapped  into  the  segment  y^. 

The  presence  of  the  singularity  requires  special  treatments  in  the  fluid 
dynamic  calculation.  The  single-focus  technique,  however,  is  not  well-suited 
for  duct  cross-sections  whose  boundary  is  convex  (relative  to  the  duct 
interior)  over  a  large  extent.  This  problem  is  illustrated  in  Figure  15, 
which  represents,  for  example,  a  cross-section  of  a  half-axisymmetric  aircraft 
inlet  upstream  of  the  inlet  throat.  Clearly,  the  curvilinear  grid  is  highly 
distorted  near  the  upper  and  lower  comers,  and  the  single-focus  approach 
hinders  the  achievement  of  resolution  of  the  boundary  layers  in  the  vicinity 
of  the  comers.  The  extension  of  the  focus  into  a  "slit"^,  as  illustrated  in 
Figure  16,  alleviates  the  aforementioned  difficulty  albeit  at  an  increase  in 
the  complexity  of  the  fluid  dynamic  algorithm  (i.e.,  the  Jacobian  is  now 
singular  at  two  points,  namely  b  and  c) . 
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The  second  method,  which  maybe  denoted  the  "artificial  comer"  technique, 
introduces  one  or  more  fictitious  comer  points  along  the  duct  boundary.  For 
a  duct  boundary  with  continuous  tangent,  four  artificial  comers  are  added  as 
shown  in  Figure  17.  The  Jacobian  vanishes  at  the  artificial  comers,  however, 

^This  technique  was  also  suggested  to  the  author  by  G.  Paynter. 


which  requires  special  treatment  in  the  fluid  dynamic  algorithm.  Also,  the 
necessity  of  resolving  the  boundary  layer  on  the  entire  boundary  implies  that 
the  curvilinear  coordinates,  although  possibly  intersecting  the  boundary  at 
right  angles,  must  rapidly  bend  towards  the  adjacent  section  of  the  duct 
boundary  (e.g.,  the  C-lines  emanating  from  y3  near  point  A  must  rapidly  bend 
towards  in  order  to  resolve  the  boundary  layer  on  Y^) ■  Thus,  the  grid  lines 
emanating  from  the  duct  boundary  do  not  follow  the  normal  to  the  boundary,  and 
therefore  interpolation  is  required  when  utilizing  a  zero-equation  turbulence 
model  as  discussed  in  the  first  section. 

Numerous  additional  problems  in  grid  generation  for  internal  flows  can  be 
cited.  It  is  clear  that  the  field  is  open  to  innovative  techniques. 
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INTRODUCTION 

The  matheaatical  study  of  wave  notion  in  water  with  a  free  surface  dates 
back  at  least  as  far  as  Lagrange  around  1800.  Since  then,  steady  progress 
has  been  nade  in  this  field  by  many  researchera  through  the  application  of 
nany  of  the  tools  of  mathematical  physics.  Two  important  approximate  theories 
have  evolved :  the  linear  theory  for  small  amplitude  water  waves ,  and  the 
nonlinear  theory  for  waves  in  shallow  water.  Some  progress  has  even  been  made 
in  the  solution  of  the  general  nonlinear  problem  by  the  use  of  perturbation 
theory.  However,  the  application  of  analytical  mathematical  techniques  to 
these  general  problems  haa  been  hindered  by  the  nonlinear  difficulties,  not 
the  least  of  which  is  the  fact  that  the  flow  domain  is  not  known  a  priori  but 
is  part  of  the  solution.  The  challenging  nature  of  the  nonlinear  problems  and 
even  of  the  more  complex  of  the  linearised  problems  has  led  to  considerable 
effort  to  apply  the  power  of  modern  computers  to  facilitate  their  solution. 
Computers  have  been  of  tremendous  help  in  obtaining  meaningful  numbers  from 
fairly  complex  closed  form  solutions  for  simplified  problems.  Perhaps  more 
importantly  computers  are  also  being  used  to  directly  attack  the  unslmpllfled 
equations  through  the  use  of  numerical  techniques  which  have  been  and  are 
being  developed  specifically  for  this  purpose.  Among  these  techniques  are 
finite-difference,  finite-element,  and  panel  methods. 

Many  of  the  impressive  numerical  solutions  of  water  wave  problems  have 
been  obtained  with  the  so-called  marker-and-ceil  finite-difference  technique 
(Ref.[l]).  In  such  an  endeavor,  physical  space  is  divided  into  a  number  of 
rectangular  cells.  The  cells  are  divided  into  three  sets  the  elements  of 
which  can  change  with  time;  (1)  those  which  are  completely  filled  with  fluid, 
(2)  those  through  which  the  free  surface  passes  and  hence  which  are  only 
partially  filled  with  fluid,  and  (3)  those  which  are  outside  the  flow  domain. 
Through  appropriate  application  of  the  governing  equations  and  boundary 
conditions  the  movement  of  the  free  surface  through  such  a  cell  structure  can 
be  followed.  However,  tracking  a  boundary  movement  through  such  a  fixed  grid 
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can  ba  quite  difficult  and  error  prone.  Provision  suet  be  made  for 
finite-difference  atara  of  changing  arbitrary  shape,  and  boundary-condltlona 
involving  derivatives  normal  to  and  tangential  to  the  surface  can  be  difficult 
to  apply.  Even  so,  many  such  solutions  have  been  and  are  being  obtained  and 
they  have  contributed  considerably  to  the  progress  of  coaputatlonal  fluid 
dynasilcs . 

The  difficulties  and  deficiencies  of  the  narker-and-eell  techniques  have 
SK>tlvated  many  improvements  and  alternative  approaches  for  the  numerical 
solution  of  free  surface  problems.  Boundary-fitted  curvilinear  coordinate 
systems  offer  one  such  alternative.  Mapping  of  the  physical  region  to  a  fixed 
computational  region  enables  the  calculation  to  be  carried  out  on  a 
time-independent  grid  even  when  the  flow  is  time-dependent.  Since  the 
boundaries  are  always  const ant -coordinate  surfaces,  some  of  the  possible 
difficulties  in  applying  boundary  conditions  at  curved  boundaries  are 
eliminated.  In  recent  years  these  coordinate  systema  have  been  applied  to 
water  wave  problems,  and  the  possibilities  and  limitations  of  these 
applications  are  atill  being  investigated.  <  w l ,  5 

/  At  the  David  V.  Taylor  Naval  Ship  US  Center ^  have  been  investigating 
the  application  of  numerically  generated  curvilinear  coordinate  systems  to 
ship  wave  problems.  These  are  water  wave  problems  with  a  body  present,  and 
this  investigation  is  part  of  a  broader  effort  over  the  past  few  years  to 
develop  and  test  numerical  techniques  for  use  in  ship  performance  prediction. 
Since  no  one  numerical  method  is  best  for  all  problems,  and  a  wide  variety  of 
promising  methods  is  available,  the  work  has  Involved  the  investigation  of  the 
capabilities  of  various  methods. 

This  paper  presents  an  account  of  pdr  experience  in  applying  numerically- 
generated  coordinate  systems  to  water  wave  problems  and  a  brief  discussion 
of  closely-related  efforts  underway  elsewhere.  Application  to  free-surface 
potential  flow  is  highlighted  since  most  of  our  work  so  far  has  focussed  on 
such  lnvlsdd  flows.  Similar  coordinate  generation  techniques  could  be  used 
for  viscous  free-surface  problems.  ^ 

MATHEMATICAL  THEORY  OF  FREE-SURFACE  POTENTIAL  FLOW 

For  the  purposes  of  this  review  we  limit  the  discussion  essentially  to 
flows  of  water  for  which  the  effects  of  viscosity  (friction)  and  compressi¬ 
bility  can  be  neglected.  For  detailed  descriptions  of  such  lnvlscld  free- 
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surface  flows  see  Ref.  (2)  or  Ref.  (3).  With  the  neglect  of  viscosity,  we  can 
consider  the  Euler  equations 


dv/dt 


(1) 


X 

% 

i 


i 


§ 


where  v  is  the  velocity  vector  describing  the  flow,  t  Is  tine,  p  Is  density 
(assumed  constant),  p  is  pressure,  g  is  the  gravitational  acceleration,  and  k 
is  a  unit  vector  parallel  to  the  local  direction  of  the  Earth’s  gravitational 
field.  Eq.  (1)  Is  aerely  Newton’s  law  of  conservation  of  nonentun,  where 
the  left  side  Is  the  acceleration  of  a  fluid  particle  and  the  right  side  con¬ 
sists  of  the  forces  acting  on  such  a  particle  -  the  Internal  pressure  force 
and  the  external  gravitational  force.  Note  that  shear  stresses  are  absent 
here  since  they  are  among  the  neglected  frictional  effects.  To  Eq.  (1)  must 
be  added  the  equation  of  continuity 


7  •  v  -  0  (2) 

to  form  a  system  which  Is  sufficient,  with  initial  and  boundary  conditions, 
to  solve  for  the  velocity  field  v  and  the  pressure  p.  Eq.  (2)  represents 
conservation  of  mass  and  can  be  derived  from  the  fact  that  for  an  Incompress¬ 
ible  ,  constant  density  fluid  the  flux  of  mass  Is  sero  across  the  boundary 
surface  of  any  region  In  which  liquid  cannot  be  created  or  destroyed.  Ex¬ 
pressing  this  flux  condition  In  Integral  form  and  making  use  of  Gauss' 
divergence  theorem  leads  to  Eq.  (2). 

A  measure  of  the  local  rotationallty  of  a  fluid  Is  the  vortldty  V  x  v. 

A  flow  for  which 


Is  said  to  be  Irrotatlonal .  It  can  be  shown,  using  Eq.  (1),  that  a  flow  of 
an  invlscld  fluid  which  is  Irrotatlonal  at  one  time  remains  irrotatlonal  for 
all  time.  Since  many  flows  are  for  practical  purposes  nearly  Irrotatlonal 
throughout  such  of  the  flow  field,  and  since  the  assumption  of  Irrotatlonal 
flow  results  In  major  simplifications,  such  an  assimptlon  Is  often  made  and 
It  Is  convenient  to  do  to  for  the  purposes  of  this  paper. 
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The  vanishing  of  7  x  v  ensures  that  the  function 


♦(*>y •*)  “  J 


f(x,y,z) 


v-ds 


o 

Is  well-defined  where  the  line  Integral  is  over  any  path  f row  a  fixed  point 
fo  to  an  arbitrary  point  f.  Since  Eq.  (4)  iaplles  that 


(4) 


v  ■  74 


(5) 


the  assumption  of  lrrotatlonality  Implies  that  the  velocity  field  can  be 
represented  as  the  gradient  of  a  potential. 

Eq.  (2)  and  (5)  yield 


7%  -  0  (6) 

and  thus  the  potential  satisfies  the  well-known  Laplace  equation.  The 
pressure  does  not  appear  in  this  equation  for  the  velocity  potential.  It  can 
be  computed  from  the  velocity  field  by  using  the  momentum  equations  (Eq.  (1)) 
which  can  be  rewritten,  using  Eq.  (5)  with  some  manipulation,  aa 

3<|>/3t  -  -  (74-74)  /2  -  p/p  -  gy,  (7) 

where  y  Is  the  vertical  coordinate.  Eq.  (7)  Is  known  as  Bernoulli's  law. 

A  free  surface  S  is  a  boundary  surface  of  unprescribed  shape  which  sepa¬ 
rates  the  fluid  from  another  medium.  For  water  wave  problems  the  pressure  on 
the  surface  Is  the  constant  atmospheric  pressure  which  can  be  taken  to  be  xero 
since  only  pressure  gradients  affect  the  flow  field.  According  to  Eq.  (7)  we 
then  have  the  dynamical  free  surface  boundary  condition 

3$/3t  -  -  <74-7p)  /2  -  gy  on  S  (8) 

Since  the  location  of  the  surface  Is  unknown,  an  additional  boundary  condition 
Is  needed.  It  is  the  kinematic  condition  which  results  from  a  basic 
assumption  of  contlmnn  mechanics  and  states  merely  that  any  fluid  particle  on 
the  free  surface  remains  on  the  free  surface.  The  kinematic  condition  has 
more  than  one  mathematical  representation  th^t  is  useful  for  computations. 
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One  useful  fora  can  be  derived  by  considering  the  surface  S  as  represented  by 
an  equation  f  (x,y,z;t)  -  0.  The  fact  that  the  derivative  of  f  following  a 
fluid  particle  on  the  surface  la  zero  means  that 

df/dt  -  9f/St  +  v*Vf  -  0  (9) 

holds  on  S.  If  the  surface  can  be  represented  by  specifying  the  vertical 
coordinate  as  a  single-valued  function  of  the  horizontal  coordinates 

y  -  Y(x  ,z;  t)  (10) 

it  follows  that  f  ■  y  -  Y(x,z;t)  and  hence  from  Eq.  (9)  that 

Y--9Y-9Y+9  onS  (11A> 

t  x  x  z  z  y 

Eq.  (11a)  is  a  commonly  used  fora  of  the  kinematic  free  surface  boundary 
condition  but  is  useful  only  for  staple  surfaces  for  which  Eq.  (10)  retains 
its  single-valued  property.  For  more  general  surfaces  it  can  be  helpful  to 
use 


dx/dt  -  V*  on  S,  (lib) 

where  x  is  the  position  vector  of  a  fluid  particle  on  the  surface.  Eq.  (lib) 
is  Just  the  aetheaatlcal  representation  of  the  fact  that  the  surface  aoves 
with  the  local  fluid  velocity. 

The  free  surface  boundary  conditions  Bust  be  supplemented  by  appropriate 
conditions  at  other  boundaries.  The  most  commonly  encountered  condition  on 
solid  boundaries  such  as  ship  hulls  or  rigid  walls  is 

Vd  •  n  -  Vn,  (12) 

where  n  is  a  unit  vector  normal  to  the  boundary  and  V  is  the  normal  component 

tt 

of  the  velocity  of  the  boundary.  Eq.  (12)  states  that  fluid  cannot  pass 
through  such  a  solid  boundary.  Far  away  from  disturbances  the  fluid  is  often 
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assumed  Co  be  at  rest .  That  is 


V$  -  0 


(13) 


To  summarize,  the  solution  of  free  surface  potential  flow  problems 
usually  amounts  to  solving  Eq.  (6)  subject  to  the  free-surface  boundary  condi¬ 
tions  of  Eq.  (S)  and  Eq.  (11a)  or  Eq.  (lib),  along  with  other  appropriate 
condltlona  such  as  those  of  Eqs .  (12)  and  (13). 


COORDINATE  SYSTEM  TRANSFORMATION 

The  coordinate  system  construction  techniques  that  we  have  used  to  date 
at  DTNSRDC  are  based  on  the  Poisson  generating  equations 


7Zn  -  Q  (14) 

V2C  -  R 

which  map  the  flow  region  in  (x,y,z)-space  to  a  computational  region  In 
(5 .n ,C)-space  according  to  a  transformation  of  the  form 

£  -  C(*.y.*;t) 

r<  -  n(x,y,z;t)  (13) 

?  •  C(x,y,*;t) 

In  Eq.  (14)  the  source  terms,  P,  Q,  and  R,  can  be  used  to  control  the  coordi¬ 
nate  system.  The  time  dependence  of  the  transformation  is  a  result  of  the 
boundary  movement.  These  methods  are  extensions  of  the  methods  first 
successfully  esiployed  by  Thompson  (Raf.  [4]).  Aa  usual  the  techniques  are 
capable  of  treating  arbitrary  flow  regions .  This  capability  has  been  enhanced 
by  the  Introduction  of  computational  regions  which  are  constructed  from  an 
arbitrary  number  of  rectangles  (boxes  in  3-d)  which  are  fit  together  so  as  to 
yield  a  suitable  set  of  coordinates.  Details  on  constructing  such 
computational  regions  are  given  In  another  paper  at  this  conference  (Ref.  (5)) 
which  describes  a  recently-developed  program  for  generating  such  arbitrary 
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transformations  in  two  dimension*. 

For  computational  purposes  the  generating  system  of  Eq.  (IS)  is 
transformed  to  the  computational  space  by  interchanging  the  dependent  and 
Independent  variables.  For  the  two-dimensional  case  (which  for  simplicity  is 
discussed  hereafter)  the  transformed  generating  equations  are 


where 


ax«  '  2fix£n  +  YXnr,  +  ^  +  °V 
ay«  '  26y4n  +  Yynn  +  J  (PyC  +  °V 


o 

0 


a 

Y 


Vn  +  Vn 


J  ■  x?yn 


V« 


(16) 


(17) 


and  subscripts  indicate  differentiation.  The  transformation  can  then  be  de¬ 
termined  by  solving  Eq.  (16)  subject  to  appropriate  boundary  conditions. 

These  conditions  usually  specify  the  dependence  of  x  and  y  on  (  and  n  along 
the  boundaries.  Alternative  conditions,  such  as  the  requirement  that  coordi¬ 
nate  lines  be  orthogonal  in  physical  apace  at  a  specified  boundary,  can  also 
be  applied. 

The  governing  equations  of  the  fluid  flow  must  also  be  transformed  to  the 
(5,n)  coordinate  system.  Eq.  (6)  is  rewritten  a* 


‘  2f5V  +  Y*nn+  °V  T*e  ’  0 


(18) 


where 


a  •  j^q 

T  -  J2? 


(19) 


The  2-d  version  of  Eq.  (8)  transforms  to 


V5.n  -  constant  "  Wn  *  Wn  *W/J  2 

"  1<V5  '  Vn)2  +  (Vn  '  Ve)2|/(2J  >  (20> 

-  gy  en  n  ■  nt 


where  1*  the  coordinate  line  that  coincides  with  the  water  surface.  The 
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kinematic  free-surface  condition  of  Eq.  (11a)  can  be  written  In  the  form 


<Vx 


constant 


'  'Vs  -  V«V<JV 
*  <Vn  '  Vs)/J  “  "  '  \ 


while  Eq.  (lib)  takes  the  form 


dx/dt  -  (*£$n  ~  xn'*l£^J 

on  n  *  flj 

dy/dt  -  (y^  -  y^l/J 


(21a) 


(21b) 


Other  boundary  conditions  such  as  Eqs .  (12)  and  (13)  can  be  applied  by  using 
the  expression  for  the  derivative  of  ♦  normal  to  any  boundary 

1/2 

v*  ’  n  -  U  (g'y  +  x  )  -  *  (g'y  +  x  )]/  (J(l  +  g')2l  (22) 

5  n  n  n  E  £ 

where  g'  -  dy/dx  Is  the  slope  of  the  boundary. 

Since  the  coordinate  system  Is  needed  for  the  solution  of  the  flow  problem 
and  yet  the  coordinates  cannot  be  computed  before  the  free-surface  location  is 
known,  the  determination  of  the  flow  and  of  the  coordinate  system  must  be 
carried  out  simultaneously.  This  can  be  done  with  a  fairly  straightforward 
marching  procedure.  If  the  solution  is  known  at  any  time,  the  free-surface 
position  can  be  advanced  In  time  according  to  Eq.  (21a)  or  Eq.  (21b). 
Similarly,  the  potential  on  the  surface  can  be  advanced  according  to  Eq.  (20). 
A  coordinate  system  can  be  computed  at  the  advanced  time  according  to  Eq.  (16) 
and  the  new  surface  geometry.  Finally  the  complete  flow  field  can  be  computed 
by  solving  Eq.  (18)  with  the  aid  of  the  new  coordinates  and  with  already- 
computed  surface  values  of  ♦  as  a  boundary  condition.  Of  course,  such  a  time 
Integration  Is  Impossible  to  carry  out  exactly,  so  numerical  techniques  must 
be  used. 


NUMERICAL  TECHNIQUES 

Thlr  section  presents  the  basic  details  of  the  numerical  aspects  of  both 
the  coordinate  generation  and  flow  problem  solution  techniques  that  we  have 
been  using  at  DTNSRDC.  The  domain  of  Integration  in  the  ((  ,ti)  -  plane  is 
covered  by  a  uniform  network  of  points  (C^«  l,n^»  j),  with  1  »  1,...,  1^  and 
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j  •  1,...,  j ^ .  If  the  computational  region  is  a  rectangle,  all  these  points 
are  Included  in  the  region.  However,  if  the  shape  of  the  region  is  more  com¬ 
plicated,  many  of  the  points  may  not  be  Involved  in  the  computations.  The 
differential  equations  are  replaced  by  difference  equations  involving  the 
values  of  the  variables  at  the  grid  points  of  interest. 

To  compute  the  coordinates,  Eq.  (16)  is  replaced  by  central  difference 
formulae  yielding 


i.J 


+(ai.j-j2i,jpi.j/2) 


+(Yi.j+ji.jQij/2) 


+(Yi,J_Ji,jQi.j/2) 


-(6i,j/2) 


1-1.  J 

yi-l,J 

yi,J« 

Xi,j-1 
yi,J-l 
+  x 


i-l.J-1  “  xi-l,j+l 


i+1,3+1 

y i+l, j+i  +  yi-l,j-l  '  yi-l,j+l 


(23) 


'xi+l,j-l 

'yi+l.j-l 


]/2(ai  ,J 


+  Y 


i.J 


) 


where  a.  , ,  6.  , ,  y.  ,  and  J.  .  are  central  difference  approximations  to  Eq. 

*■  t  J  1  »J  1  »J  1  »J 

(17).  Source  terms  P,  and  Q,  ,  are  specified  to  yield  suitable  grids  for 

1  »J  1  »j 

the  particular  applications. 

For  convenience,  Eq.  (23)  is  solved  by  successive  overrelaxaton  (SOR). 
Optimum  overrelaxation  factors  are  determined  through  numerical 
experimentation.  It  has  been  found  (Ref.  [6))  that  on  vector  processing 
computers  mesh  generation  equations  such  as  these  can  be  solved  very 
efficiently  with  SOR  by  sweeping  the  mesh  in  the  so-called  "red-black'*  or 
"four-color"  manner. 
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Eq.  (18)  1*  replaced  by  the  difference  equation 
*i.j  “  E<0i,j+ti,j/2)*i+i,j 

+(al,J"Ti,j/2)*i-l,j  +  (Yi,J+0i,J/2)ti,j+l 
+(Yi.j“°i.J/2)*i.j-l  “  (ei,J/2)(*i-*-l,j+l 
■*i-i,j-r*i+i,j-i"*i-i,j+i>  3  /2(alfj +  Yi,j) 


(24) 


which  la  also  aolved  with  SOR. 

Euler's  Modified  Method  of  tlMe  differencing  la  used  to  replace  the 
free-surface  boundary  conditions  of  Eq.  (20)  and  Eq.  (21a)  or  Eq.(21b)  with 
difference  equations  of  the  fora 

'i”*1  "  fi°  +  4t<p1n+1  +  F!n>/2  (25) 

where  the  superscripts  refer  to  tine  levels,  At  Is  the  tine  lncrenent,  f 

th  ^ 

represents  a  quantity  to  be  advanced  In  tine  at  the  1  free-aurface  grid 
point,  and  la  a  finite-difference  approxlnatlon  to  the  right-hand  side  of 
the  corresponding  free-aurface  condition. 

The  lnplldt  aysten  of  Eq.  (25)  Is  solved  Iteratively  for  the  surface 
values  of  4  and  the  surface  location  at  the  advanced  tine  level.  The 
Iterative  solution  of  these  equations  Is  conblned  with  the  Iterative  solution 
for  the  velocity  potential  and  the  coordinate  aysten.  Thus  the  new  coordinate 
aysten  and  flow  field  are  conputed  slaultaneously.  The  Iterative  procedure  at 
each  tine  advancenent  can  be  started  with  Initial  estlnates  of  surface 
location,  potential,  and  coordinates  obtained  by  extrapolation  fron  previous 
tine  levels.  The  Iterations  are  halted  when  the  precentaga  change  fron 
Iteration  to  Iteration  of  one  or  nore  of  the  dependent  variables  is  lees  than 
tone  specified  snail  nunber. 

Nunerlcal  solutions  of  nonlinear  free-surface  problens  are  highly  suscep¬ 
tible  to  nunerlcal  Instability,  leading  to  oscillation  fron  grid  point  to 
grid  point  at  the  surface.  Such  Instability  seeas  to  be  a  standard  feature 
of  the  nunerlcal  solution  of  nonlinear  water  wave  problens,  Independent  of 
the  nunerlcal  technique.  The  standard  neehod  for  ellnlnatlng  the  Instability 
Is  to  epply  s  filtering  technique  described  by  Shapiro  In  Ref.  (7).  After 
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each  time  advancement ,  new  free  surface  quantities  are  computed  according  to 
smoothing  formulae,  such  as 

fi  '  l_fl+2"fi-2'rt(fl+l+,i-l>+10fi}/16  (26) 

Such  filtering  has  been  found  necessary  by  many  researchers  (e.g.,  Ref.  [8] 
and  Ref.  (9]>.  However,  in  a  recent  private  communication,  S.  Orssag 
described  same  work  on  his  generalised  vortex  method  in  which  he  found  that , 
if  numerical  errors  are  carefully  minimised ,  filtering  is  not  necessary. 

SELECTED  RESULTS 

Some  of  the  earliest  work  on  the  use  of  boundary-fitted  coordinates  for 
the  solution  of  nonlinear  water  wave  problems  was  carried  out  by  Thompson 
and  Ms  colleagues  at  Mississippi  State  University  (e.g.  Ref.  [10)).  Previ¬ 
ously  they  had  carried  out  viscous  and  potential  flow  calculations  for  flows 
about  arbitrary  bodies  in  an  unbounded  fluid  using  a  transformation  to  a 
rectangular  computational  region.  The  far-fleld  boundary  conditions  were 
applied  on  one  side  of  the  rectangle.  To  handle  the  free-surface  flows 
part  of  this  boundary  was  converted  to  a  free  boundary.  Impressive  results 
were  obtained  for  viscous  free  surface  flows  about  hydrofoils,  although  the 
coordinate  system,  which  was  well-suited  for  infinite  fluids,  had  obvious 
deficiencies  for  the  water  wave  problems.  To  overcome  some  of  the  defi¬ 
ciencies,  a  T-shaped  computational  region  was  also  used.  Although  this  j 

yielded  even  better  results,  further  improvements  were  necessary. 

For  the  free-surface  potential  flow  problems  being  studied  at  the  time 
at  DTNSRDC  an  H-shaped  computational  region  was  used  as  shown  in  Figs.  1-5, 
taken  from  Ref.  (11).  The  resulting  coordinates  have  the  good  properties  that 
coordinate  lines  wrap  around  the  body,  yet  away  from  the  body  the  lines 
conform  well  to  the  free  surface  and  bottom  boundary.  In  addition,  the  number 
of  points  on  the  body  is  Independent  of  the  number  used  to  define  the  water 
surface.  Two  problem  areas  in  which  the  transformation  is  singular  and 
six-sided  cells  are  generated  can  be  noted  in  Fig.  3.  Source  terms  F  and  0 
are  used  in  the  Poisson  generating  system  of  Eq.  (16)  to  Improve  the 
resolution  in  these  regions.  Grid  points  are  not  placed  at  the  singular 
points.  He  have  seen  no  indication  of  fundamental  problems  from  such 
singularities ,  although  further  study  seems  warranted  on  whether  a  numerical 


The  coordinate  system  of  Fig*  3  was  applied  to  translating  and  oscil- 
lating  circular  cylinders.  Typical  reaulta  are  presented  in  Figs.  4  and*  5 
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Fig.  3.  Coordinate  system  for  submerged  cylinder  at  rest. 


Fig.  4.  Computed  evolution  of  the  water  surface  after  an  abrupt 
acceleration  to  the  left  of  a  submerged  circular  cylinder  (at  x-0) 


nonlinear, - 


steady-state  linear. 
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(Ref .  (11]).  The  cylinder  la  cantarad  at  x  •  o,  and  at  time  t  •  o  la  accel¬ 
erated  leftward  abruptly  to  a  conatant  epaad.  Calculations  ara  carried  out 
in  a  moving  reference  frame.  The  nonlinear  numerical  results  are  compared 
with  a  computed  linear  solution  in  fig.  4.  It  la  apparent  that  nonlinear 
effects  are  significant .  A  wave  grows  behind  the  cylinder  to  a  point  at 
which  the  computations  cease  to  converge.  In  reality  the  wave  would  break, 
but  the  numerics  are  unable  to  continue  farther  Into  the  breaking  process. 

A  few  shortcomings  ara  apparent  In  Fig.  5.  As  the  wave  grows-,  the  distance 


Fig.  5.  Coordinate  system  for  submerged  translating  cylinder 
showing  wave  development. 


between  grid  points  on  the  fraa  surface  Increases ,  because  the  x-coordlnate 
of  each  grid  point  is  held  constant  while  the  y-coordlnate  Is  computed 
according  to  Kq.  (21a).  Also  the  grid  lines  below  the  surface  do  not  move  far 
enough  upward  with  the  surface  to  maintain  adequate  resolution.  Further 
problems  with  the  singularities  in  the  transformation  can  be  seen  In  Fig.  6, 
where  results  for  the  oscillating  cylinder  ara  presented.  These  calculations 
were  carried  out  as  the  cylinder  oscillated  horlsontally  In  a  fixed  reference 
frame.  The  source  term  attraction  which  was  chosen  for  the  cylinder  at  rest 


Is  not  suitable  for  maintaining  good  grid  point  distribution  at  all  times. 
Time-dependent  attraction  such  as  that  used  in  Ref.  (6)  probably  would  have 
helped . 

Many  Improvements  were  obviously  called  for  in  the  coordinate  systems 
that  were  used  up  to  that  time.  Fortunately  such  Improvements  were  regularly 
appearing  at  DTNSRDC  and  elsewhere.  About  that  time  the  interesting  results 
of  Long uet -Higgins  and  Cokelet  (Ref.  [8))  came  to  our  attention.  Using  an 


Fig.  6.  Time  dependent  coordinate  system  for  swaying  cylinder. 
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exact  mapping  they  studied  the  problem  of  the  breaking  of  a  large-amplitude 
periodic  wave.  They  were  eventually  able  to  continue  the  calculation*  until 
a  Jet  of  water  shooting  outward  and  downward  from  the  breaking  wave  tip  just 
contacted  the  water  surface.  We  applied  the  boundary-fitted  coordinate  system 
flnlte-dlffetence  method  to  the  same  problem  to  see  how  much  of  their  result 
we  could  reproduce.  A  rectangular  computational  region  was  used.  Previously 
unpublished  results  are  presented  In  Fig.  7,  which  is  a  superposition  of 
computed  wave  profiles  at  several  times.  The  calculations  accurately 
reproduced  the  previous  results  until  about  the  time  that  the  water  surface 
became  vertical;  then  the  computations  broke  down.  It  can  be  seen  that  at 
that  time  the  coordinate  system  was  becoming  quite  distorted,  with  large 
deviations  from  orthogonality.  Even  so,  these  results  represent  a  consider¬ 
able  advancement  over  the  submerged  circular  cylinder  effort  and  were  achieved 
by  applying  Improved  techniques.  A  fixed  frame  of  reference  was  used  and  the 


Fig.  7.  Computed  two-dimensional  breaking  wave  development. 
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surface  grid  points  moved  with  the  fluid  acccording  to  Eq.  (21b).  This  led 
naturally  to  a  clustering  of  grid  points  near  the  wave  peak.  A.  source  term 
used  by  Plant  (Ref.  [13])  and  similar  to  those  derived  by  Thompson  (Ref.  [14]) 
and  Ghla,  et  al  (Ref.  [IS])  was  used  to  attract  horlsontal  grid  lines  toward 
the  free  surface.  The  effect  of  the  source  term  is  to  maintain  boundary 
coordinate  spacing  throughout  the  fluid  and  thus  overcome  the  tendency  of 
Laplace-generated  systems  to  yield  uniform  spacing  In  the  interior  independent 
of  boundary  distribution.  Grid  lines  are  concentrated  near  the  free-surface 
at  the  upstream  and  downstream  boundaries ,  and  the  source  term  attraction 
serves  to  maintain  this  concentration  beneath  the  entire  free  surface. 

However,  even  with  these  lmprovementc ,  calculations  could  not  be  continued 
beyond  the  time  at  which  the  surface  became  vertical.  In  fact.  It  Is  not  yet 
clear  whether  the  boundary-fitted  coordinates  can  efficiently  handle  the 
curling  over  of  such  a  wave.  A  possible  technique  for  carrying  the 
computation  farther  was  proposed  by  Ghla  et  al  In  Ref.  [16].  It  was  suggested 
that,  as  the  wave  grows,  the  computational  region  be  modified  to  that  pictured 
In  Pig.  8  to  yield  a  coordinate  system  fitted  to  the  breaking  wave  as 


U.  Ghla  and  K.  Ghla . 


Si  -  -tWMi J 


403 

are  presented  in  Fig.  11.  Important  details  about  transom  stern  flows  were 


Fig.  11.  Computed  breaking  wave  behind  transom  stern 
moving  to  the  left. 

revealed.  Again,  a  simple  rectangular  computational  region  was  used. 

However,  the  upper  boundary  was  divided  Into  two  parts,  the  free  surface  and 
the  hull  bottom.  Since  grid  points  moved  with  the  water,  many  points  under¬ 
went  a  transition  from  the  hull  boundary  condition  to  the  free-surface  condi¬ 
tions.  Such  a  transition  posed  no  problem  for  the  techniques. 

Coordinate  systems  have  also  been  developed  for  2-d  ship  hull  cross 


sections,  and  an  example  is  presented  in  Fig.  12.  Preliminary  ship  motion 
calculations  have  been  carried  out  in  which  these  bulls  are  oscillating 
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vertically  (heaving).  But  in  such  an  application  we  run  into  a  difficulty 
which  must  be  overcome  before  truly  accurate  and  stable  nonlinear  numerical 
calculations  can  be  carried  out.  The  potential  flow  field  contains  singu¬ 
larities  at  the  intersections  of  the  water  surface  with  rigid  boundaries. 
These  singularities  have  yet  to  be  understood  both  mathematically  and 
numerically. 

The  coordinate  generation  techniques  for  free  surfaces  have  also  been 
extended  to  three  dimensions  (Ref.  (1ft)).  They  have  been  applied  to  a  few 
simple  hull  geometries  such  as  those  shown  in  Figs.  13  and  14.  How  best 


Fig.  14.  Coordinate  system  for  a  finite  circular  cylinder. 
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Co  apply  Che  methods  to  3-d,  In  particular,  the  kinds  of  computational 
regions  to  use  for  complicated  ship  wave  geometries,  la  not  clear.  So  far 
we  have  carried  out  only  linearized  3-d  flow  calculations  for  which  numer¬ 
ical  coordinate  system  generation  Is  not  necessary.  However,  efforts 
are  currently  underway  to  study  the  nonlinear  3-d  equivalent  of  the  transom 
stern  flow  previously  described  In  this  section. 


CONCLUSION 

Over  the  past  few  years  numerical  coordinate  system  generation  technol¬ 
ogy  has  developed  at  a  rapid  pace.  These  techniques  are  a  powerful  addition 
to  the  tools  available  for  solving  problems  In  physics.  At  the  David  W. 

Taylor  Naval  Ship  R&D  Center  contributions  have  been  made  to  this  development 
and  the  methods  are  being  applied  to  ship  wave  problems.  Arbitrary 
computational  regions  facilitate  the  treatment  of  arbitrary  time  dependent 
physical  flow  domains .  Such  an  approach  resulted  In  considerable  progress  In 
the  solution  of  previously  unsolved  nonlinear  free  surface  problems.  Efforts 
are  continuing  on  the  application  to  ever  more  difficult  and  realistic 
configurations . 

Considerable  further  research  on  coordinate  system  generation  Is  warrant¬ 
ed.  Automated  coordinate  control  Is  one  Important  objective.  It  remains  to 
be  seen  how  these  techniques  can  be  carried  toward  the  ultimate  goal  of 
numerically  modeling  the  complete  flow  field  about  a  ship  as  it  moves  in  the 
water.  It  is  possible  that  other  developing  numerical  methods  will  prove  to 
be  more  useful  for  certain  problems.  Even  if  this  occurs,  the  boundary-fitted 
coordinate  system  approach  will  still  be  available  as  a  powerful,  easy  to 
apply  tool  that  has  made  a  significant  contribution  to  our  understanding  of 
nonlinear  free-aurface  flows  and  of  ways  to  model  them  numerically. 
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NUMERICAL  MODELING  OF  ESTUARINE  HYDRODYNAMICS 
ON  A  BOUNDARY-FITTED  COORDINATE  SYSTEM 
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INTRODUCTION 

— ^Physical  models  of  rivers,  estuaries,  and  bays  have  been  utilized  for 
years  to  model  the  hydrodynamics  of  those  bodies  of  water.  However, 
physical  models  are  more  limited  in  addressing  water  quality  problems 
which  have  received  more  emphasis  in  recent  years.  With  the  advent  of 
digital  co^uters  over  the  past  20-30  years  it  has  become  feasible  to 
develop  numerical  models  to  determine  the  chemical  and  biological  changes 
that  occur  if  the  physical  character  of  an  existing  estuary  is  changed, 
e.g.  by  dredging,  diking,  or  permanently  changing  the  freshwater  inflow. 
Solving  such  problems  requires  predictive  models  to  compute  the  distribu¬ 
tion  of  currents  and  circulation  in  the  water  body.  These  results  are 
then  used  to  predict  the  distribution  of  quality  parameters. - • 

Although  all  hydrodynamic  models  are  similar  in  nature,  estuarine 
models  pose  additional  problems  of  scope  and  complexity.  Estuarine  hy¬ 
drodynamics  are  determined  by  the  interaction  of  the  tides  from  the  ocean 
and  the  influx  of  fresh  water  from  the  rivers,  modified  by  the  influence 
of  the  semienclosed  physiography  containing  islands,  embayments,  etc. 

In  addition,  the  hydrodynamics  can  be  further  altered  by  gravitational 
circulations  arising  from  density  gradients. 

There  have  been  many  numerical  estuarine  hydrodynamic  models  de¬ 
veloped  since  the  pioneering  work  of  Leendertse^  in  the  mid  1960's.  The 
majority  of  these  models  employ  the  method  of  finite  differences  to 
solve  the  equations  of  motion  on  a  rectangular  grid  with  fixed-grid 
spacing.  As  a  result,  irregular  boundaries  are  represented  in  a  "stair- 
stepped"  fashion.  In  addition  with  a  fixed-grid  spacing,  if  the  spacing 
is  made  small  enough  to  represent  islands,  embayments  and/or  channels  in 
sufficient  detail  for  currents  induced  by  these  features  to  be  computed, 
grids  that  are  so  large  as  to  make  computations  uneconomical  can  result. 

Over  the  past  few  years  attempts  have  been  made  at  more  accurate 
handling  of  irregular  boundary  and/or  internal  features.  The  development 
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of  hydrodynamic  models  employing  the  method  of  finite  elements  is  one 

2 

approach  that  has  been  taken.  Paralleling  the  development  of  finite 
element  hydrodynamic  models  has  been  the  implementation  of  techniques 
within  the  finite  difference  framework  to  address  the  problem  of  handling 

irregular  boundaries  and/or  variable  grid  spacing.  Examples  include 

3  4 

Wanstrath's  conformal  mapping  of  storm  surge  areas,  Waldrop's,  et  al., 

use  of  an  orthogonal  curvilinear  grid  in  river  studies,  Rodenhuis',  et 

al.'’,  implementation  of  embedded  rectangular  grids,  and  the  use  of  grid 

stretching  by  Waldrop,  et  al.,^  and  Butler. ^  Over  the  past  3  years  work 

has  been  conducted  at  the  Waterways  Experiment  Station  on  the  development 

g 

of  a  two-dimensional  vertically  averaged  estuary  model  employing 

q 

Thompson's  work  on  boundary-fitted  coordinates.  Thompson's  method 
generates  curvilinear  coordinates  as  the  solution  of  two  elliptic  partial 
differential  equations  with  Dirichlet  boundary  conditions.  No  restric¬ 
tions  are  placed  on  the  irregularity  of  the  boundaries,  and  fields 
containing  multiple  bodies  or  branches  can  be  handled  as  easily  as 
sisiple  geometries. 

The  above  efforts  have  all  been  concerned  with  the  more  accurate 
siodeling  of  features  in  the  horizontal  plane,  lick’s10  three-dimensional 
model  employs  a  transformation  of  the  vertical  distension  that  allows  for 
the  water  depth  to  be  atapped  between  the  values  of  0  and  1.  Such  a 
transformation  allows  for  bottom  topographies  to  be  more  accurately 
handled . 

y  Although  both  three-dimensional  and  laterally  averaged  hydrodynamic 
models  have  been  developed,  the  discussion  to  follow  concerns  only  the 
numerical  modeling  of  flow  in  estuaries  that  are  classified  as  well 
mixed,  i.e.,  the  vertically  averaged  approximation  is  appropriate.  The 
governing  equations  are  first  developed  in  cartesian  form  before  being 
transfoned  for  solution  on  a  curvilinear  grid.  An  example  utilizing 
theyerticallyyveraged^ydrodynami^iodel  (VAHM)  serves  to  demonstrate 
?  the  practical  aspects  of  generating  an  estuarine  flow  field  on  a 
boundary-fitted  coordinate  system.  s'  -  . 

VERTICALLY  AVERAGED  ESTUARINE  HYDRODYNAMICS 

Classification.  Many  physical  variations  of  natural  estuaries  exist 
and  as  a  result  various  kinds  of  estuaries  are  often  described  in  the 
literature.  Terms  such  as  tidal,  stratified,  well  mixed,  etc.  are  often 
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found.  Glenne^  has  attempted  to  classify  estuaries  according  to  the  ef¬ 
fects  on  Mixing  by  factors  such  as,  depth,  length,  cross-sectional  area, 
tides,  friction,  and  advective  flow.  Figure  1  is  a  scheatatic  sketch  of 
this  classification  system.  As  indicated,  the  estuaries  of  concern  here 
are  well  mixed  with  large  openings  to  the  sea.  A  vertical  averaging  of 
the  governing  equations  is  appropriate  for  such  systems. 

Governing  Equations  in  Cartesian  Coordinates.  The  Navier  Stokes  equa¬ 
tions  express  the  conservation  of  mass  and  momentum  of  a  flow  field  and 
are  the  basic  governing  equations  for  the  solution  of  any  fluid  dynamics 
problem.  Written  in  tensor  notation  these  equations  are 
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All  symbols  used  in  the  text  are  defined  in  Appendix  A. 

If  the  effect  of  density  gradients  ace  considered,  a  conservation  of 
mass  equation  must  also  be  written  for  the  salinity. 
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This  equation  states  that  the  salinity  can  change  as  a  result  of  advec- 
tion  by  the  flow  field  and  molecular  diffusion. 

Since  the  salinity  is  coupled  to  the  flow  equations  through  its  in¬ 
fluence  on  the  density,  one  additional  equation  remains  to  be  written  in 
order  to  close  the  system.  An  equation  of  state  expressing  the  density 
as  a  function  of  the  temperature  and  salinity  must  be  employed. 

Equation  of  State:  p  =  p(T,s)  (4) 

With  the  closure  of  the  system,  there  exists  six  equations  to  be  solved 
for  the  six  unknowns;  density  -p  ,  three  velocity  components  -u,v,w  , 
pressure  -p  ,  and  salinity  -s. 
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Tine  Averaging  for  Turbulent  Flows.  The  above  equation*  written  with 
■olecular  values  of  viscosity  and  diffusivity  are  only  applicable  in  a 
practical  sense  to  laainar  flow  fielda.  However,  noat  fluids  in  Motion 
exhibit  randon  irregular  fluctuations  and  are  referred  to  as  turbulent 
flows. 

Following  Reynolds,  the  approach  nomally  taken  to  nake  the  equations 
applicable  to  turbulent  flows  is  to  assuate  that  the  dependent  variables 
are  coMposed  of  an  average  tine-varying  component  plus  a  snail  randonly 
varying  conponent  about  the  average  value.  Integration  of  the  equations 
over  a  tine  increnent  At  then  produces  the  sam  form  as  the  previous 
equations,  but  now  written  with  the  tine-averaged  components  as  the 
dependent  variables,  plus  additional  terns  involving  products  of  the 
raodonly  varying  components .  Boussinesq's  concept  of  eddy  viscosity 
(diffusivity)  is  then  used  to  relate  these  terns  to  the  Mean  flow 
field. 

Depth  Averaging  for  Mearly  Horizontal  Flow.  A  solution  of  the  result¬ 
ing  set  of  equations  for  turbulent  flow  constitutes  a  fully-tine  varying, 
three-dimensional  model  of  the  flow  and  salinity  fields.  However,  when 
modeling  nearly  horizontal  flow  in  relatively  shallow  and  well-nixed 
water  bodies  the  usual  approach  is  to  employ  a  spatial  averaging  to  yield 
a  two-dimensional  model. 

The  basic  assumption  in  the  spatial  averaging  of  the  time-averaged 

three-dimensional  equations  is  that  the  dependent  variables  can  be 

represented  by  an  average  value  over  the  depth  plus  some  small  random 

deviation.  An  integration  over  the  water  depth  then  yields  a  set  of 

equations  with  the  time-averaged  and  depth-averaged  components  of  the 

flow  and  salinity  as  dependent  variables  plus  additional  term  involving 

the  random  deviations.  As  in  the  t ism-averaged  case,  these  term  are 

normally  approximated  through  the  use  of  eddy  coefficients.  These  are 

12 

referred  to  as  eddy  dispersion  coefficients  by  Holley  to  distinguish 
them  from  the  turbulent  eddy  diffusion  coefficients  arising  from  the 
time  averaging.  An  excellent  discussion  of  both  time  and  space  averaging 
can  be  found  in  Reference  13. 

The  resulting  vertically  averaged  equations  are  presented  below.  It 
should  be  noted  that  the  Boussinesq  approximation  has  been  mde,  i.e., 
the  effect  of  density  variations  is  neglected  in  all  term  except  those 
multiplied  by  the  acceleration  of  gravity. 
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Continuity:  §J  +  +  =  0 
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The  equation  of  state  relating  the  water  density  to  the  salinity  and 

14 

water  teaperature  (asauaed  constant)  has  been  taken  f row  Leendertse 
and  is  given  as 


p(s,T)  =  1000  jjj  +  AliO  *  PO  (9) 

where 

AL  =  1779.5  +  11.25T  -  0.0745T2  -  (3.80  +  0.0lT)s 
ALO  =  0.6980 

PO  *  5890.0  ♦  38T  -  0.375T2  ♦  3s 
In  the  above  equations  the  surface  wind  shear  is 
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cos  a 


(10) 


sin  a 


and  the  bo t ton  shear  is 


The  coriolis  paraaeter,  f  ,  is  cosiputed  iron 


f  =  2uie  sin  A 


(11) 


(12) 

(13) 


(14) 


where  u>e  =  earth's  angular  velocity  and  A  is  the  angle  of  latitude  of 
the  center  of  the  area  being  Modeled. 

In  order  to  finalize  the  above  system  of  equations  it  remain*  to 
couple  the  salinity  coaputations  with  those  o.  the  flow  field.  Assuming 
that  the  pressure  is  hydrostatic,  it  can  be  shown  (see  Reference  8)  that 
the  horizontal  pressure  gradient  teras  can  be  written  as 


and 


3Pa 

h  ST  +  "M 


1  h2 

2  h 


8P 

a 

ST 


♦  hpg 


+  lh 


£ 


(15) 


(16) 


Substituting  Equations  10-16  into  Equations  5*8  would  then  yield  the 
final  fora  of  the  governing  equations  in  cartesian  coordinates. 

Required  Input  Data.  The  vertically-averaged  equations  of  aaas 
continuity,  aoaentua,  and  salt  balance,  along  with  the  equation  of  state, 
represent  a  set  of  five  equations  which  can  be  solved  slaultaneously  for 
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the  five  dependent  variable*  u  ,  v  ,  g  ,  a  and  p  provided  the  neces- 
aary  numerical  value*  of  the  initial  and  boundary  condition*  along  with 
a  deacription  of  the  eatuary  are  available.  The  required  input*  for 
niuaerical  solution  of  the  equation*  can  be  suaaarized  a*  follows: 

(a)  The  physical  diaensions  of  the  estuary; 

(b)  The  teaporal  and  spatial  distribution  of  atmospheric  pressure  and 
of  surface  wind  over  the  computational  period; 

(c)  The  fresh  water  inflow  to  the  estuary  as  a  function  of  time; 

(d)  An  average  water  teaperature  in  the  estuary; 

(e)  Values  of  the  Chezy  resistance  coefficient  as  a  function  of 
position  in  the  estuary; 

(f)  Values  of  the  various  eddy  diffusivity  and  viscosity  coefficients 
as  a  function  of  position  in  the  estuary  and  of  tiae; 

(g)  Values  of  the  surface  elevation  4  and  the  vertically-averaged 
salinity  s  aa  a  function  of  tiae  along  the  seaward  boundary; 

(h)  An  initial  set  of  values  of  the  dependent  variables  at  all  posi¬ 
tions  in  the  estuary. 

The  primary  focus  of  the  reaainder  of  the  paper  concerns  the  first,  i.e., 
techniques  for  accurately  handling  the  estuary  geometry  in  the  horizontal 
directions. 

HORIZONTAL  GRIDS  EMPLOYED  IN  HYDRODYNAMIC  MODELS 

The  earliest  developers  of  vertically  averaged  estuarine  hydrodynaaic 
models  all  solved  the  basic  aass  continuity  and  atoaentun  equations  on 
a  rectangular  grid  with  uni  fora  grid  ae*h.  The  coaputation  of  the 
salinity  field  and  its  coupling  with  the  flow  was  not  attempted.  Al¬ 
though  the  aajority  of  estuarine  node  Is  solve  the  governing  equations 
on  such  rectangular  grids,  there  have  been  atteapts  at  developing  aodels 
that  handle  irregular  boundaries  in  a  more  accurate  fashion  while  re¬ 
taining  the  aethod  of  finite  difference*  for  solution. 

3 

Confotaal  Curvilinear  Grid*.  Wanstrath  developed  a  vertically 
averaged  numerical  aodel  for  coaputing  storm  surges  at  coastlines  through 
the  use  of  conforasl  aapplng.  A  spatial  region  of  prototype  space  is 
confotaal ly  aappcd  into  a  rectangle  in  a  mathematical  image  plane.  To 
provide  an  evenly  apaced  coaputing  grid  an  independent  stretching  of  the 
coordinates  is  then  perforaed. 

Orthogonal  Curvilinear  Grid*.  Although  the  Waldrop,  et  al . *  hydro¬ 
dynamic  aodel  was  developed  to  anlayse  hot  water  discharges  from  power 
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plants  rather  than  for  application  in  an  estuarine  environment ,  it  de¬ 
serves  mentioning  due  to  its  use  of  an  orthogonal  curvilinear  grid  which 
is  generated  algebraically.  As  with  the  grids  generated  by  Wanatrath 
through  conformal  mapping,  these  grids  lack  generality  in  that  boundary 
point  selection  and  grid  spacing  is  not  srbitrary.  In  addition,  in¬ 
terior  bodies  are  not  allowed  in  either  the  Wanstrath  or  the  Waldrop 
models . 

Stretched  Rectangular  Grids.  In  addition  to  Wanstrath,  others  such 
as  Waldrop,  et  al.**  and  Butler^  have  employed  the  use  of  independent 
stretching  of  the  horizontal  coordinates  to  improve  grid  spacing.  For 
exaaiple,  the  stretching  transformation  in  Waldrop's  buoyant  plume  compu¬ 
tations  is 


X  = 


y  = 


i_ 

c3 


tan 


-1 


L. 

c4 


(17) 


thus  if  Cj  =  it/2  ,  then  at  x  «  «  ,  X  »  1.0  .  Even  increments  of  AX 
thus  produce  a  close  spacing  of  grid  points  near  the  plume  entrance, 
where  the  best  resolution  is  desired,  and  yet  extend  the  region  of 
computation  far  from  the  origin  so  that  boundary  conditions  can  be  more 
easily  specified.  Other  researchers  have  employed  different  stretching 
functions,  e.g. ,  Butler  employs  an  exponential  form  of  stretching. 

Boundary-Fitted  Coordinate  Systems.  Through  coordinate  transforma¬ 
tions  ,  irregular  boundaries  and  variable  grid  spacing  can  be  more 
accurately  handled  while  still  making  use  of  the  simplicity  of  finite 

differences  to  obtain  solutions.  An  extresMly  general  coordinate  trsns- 

q 

formation  results  from  a  method  developed  by  Thompson  which  generates 
curvilinear  coordinates  as  the  solution  of  two  elliptic  partial  differ¬ 
ential  equations  with  Dirichlet  boundary  conditions,  one  coordinate  being 
specified  as  constant  on  the  boundaries,  and  a  distribution  of  the  other 
specified  along  the  boundaries.  No  restrictions  are  placed  on  the  irregu¬ 
larity  of  the  boundaries,  and  fields  containing  multiple  bodies  or 
branches  can  be  handled  as  easily  as  siq>le  geometries.  Regardless  of 
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the  shape  and  nuaiber  of  bodies  and  regardless  of  the  spacing  of  coordi¬ 
nate  lines,  all  nuawrical  computations,  both  to  generate  the  coordinate 
system  and  to  subsequently  solve  the  fluid  flow  equations,  are  done  on 
a  rectangular  grid  with  square  mesh. 

Since  the  boundary-fitted  coordinate  system  has  a  coordinate  line 
coincident  with  all  boundaries,  all  boundary  conditions  may  be  expressed 
at  grid  points,  and  normal  derivatives  may  be  represented  using  only 
finite  differences  between  grid  points  on  coordinate  lines.  No  interpo¬ 
lation  is  needed,  even  though  the  coordinate  system  is  not  orthogonal 
at  the  boundary. 

Since  Thompson  has  discussed  the  basic  development  of  boundary- fitted 
coordinates  earlier  in  these  proceedings,  only  a  few  high  points  will  be 
presented  here.  A  logical  choice  of  the  elliptic  generating  system  is 
Poisson's  equation.  Thus  for  a  domain  such  as  illustrated  in  Figure  2 
the  basic  problem  is  to  solve 


«x»  *  ty,  *  p 


(18) 


with  boundary 

conditions 
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The  functions  P  and  Q  nay  be  chosen  to  cause  the  coordinate  lines 
to  concentrate  as  desired.  The  form  of  these  functions  incorporated  by 
Thompson,  based  upon  much  computer  experimentation,  is  that  of  decaying 
exponentials. 


-  A 


4ia 


Since  all  numerical  computations  are  to  be  perforated  in  the  rectangu¬ 
lar  t rani formed  plane,  it  ia  necessary  to  interchange  the  dependent  and 
independent  variables  in  Equation  IS.  Using  the  expressions  for  ^  , 
4y y  >  nxx  •  and  r|yy  that  have  previously  been  presented  by  Thoatpaon, 
Equation  18  becomes 


'  ^nn  +  J  (Px£  +  V  *  0 


<*«  •  2f*£n  +  wqq  *  J  (Pyi  +  *  0 
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with  transformed  boundary  conditions  frost  Equation  19. 

Although  the  new  system  of  equations  is  more  complex  than  the  original 
system,  the  boundary  conditions  are  specified  on  straight  boundaries  and 
the  coordinate  spacing  in  tbe  transformed  plane  is  uniform.  Computa¬ 
tionally  ,  these  advantages  outweigh  disadvantages  resulting  from  the 
extra  complexity  of  the  equations  to  be  solved. 

The  rectangular  transformed  grid  is  aet  up  to  be  the  sise  desired  for 
a  particular  problem.  Since  tbe  values  of  £  and  q  *re  meaningless 

i 

■'  in  tbe  transformed  plane,  the  q  lines  are  assumed  to  run  from  1  to  the 

|  number  of  q  lines  desired  in  the  physical  plane.  Likewise,  the  £ 

|  lines  are  numbered  1  to  tbe  number  specified  on  the  boundaries  of  the 

4  physical  plane.  Tbe  grid  spacing  in  both  tbe  £  and  q  directions  of 
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the  transformed  plane  is  taken  as  unity.  Second  order  central  differ¬ 
ence  expreaaiona  are  uaed  in  Thoapaon'  a  coordinate  generation  C0(jej 
TOMCAT,1^  to  approximate  all  derivativea  in  Equationa  20  and  21.  The 
reaulting  aet  of  nonlinear  difference  equationa,  two  for  each  point,  are 
aolved  in  TOMCAT  by  Accelerated  Gauaa-Seidel  iteration. 

The  agae  procedure  aay  be  extended  to  regiona  that  are  aore  than 
doubly  connected,  i.e.  have  aore  than  two  cloaed  boundaries,  or  equiva¬ 
lently,  aore  than  one  body  within  a  single  outer  body.  A  river  reach 
containing  aore  than  one  island  ia  an  exaaple.  As  will  be  illustrated 
later,  the  basic  data  required  to  generate  a  boundary-fitted  coordinate 
systea  are  the  physical  coordinates  of  points  on  the  boundaries.  The 
coaputing  cost  ia  trivial. 

As  a  final  note,  both  conformal  and  orthogonal  coordinate  systeas 
are  special  cases  of  boundary-fitted  coordinates  as  generated  froa  el¬ 
liptic  systeaa.  Additional  discussion  is  provided  by  Thoapaon,  et  al.1^ 

TRANSFORMATION  OF  VERTICALLY  AVERAGED  EQUATIONS 

Boundary- fitted  coordinate  systeas  generated  froa  an  elliptic  systea 
provide  extreaely  general  grids  for  coaputing  flows  in  estuaries.  As 
previously  discussed,  all  coaputations  are  to  be  aade  in  a  transforaed 
rectangular  plane.  Therefore,  Equations  5-9  must  be  transformed  such 
that  ((  ,  n)  the  independent  variables.  To  accosqilish  the  trans- 
foraation,  the  following  expressions  are  utilised 

(22) 

fy  *  3  ['  (f,n>{  *  (,X{)J 


It  should  be  noted  that  these  expressions  are  written  in  s  fully  con¬ 
servative  fora  which  should  result  in  a  aore  accurate  solution  in  highly 
irregular  coordiu.  <•?  systeaa. 

Applying  the  above  expressions,  with  the  assumption  that  the  coordi¬ 
nate  systea  is  tiae  invariant,  the  transforaed  set  of  equations  to  be 
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Kg.  of  State:  p  *  p  (s(4,o),t) 


(27) 


The  above  aet  of  equations  constitutes  the  set  for  which  a  numerical 
solution  is  sought  on  a  rectangular  grid  with  square  grid  spacing  (e.g., 
A£  *  hr)  *  1.0).  It  resMins,  of  course,  to  specify  proper  boundary  con* 
ditiona  along  the  sides  of  the  rectangular  grid.  Depending  upon  whether 
a  aide  contains  a  solid  boundary,  an  ocean,  a  river,  or  sows  combination 
of  the  three;  a  slip  or  no*slip  condition,  a  tide  curve,  or  a  fresh  water 
inflow  might  be  prescribed  ever  the  computational  period. 

VAHM  -  A  VERTICALLY  AVERAGED  HYDRODYNAMIC  MODEL 

To  obtain  a  solution  of  the  governing  set  of  Equations  23-27,  fidite 
differences  are  employed.  Finite  difference  schemes  range  from  fully 
explicit  to  fully  implicit,  with  a  combination  of  an  explicit-implicit 


scheme  being  employed  in  some  cases.  Sucb  a  scbeae  has  been  implemented 

g 

in  the  recent  development  of  a  vertically  averaged  model  called  VAHM. 
Basically,  the  computational  cycle  consists  of  the  following  steps: 

a.  Solve  for  the  water  surface  from  the  continuity  equation  in  a 
fully  implicit  fashion. 

b.  Using  the  most  recent  values  of  the  water  surface  elevations, 
solve  for  the  u  and  v  velocity  components  from  the  x  and  y 
momentum  equations  in  an  explicit  fashion. 

c.  Solve  for  the  salinity  from  the  salt  transport  equation  in  an 
explicit  fashion. 

d.  Compute  the  density  from  the  equation  of  state,  using  the  ax>st 
recently  computed  salinity  field. 

e.  Step  forward  in  time  and  repeat  the  sequence. 

Such  a  scheme  has  the  stability  criterion  associated  with  the  speed  of  a 
free  surface  gravity  wave  removed;  although,  diffusive  criteria  as  well 
as  the  Courant  condition  associated  with  the  speed  of  a  water  particle 
remain.  However,  these  criteria  are  not  normally  overly  restrictive. 

Computational  Grid.  The  grid  in  VAHM  is  rectangular  with  a  grid 
spacing  of  =  hq  =  1  •  The  u  and  v  velocity  components  are  com¬ 
puted  at  the  corners  of  each  cell  with  the  water  surface  elevation, 
salinity,  and  density  computed  at  the  center  of  a  cell.  The  (x,y)  co¬ 
ordinates  are  specified  at  the  corners,  the  center,  and  at  the  midpoint 
of  each  aide  of  a  cell.  Diffusion  coefficients  are  specified  at  the 
velocity  points  while  water  depths  and  Cbezy  coefficients  are  located 
at  the  cell  center. 

Differences.  The  basic  difference  equations  solved  in  VAHM  are  de¬ 
veloped  using  forward  differences  for  all  time  derivatives.  Centered 
differences  are  used  in  all  spatisl  derivatives  except  in  the  convective 
terms.  One  hss  the  option  of  requesting  the  use  of  either  centered  or 
a  form  of  upwind  differencing  in  the  momentum  convective  term  while  a 
fourth  order  flux  corrected  transport  scheme  as  outlined  by  Zalessk17 
can  be  requested  in  the  transport  equation  for  salinity. 

As  previously  noted,  the  water  surface  elevations  are  to  be  computed 
using  an  implicit  scheme.  Thus,  in  writing  the  difference  form  of  the 
continuity  equation  all  spatial  derivatives  are  taken  at  the  new  time 
level  (n+1).  Equation  23  becomes 
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In  the  s  and  y  aoaentua  equations,  all  tens  are  taken  at  the  old 
tiae  step  except  the  water  surface  slope  tern  which  is  computed  st  the 
new  tine  step.  Therefore,  the  difference  fora  of  the  x  and  y 
entua  equations  becoaws 
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If  one  substitutes  into  Equation  28  for  the  values  of  (uh)  and 


(vh)8*1  on  the  faces  (froa  Equations  29  and  30  with  appropriate 
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averaging)  an  equation  containing  only  A  at  the  (n+1)  tine  level 
result* .  This  equation  is.  then  solved  for  #c  by  using  the  Accelerated 
Gauss-Seidel  solution  technique. 

After  the  water  surface  elevation  at  the  center  of  each  cell  is  de¬ 
termined  at  the  (n+1)  tine  level,  values  of  un+*  and  vn+1  at  the 
cell  corners  are  explicitly  determined  froai  Equations  29  and  30  using 
the  new  A'*  at  the  (n+1)  tine  level.  It  night  be  noted  that  the  ex¬ 
pressions  for  F  and  G  are  only  computed  once  during  each  tine  step. 
These  values  are  then  used  in  first  the  iteration  on  the  water  surface 
and  then  in  the  velocity  computations . 

In  the  confutations  of  A  ,  u  ,  and  v  ,  the  density  is  taken  at  the 
old  tine  level.  It*  value  at  the  new  tine  level  is  computed  from  the 
equation  of  state  relating  the  density  to  the  sslinity  at  the  new  tine 
level.  New  salinities  are  computed  from  an  explir't  representation  of 
the  salt  transport  equation  (Equation  26). 

Boundary  Conditions.  Three  types  of  boundaries  ar*  allowed  in  VAHM; 
walls,  oceans,  and  rivers.  Wall  boundaries  are  characterized  by  the 
specification  of  a  no-slip  condition,  i.e.,  the  velocity  components  u 
and  v  are  set  to  be  zero  at  walla.  Slip  conditions  would  be  imple¬ 
mented  by  setting  the  normal  component  of  the  velocity  equal  to  zero  with 
the  tangential  component  computed  from  the  expression  for  zero  vorticity. 

Ocean  boundaries  are  characterized  by  the  specification  of  a  tine 
varying  water  surface  elevation  at  the  boundary.  Velocities  on  the 
ocean  boundary  are  then  computed  from  a  simplified  form  of  the  momentum 
equation  where  the  diffusive  terms  have  been  neglected.  One-sided  dif¬ 
ferences  are  used  to  replace  derivatives  that  need  points  outside  the 
field. 

When  the  flow  is  directed  into  the  computational  field,  the  boundary 
condition  on  the  salinity  is  prescribed  as  that  of  the  ocean.  However, 
when  the  flow  is  moving  out  of  the  computational  field,  the  salinity  at 
an  ocean  boundary  is  set  to  be  equal  to  its  value  at  the  next  point 
inside. 

River  boundaries  are  characterised  by  the  specification  of  the  veloc¬ 
ity.  The  salinity  is  set  to  be  zero  and  the  water  surface  elevation  at 
the  center  of  a  river  boundary  cell  is  computed  as  in  any  interior  cell. 

EXAMPLE  PROBLEM 

Generation  of  Boundary-Fitted  Coordinates.  The  first  step  in  the 


computation  of  a  flow  field  i*  the  generation  of  the  boundary-fitted  co¬ 
ordinates.  This  is  accoaq>lished  through  a  coordinate  generation  code, 
e.g.  Thompson's  TOMCAT.  Output  from  the  coordinate  code  is  then  saved 
on  a  file  for  subsequent  use  by  VAHM.  The  basic  input  to  the  coordinate 
code  is  the  specification  of  the  (x,y)  coordinates  of  the  boundary 
points  (see  Figure  3).  Although  various  degrees  of  coordinate  control 
can  be  exercised,  the  boundary-fitted  coordinates  shown  in  Figure  4a 
that  correspond  to  the  boundary  points  selected  in  Figure  3  were  com¬ 
puted  using  no  control.  Figure  4b  illustrates  the  corresponding  computa¬ 
tional  grid  that  is  used  in  VAHM,  where  velocities  are  coaputed  at  the 
cell  corners  and  salinities  and  water  elevations  at  the  cell  center. 
However,  it  should  be  remembered  that  VAHM  requires  that  the  (x,y) 
coordinates  be  specified  at  not  only  the  corners  and  center  of  a  computa¬ 
tional  cell  but  also  on  the  cell  faces.  With  a  geometrically  conserva¬ 
tive  transformation,  averaged  values  of  the  geometry  derivatives  should 
not  be  used.  This  is  the  reason  for  generating  the  coordinate  system 
illustrated  in  Figure  4a. 

The  coordinate  system  plotted  in  Figure  4a  was  the  third  attempt  at 
generating  a  useful  grid  system.  Through  the  movement  of  boundary 
points  and/or  coordinate  control  one  attempts  to  compute  boundary-fitted 
coordinates  such  that  the  grid  spacing  does  not  vary  rapidly  and  auch 
that  (£,n)  lines  never  approach  being  parallel  to  each  other.  Aa  dis- 
cusaed  earlier  in  these  proceedings  by  Thompson,  the  reason  for  this  is 
because  truncation  errors  related  to  the  rate  of  change  of  the  grid 
spacing  and  to  the  nonorthogonality  of  the  grid  are  present. 

Flow  Computations.  After  the  boundary-fitted  coordinates  are  de¬ 
termined,  the  geometric  eleswnts  in  the  transformation,  e.g.  x^  ,  y^  , 

J  ,  etc.,  are  computed  and  the  flow  model  is  then  applied  on  the  trans¬ 
formed  rectangular  grid,  e.g.  the  grid  in  Figure  4c  corresponds  to  the 
physical  ayatem  in  Figure  4b.  VAHM  has  been  applied  on  the  example  grid 
with  a  river  at  the  top  and  an  ocean  on  the  bottom.  A  constant  river 
velocity  of  0.40  m/s  was  prescribed  while  the  tide  curve  presented  in 
Figure  S  was  specified  on  the  ocean  boundary.  Other  input  data  are  pre¬ 
sented  in  Table  1. 
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TABLE  1 

INPUT  DATA  TO  VAHM 


Variable 

Units 

Value 

At 

sec 

600.0 

Dxx 

m2/sec 

10.0 

°yy 

■  /sec 
o 

10.0 

E 

wl  /sec 

0.0 

X 

E 

m2/sec 

0.0 

y 

c 

mV  sec 

35.0 

Initial  depth 

m 

11.0 

Initial  velocity 

m/aec 

0.0 

Ocean  salinity 

ppt 

30.0 

The  effect  of  wind,  atmospheric  pressure  variations  and  the  Coriolis 
force  were  all  neglected.  Although  the  example  problem  is  an  hypo¬ 
thetical  one,  it  is  representative  of  an  estuary  such  as  the  Delaware 
estuary. 

Figure  6  presents  "snap  shota"  of  the  computed  flow  field.  With  the 
flow  field  initialized  to  zero  at  a  constant  depth  of  11.0  m,  it  can  be 
seen  that  the  influence  of  the  incoming  tide  and  the  river  meet  after 
about  4  hours.  After  6  hours,  the  ebb  portion  of  the  tide  is  experienced 
and  the  flow  near  the  ocean  boundary  begins  to  reverse.  Figure  7  is 
a  plot  of  the  time  history  of  the  water  surface  elevation  at  (£  =  6  , 
0=5)  while  Figure  8  presents  the  time  history  of  the  salinity  at  the 
same  point.  Obviously  if  one  was  interested  in  using  the  computed  flow 
field  in  subsequent  water  quality  coaqmtations ,  the  flow  model  would  be 
run  until  the  results  over  a  tidal  cycle  had  become  repetitive. 

SUMMARY  AMD  FUTURE  RESEARCH  RECOMMENDATIONS 

Numerical  models  for  coaqmting  vertically  averaged  estuarine  flow 
fields  are  required  to  provide  input  to  water  quality  models.  By  em¬ 
ploying  the  concept  of  boundary-fitted  coordinates,  irregular  boundaries 
can  be  accurately  modeled  in  either  simple-  or  multiple-connected  regions. 
Even  though  the  numerical  grid  is  a  nonorthogonal  curvilinear  grid  in 
the  physical  region  being  modeled,  all  numerical  computations  are  carried 
out  in  a  transformed  rectangular  grid  with  square  grid  spacing. 
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A  feature  of  the  particular  model  discusaed  it  the  solution  technique 
employed  to  numerically  solve  the  governing  equations.  A  combination 
implicit-explicit  finite  difference  schesm  has  been  implemented  to 
remove  the  speed  of  a  free  surface  gravity  wave  from  stability  restric¬ 
tions  on  the  computational  time  step  while  still  retaining  some  of  the 
advantages  of  explicit  schemes.  With  such  a  scheme,  the  water  surface 
elevation  is  coeluted  implicitly  using  the  Accelerated  Gauss-Seidel 
solution  technique  while  the  velocities  and  salinity  are  computed  in  an 
explicit  fashion. 

The  model  has  been  developed  for  general  applications.  Any  number 
of  river  and/or  ocean  boundaries  can  be  arbitrarily  located  on  the 
transformed  rectangular  plane,  as  can  the  placement  of  islands  in  the 
interior  of  the  computational  field.  Even  though  a  great  deal  of  gen¬ 
erality  does  exist,  a  major  restriction  is  that  no  flooding  is  allowed. 

In  most  estuaries,  tidal  flats  are  alternately  flooded  and  dried  on  the 
flood  and  ebb  portions  of  the  tidal  cycle.  A  flooding  capability  could 
be  incorporated  by  allowing  cells  to  flood  and  dry  on  a  fixed  curvilinear 
grid  as  is  done  in  cartesian  grid  models.  However,  a  more  elegant  treat¬ 
ment  which  deserves  investigation  would  be  to  compute  flows  on  a  time- 
varying  grid  that  moves  with  the  flooding  boundaries.  On  such  a  grid, 
the  time  derivative  in  the  governing  equations  would  be  transformed  as 
follows: 

(!!)„  Kk)  t>n  -  j  <Vn  •  Vt>  (*){,„ 

i  <Vn  ■  Ve>  (l?)t,n  (3,) 

One  disadvantage  would  be  that  interpolation  would  be  required  to  gen¬ 
erate  time  series  plots  at  fixed  physical  locations. 

An  additional  problem  deserving  of  future  research  concerns  the  at¬ 
traction  of  grid  points  along  physical  lines  in  the  domain  rather  than 
coordinate  lines  that  have  been  generated  through  only  the  specification 
of  boundary  points.  In  estuarine  modeling  studies,  sinuous  channels 
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within  the  eituary  are  often  encountered.  A  Beans  of  forcing  the  com¬ 
puted  coordinate  system  to  follow  auch  channels  ia  needed.  As  discussed 
earlier  by  Thompson,  some  work  has  been  done  in  this  area. 
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APPENDIX  A*.  NOTATION 
Chezy  coefficient 

Constants  in  stretching  transformation 
Molecular  diffuaivity 

Diagonal  components  of  eddy  viscosity  tensor 
Off  diagonal  components  of  eddy  viscosity  tensor 
Components  of  eddy  dispersion  tensor 
Tidal  elevations 

Expression  containing  all  terms  in  x -momentum  equation 
except  water  surface  slope 

Coriolis  parameter;  general  function 

Expression  containing  all  terms  in  y-momentum  equation 
except  water  surface  slope 

Acceleration  of  gravity 

Water  depth 

Jacobian  of  the  transformation 
Coordinate  control  functions 
Pressure 

Atmospheric  pressure 

Discharge 
Salinity 
Temperature 
Time  step 

Components  of  velocity 
Tensor  notation  for  velocity 

Wind  speed 


Wind  drag  coefficient 

Stretching  coordinates 
Cartesian  coordinates 
Boundary-fitted  coordinates 
Water  density 
Reference  water  density 
Density  of  air 
Water  surface  elevation 
Stress  tensor 

Cylic  tensor 

Components  of  surface  wind  shear  streaa/p 
Components  of  bottom  shear  streaa/p 
Wind  direction 

latitude  of  center  of  modeled  area 
Earth's  angular  velocity 

Coriolis  term 
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Fig.  2  Trans  format  Ion  of 
Physical  estuarine  domain 
to  computational  domain 


Fig.  3  Boundary  points  for 
generation  of  coordinate 
system 
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Fig.  4a.  Generated  coordinate  Fig.  4b.  Computational  grid  used  In 
system.  VAHM. 


Fig.  4c.  Transformed  plane. 
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Fig.  5.  Water  surface  elevation  at 
ocean  boundary. 
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Fig.  6b.  Velocity  field  after 
4  hours. 
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Fig.  6a.  Velocity  field  after 
2  hours. 
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Fig.  6c.  Velocity  field  after 
6  hours. 
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AUTOMATED  THREE-DIMENSIONAL  GRID  REFINEMENT 


INTRODUCTION 

A  persistent  requirement  in  computational  fluid  dynamics  (CFD)  applications 
to  practical  three-dimensional  problem  descriptions  is  a  methodology  for  eco¬ 
nomically  generating  three-dimensional  solution  grids.  The  basic  dasands  for 
these  grids  are  smooth  progressions  of  non-uniformity  in  physical  space  and  a 
medium  of  regularity  approaching  orthogonality  in  computational  space.  When 
accomplished,  this  permits  algorithmic  solution  of  the  Navier-Stokes  equations 
in  generalized  coordinates,  taking  full  advantage  of  efficient  Jacobian  factor¬ 
izations  and  yielding  a  significant  reduction  in  computer  resource  demands. *s 


The  proceedings1  of  the  recent  NASA  workshop  on  grid  generation  techniques  sum¬ 
marizes  the  breadth  of  procedures  available  for  grid  generation,  including  ana¬ 
lytical  and  algebraic  methods  as  well  as  numerical  solution  of  hyperbolic  and/ 
or  elliptic  partial  differential  equations. 

Some  of  these  procedures  do  not  readily  extend  to  three-dimensional  space  in 
a  natural  way,  especially  for  multiply-connected  solution  domains.  Others  can 
place  excessive  demands  on  human  and  computer  resources  just  to  generate  the 
mesh.  A  primary  requirement,  therefore,  is  an  efficient  interactive,  three- 
dimensional  grid  generation  capability  which  is  sufficiently  flexible  to  adapt 
to  a  broad  variety  of  geometric  descriptions  without  requiring  overly  extensive 
data  preparation  or  machine  resources  useage. 

^  The  method  described  herein,  operates  on  a  domain  manually  subdivided  into 
one  or  more  subdosMins  called  Macro  Elements.  This  subdivision  process  pro¬ 
vides  generality  foV’^f itting^the  method  to  geometric  boundary  shapes  of  high 
complexity,  including  discontinuous  surfaces.  Each  of  the  Macro  Elements  is 
described  by  its  associated  vertex  and  side  grid  points,  thus  providing  suffi¬ 
cient  definition  for  a  bi-quadratic  functional  interpolation  and  admitting 
simply  curved  boundaries.  Generated  grids  are  local  to  each  Macro  ElesHint  per¬ 
mitting  generation  of  hugh  grids  on  memory 'limited  mini  computers  and  data  spe¬ 
cification  is  minimized  through  use  of  geometric  progressions.  ^ - 

A  methodology  for  piecing  the  Macro  Element  data  together  is  described. 
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where  e  and  q  at  the  side  grid  points  are  specifically  at  mid-side  and  the 
equations  are  ordered  according  to  the  grid  point  numbering  noted  in  Figure 
3(b).  Substitution  of  equation  (2)  into  (1)  for  a  specific  set  of  {Xj}  and 
evaluating  the  equation  over  the  limits  of  e  and  q  (-1  to  1)  yields  a  biquad¬ 
ratic  approximation  of  x  over  the  subdomain.  Accuracy  of  the  values  of  x^  are 
dependent  upon  the  ability  of  the  shape  functions  to  approximate  the  physical 
geometry.  A  curvature  which  is  exactly  biquadratic  for  instance  will  be  inter¬ 
polated  exactly  using  equation  (2).  The  side  nodes  in  Figure  1(a)  need  not  be 
at  exactly  mid-side  since  it  is  not  required  in  the  definition  of  (N). 

A  rather  unique  by-product  of  the  method  (serendipity  function  family) 
involves  placement  of  the  side  grid  points.  The  functional  interpolation  of 
equation  (1)  is  symmetric  when  a  side  grid  point  is  at  exactly  mid-side  in 
physical  space.  Hence,  mid-side  is  the  obvious  location  when  a  quarter  circle 
is  to  be  approximated.  Movement  of  the  side  point,  however,  causes  a  non- 
symsetry  to  occur  which  becomes  continuously  more  accentuated  at  less  centroi- 
dal  locations.  This  effect  provides  a  continuous  selection  of  curvatures  for 
approximating  boundaries  of  general  shape,  thus  demonstrating  broad  applica¬ 
bility  of  the  method  as  a  design  tool. 

The  interpolating  nature  of  equation  (1)  can  be  best  illustrated  by  evalua¬ 
ting  equation  (2)  at  the  specified  grid  points  and  noting  the  results  when 
evaluating  (1).  For  example  at  n ^  “  (-1,  -1),  equation  (2)  becomes  ll.  0,  0, 

0,  0,  0,  0,  Oj  and  evaljation  of  equation  (1)  for  each  Xi  yields  Xj ,  X2,  X3  at 
grid  point  1  in  figure  3.  Likewise,  evaluation  of  equations  (1)  and  (2)  for 
any  n j  point  pair  (-1  <.  Hj  <,  1)  will  yield  a  corresponding  point  pair  in  physi¬ 
cal  space.  Extension  to  3D  is  direct. 

A  primary  requirement  for  grid  refinement  is  smooth  variation  of  grid  den- 
aity  for  adaptation  of  the  grid  to  match  solution  requirements.  Evaluation  of 
equations  (1)  and  (2)  over  Macro-Elements  ensures  this,  since  choice  of  inter- 
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polation  points  in  ?)£  is  completely  arbitrary.  Specification  must  be  simple, 
however,  and  the  suggested  methodology  is  a  geometric  distribution  function 
ranging  (-1  <_  nj  ±  1). 


i.J 


ni> j~l 
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+  A«i,M 


2,n 


(3) 


In  equation  (3),  n  is  the  number  of  generated  grid  points  (nodes)  in  an 
direction  and  is  the  geometric  progression  ratio.  greater  than  1,  there¬ 
fore,  causes  the  grid  to  grow  coarser  as  j  increases  and  less  than  1  causes 
it  to  become  finer. 

Extending  the  above  refinement  scheme  to  two  and  three  dimensions  introduces 
further  complexity.  Using  figure  3(a)  for  visualization,  it  is  intuitively 
obvious  that  Pj  can  vary  in  the  rt2  direction  and  vice  versa.  Letting  Pj  have 
geometric  variation  yields  an  equation  for  P  similar  to  that  for  n  in  equation 
(3). 
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In  equation  (4)  Q.  ia  the  geometric  progression  ratio  causing  variation  in  P^ 
and  for  three  dimensions,  two  equations  are  required  (one  for  each  orthogonal 
direction).  Using  this  method,  grid  variation  over  the  domain  is  very  general 
and  data  specification  is  minimized.  A  three  dimensional  problem  for  example, 
requires  specification  of  6  Q  values,  3  p  values  and  3  n  values  for  each  Macro 
Element.  Proper  selection  of  p  and  Q  values  for  a  required  grid  refinement 
becomes  intuitive  with  practice  since  values  normally  range  between  .7  and  1.4. 
As  noted  later,  however,  interconnection  of  Macro  Elements  imposes  the  further 
requirement  that  grids  progress  smoothly  across  coincident  boundaries.  This  is 
easily  accomplished  by  solving  equations  (3)  and  (4)  for  p  and  Q  from  computed 
or  specified  end  condition  grid  spacings. 


GENERATED  GRID  ANALYSIS 

The  quality  of  a  specified  grid  is  measurable  in  a  relative  sense.  The 
above  mentioned  grid  generation  procedure  results  in  a  non-uniform  distribution 
of  finite  elements  over  each  Macro  Element.  The  isoparametric  functional 
representation  for  each  finite  element  appears  as  in  equation  (1).  For  linear 
finite  element  basis  the  (H(n j ) )  of  equation  (1)  become  the  linear  approxima¬ 
tion  eat.  The  estimated  error  ia  the  energy  of  a  generated  grid  for  each  Macro 
Element  can  be  formed  from  evaluation  of  the  H1  Sobolev  (and  L2)  norms.  These 
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are  derived  from  Che  inner  products  of  grid  and  finite  element  approximation 
function  as 
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where 

[Me]  =  he  |  (N.)  {N.}T  d£ 
e 

and 

[Ke]  =  hg  |  7{Nj  •V{N.}T  dx  (5) 

e 

In  equation  (4)  the  summation  is  over  all  generated  elements  in  each  Macro 
Element  yielding  partial  values  of  scalar  energy  estimation.  These  partial 
scalars  are  subsequently  summed  over  all  Macro  Elements  to  form  the  total 
energy  estimate.  Thus,  distributed  and  overall  energy  levels  are  available 
for  comparison  and  are  useful  in  determination  of  the  quality  of  a  particular 
specified  grid  distribution. 

GLOBAL  CONNECTIVITY 

Each  of  the  Macro  Elements  is  refined  independently  subject  to  its  vertex 
and  edge  grid  point  specifications  in  global  coordinates.  The  second  require¬ 
ment  of  the  method  is  to  piece  the  refined  grids  together  to  form  a  global, 
singly  specified  grid.  The  piecing  is  most  efficiently  accomplished  using 
Macro  Element  data  information,  since  the  data  is  sparse,  can  all  fit  in  main 
memory  and  requires  minimal  searching  and  comparison.  A  required  data  specifi¬ 
cation  therefore,  is  a  Macro  Element  connection  table  which  specifies  the  glo¬ 
bally  defined  vertex  and  side  grid  point  numbers  comprising  each  Macro  Element. 
The  connection  table  is  searched  to  locate  adjacent  Macro  Element  sides  and  a 
side  matching  table3  is  formed  "on  the  fly."  The  side  matching  table  is  sub¬ 
sequently  used  to  locate  lines  and  planes  of  grid  points  to  be  eliminated 
during  grid  refinement.  In  addition,  the  table  is  useful  for  locating  exterior 
boundaries  since  no  adjacent  sides  are  found  and  the  table  contains  zeros3. 

This  is  useful  for  locating  and  mapping  boundary  conditions  on  exterior  gene¬ 
rated  grid  points. 

The  memory  resident  side  matching  table  provides  the  means  for  efficiently 
decoupling  Macro  Element  refinement  and,  thus  permitting  huge  grid  generation 
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on  mini-  or  mid-sized  machines.  Macro  Element  refined  data  can  be  generated 
and  written  to  disk  or  efficiently  paged  (virtual  systems)  by  dynamically  maxi¬ 
mizing  array  sizes  to  match  rows,  planes,  or  complete  Macro  Element  generated 
grids.  The  side  matching  table  is  interrogated  "on  the  fly"  and  duplicate  side 
(2D)  or  planar  (3D)  data  is  never  produced.  The  method  in  pseudo  code  is: 

Loop  over  the  Macro  Elements 
Loop  over  the  subdivisions 

Generate  grid  end  parameter 
data  subject  to  matching  tables 

Store  generated  data 

End  loop  1 
End  loop 

Thus  the  method  can  be  made  efficient  on  any  machine  by  maximizing  the  I/O 
block  or  page  size. 

Another  consideration  for  Macro  Element  interconnection  is  orientation  of 
the  local  Macro  Element  coordinates  and  ordering  of  generated  elements  to 
minimize  Jacobian  Matrix  bandwidth.  As  was  illustrated3,  Macro  Element  orien¬ 
tation  is  completely  arbitrary.  Equations  1  and  2  yield  identical  results 
regardless  of  Macro  Element  orientation,  and  as  noted  earlier,  the  side  match¬ 
ing  table  is  useful  for  elimination  of  repeated  boundary  nodes. 

Generated  node  ordering  for  minimum  bandwidth,  however,  is  not  guaranteed 
unless  the  numbering  and  orientation  of  Macro  Elements  is  carefully  considered. 
This  is  especially  true  for  three  dimensional  geometries  where  matrix  bandwidth 
can  become  quite  large.  The  tendency  of  the  Macro  Element  grid  generator 
without  node  reordering  treatment  is  to  form  a  sparse  block  matrix.  The  matrix 
can,  however,  be  globally  treated  to  narrow  the  bandwidth  for  efficient  enve¬ 
lope  method  solution6. 

A  3D  EXAMPLE 

As  illustration  of  the  method,  an  infinite  flow-field  surrounding  a  wind 
tunnel  model  support  was  discretized  (figure  4).  The  model  support  was  approx¬ 
imated  using  two  intersecting  cones  and  the  flow-field  extends  approximately 
18  feet  in  all  directions. 

As  illustrated  in  Figure  4,  the  flow-field  was  segmented  into  9  hexahedron 
shaped  Macro  Elements  for  grid  refinement.  Each  Macro  Element  is  defined  by  20 
grid  points  (8  vertex,  12  side)  for  a  total  of  76  grid  points  in  all.  A  mesh 
numbering  2744  hexahedron  shaped  finite  elements  was  generated  over  each  Macro 
Element  domain  for  a  total  of  24,696  generated  finite  elements  (26,460  grid 

points)  over  the  entire  flow-field.  Figure  5  presents  a  coarse  grid  perspec¬ 
tive  view  of  a  72  element  generated  grid  for  3D  visualization. 


Fig.  5.  Model  Support  Coarae  Grid  Perspective  View 

Planar  aections  of  a  generated  grid  on  Macro  Element  boundaries  are  easily 
extracted  for  visualization  during  generation  uaing  the  aide  matching  table. 
Figure  6  preaenta  the  full  grid  generated  in  the  baae  plane.  Th*  circular  cone 
is  exactly  approximated  by  the  three  dimensional  equivalent  of  equations  (1)  and 
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(2).  Nonuniform  grid  distribution  focuses  the  grid  in  the  active  cone  region. 
Generated  grid  in  the  plane  of  cone  intersection  is  illustrated  in  Figure  7 . 

The  cone  radius  is  about  half  that  of  the  base  plane.  Finally,  Figure  8  illus¬ 
trates  a  coarse  grid  in  the  vertical  half  plane  of  the  model  support.  Grid 
refinement  is  altered  by  simply  modifying  the  three  grid  size  integers  for  each 
Macro  Element. 


Fig.  6.  Model  Support  Base  Plane  Discretization 


i 


The  complete  26,460  grid  point  generation  was  performed  on  a  PDP11-34  having 
64K  of  memory  and  KK05  disk  drives  in  approximately  4  hours.  Time  for  solution 
increases  linearly  with  grid  refinement,  thus  producing  a  50,000  mesh  on  a  rel¬ 
atively  slow  machine  in  less  than  8  hours.  These  timings  are  for  a  job  obvi¬ 
ously  1/0  bound  and  include  additional  1/0  required  for  generation  of  graphical 
output.  Execution  actually  occurred  within  26K  of  machine  memory  and  due  to 
size  limitations  (the  operating  system  and  libraries  require  32K)  1/0  block 
size  was  minimized  and  the  number  of  1/0  interrupts  became  extremely  large. 

It  is  anticipated  that  increasing  array  storage  by  doubling  the  memory  capacity 
of  the  machine  will  improve  speed  by  a  factor  of  5. 
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0.  40.  ft. 

Fig.  7.  Model  Support,  Cone  Intersection  Plane  Discretization 
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INTRODUCTION 

A  computer  software  system  has  been  developed  to  automatically  generate 

two-dimensional  coordinates  from  algebraic  transformations.  For  topologically 

complex  regions,  a  smooth  assembly  of  the  transformations  can  be  used  to 

automatically  produce  a  composite  mesh  where  a  general  gridded  format  is 

retained.  To  readily  obtain  a  desireable  level  of  global  mesh  smoothness  and 

to  permit  a  maximum  amount  of  mesh  control,  the  application  of  local  multi- 
Q.  .1  y- 

surface  transformations  is  emphasized.  In  the  formation  of  the  composite 
mesh,  the  boundaries  for  each  transformation  are  either  transmissive  or  the 
prescribed  gemoetry  of  given  physical  objects. 

In  addition  to  the  boundaries,  each  multisurface  transformation  is  con¬ 
structed  from  a  sequence  of  intermediate  control  surfaces.  At  each  fixed 
surface  parameter,  the  control  is  over  the  corresponding  transverse  coordinate 
curve  connecting  boundaries.  In  the  direction  of  the  surface  parameter,  the 
control  is  longitudinal.  Whether  longitudinal  or  transverse,  the  fundamental 
properties  are  the  geometry  and  pointwise  distribution  along  coordinate 
curves.  With  the  local  form  of  the  multisurface  transformation,  these 
controls  can  be  precisely  given  at  any  location.  For  basic  mesh  patching, 
derivative  conditions  are  prescribed  at  boundaries.  Away  from  boundaries,  the 
control  is  applied  independently  so  that  desireable  mesh  structures  can  be 
smoothly  embedded  or  boundary  slope  discontinuities  can  be  kept  at  the 
boundaries  regardless  of  pointwise  distributions  along  boundaries. 

The  algebraic  mesh  generation  system  consists  of  a  collection  of  operator 
subroutines  which  are  applied  to  an  established  data  structure  and  which 
automatically  perform  the  necessary  parts  of  mesh  construction  from  a  sequence 
of  multisurface  transformations.  The  system  is  split  into  operational  modules 
for  surface  definition,  for  transverse  constructions,  for  discretization,  for 
mesh  assembly,  and  for  graphics.  Surface  definition  and  graphics  modules  are 
applicable  to  all  2D  coordinate  generation  techniques;  the  remainder  are 
tailored  to  but  not  limited  to  multisurface  transformations.  The  surfaces 
here  are  curves  a(t)  -  <x(t),  y ( t > )  and  their  definition  consists  of  both 
their  intrinsic  geoewtry  a  and  their  parameterization  t.  The  parameterization 
is  equivalent  to  the  coordinte  distribution  for  the  one-dimensional  surfaces. 
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Such  coordinates  are  automatically  generated  with  a  general  curvature 
clustering  mechanism  and  with  the  simultaneous  capability  to  prescribe  any 
number  of  arbitrary  clustering  locations.  When  applied  to  line  segments,  a 
general  class  of  useful  distribution  functions  is  also  obtained. 

MULTISURFACE  TRANSFORMATIONS 

To  obtain  the  two-dimensional  multisurface  transformation,  a  sequence  of 

constructive  one-dimensional  surfaces  a  (t)  are  prescribed  with  an  ordering 
+  K  -*■ 
from  boundary  a.  (t)  to  boundary  ci^ft)  with  the  intermediate  curves  <*_(t), 

a, (t),  ...,  a  (t)  available  for  control.  At  each  value  of  t,  a  piecewise 
3  N—l 

linear  connecting  curve  is  determined  by  joining  the  successive  points  a^tt) 
with  straight  line  segments.  In  correspondence  with  the  N-l  straight  line 
segments,  a  partition  r  ,<  r,  <  ...  <  r  ,  for  the  assumed  transverse 

1  i  N-l 

coordinate  r  is  prescribed.  In  further  correspondence,  a  sequence  of  inter¬ 
polation  functions  ^(r)  is  defined  to  vanish  at  all  partition  points  except 
as  k  »  1,2,  ...,  N-l.  With  the  functions,  the  line  segment  slopes  are 
interpolated.  The  general  N-surface  transformation  is  obtained  by  an 
integration  from  ^(t)  and  by  a  subsequent  fit  to  “N(t)  from  k  normalizations. 
In  terms  of  the  Cartesian  locations  c  «  (x,y) ,  it  is  given  by 


N-l  G  (r) 
-►  r*  k 

c(r,  t)  =  J 


k=l  N-l  *-4 


<r  ll'*k+l(t)  "  “k(t)  ] 
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The  slope  interpolation  is  evident  when  r-derivatives  of  both  sides  are 
evaluated  at  rfc.  Upon  a  back  substitution,  the  N-surface  transformation  can 
then  be  expressed  in  a  derivative  form.  In  either  form,  it  can  also  be 
expressed  as  a  projector,  under  which,  all  coordinates  that  conform  to  the 
given  specified  properties  are  projected  into  the  multisurface  system.  With 
an  interchange  of  r  and  t,  a  similar  projector  can  be  defined  for  the 
t-direction  which  in  turn  can  be  used  as  a  Boolean  summand  with  the  first 
projector  to  get  an  extension  of  transfinite  interpolation  methods  applicable 
to  function  and  derivative  specifications  at  all  levels.  Since  the  simplest 
case  is  with  the  basic  building  blocks  in  one  direction  and  since  one 
direction  is  sufficient  for  many  applications,  the  basic  multisurface 
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transformation  will  be  directly  applied  here  with  the  understanding  that  the 
developed  automation  can  also  be  carried  over  into  the  transfinite  cases. 

SYSTEM  OPERATORS 
The  Data  Base 

The  automation  of  algebraic  transformations  is  accomplished  with  a  system 
of  operators  that  are  applied  with  respect  to  a  fixed  data  base.  The  data 
base  is  split  into  arrays  which  either  need  or  need  not  be  understood  by 
someone  who  wishes  to  apply  the  system.  Those  which  do  not  require  under¬ 
standing  typically  communicate  technical  data  between  the  various  operator 
subroutines  in  an  internal  automatic  fashion.  The  remaining  arrays  are  of 
more  interest  since  we  are  required  to  either  load  them  for  the  input  or  to 
unload  them  for  the  output.  For  all  coordinate  systems  of  the  generally 
composite  mesh,  the  primary  input  is  the  data  required  to  define  the 
constructive  1-D  surfaces 

^(t)  for  the  transformation  of  Eq.  1.  Each  surface  is  represented  as  a 
sequence  of  data  points  which  are  distributed  well  enough  to  adequately 
describe  its  basic  geometry  and  parameterization.  Each  data  point  in  the 
sequence  consists  of  two  Cartesian  components  x  and  y  and  a  surface  coordinate 
t  to  form  an  ordered  triple  (x,  y,  t)  for  the  parametric  representation 
(x (t) ,  y(t).  The  basic  surface  data  array  is  given  by 

SD(I,  J,  1)  -  X 

SD<I,  J,  2)  -  y  (2) 

SD(I,  J,  3>  -  t 

for  surface  number  I  and  data  point  number  J.  For  each  coordinate  system 
number  IC,  the  data  point  numbers  J  vary  from  1  to  NDATA  and  the  surface 
numbers  I  vary  from  NS(IC,  1)  to  NS(1C,  2)  where  the  local  surface  number  for 
the  transformation  of  Eq.  1  is  given  by  K  ■  I-NS(IC,1)  +  1.  The  primary 
output  array  is  the  coordinate  mesh  array  given  by 

CM (2*IC-1 ,  J,  K)  -  X 

CM(2*IC,  J,  K)  -  y  (3) 

for  the  Jth  mesh  point  in  r  and  the  Kth  mesh  point  in  t.  Specified  quantities 
are  the  number  of  r-mesh  points  MR(IC)  and  the  number  of  t-mesh  points  MS(IC). 
In  the  current  system,  the  dimensions  are  given  by  NS(4,2),  SD(40,  100,  3), 
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and  CM  (8,  30,  50)  which  imply  that  IC  <  4,  NS  £40,  NDATA  £  100,  MR  £  30,  and 
MS  £  50.  To  save  storage,  the  arrays  SO  and  CM  are  also  equivalenced.  The 
distensions  can  be  readily  changed,  for  example,  to  reduce  the  number  of 
possible  coordinate  systems  and  increase  the  number  of  mesh  points. 


The  Order  of  Application 


Relative  to  the  established  data  structure,  the  system  of  operators  are 
applied  in  a  sequential  fashion  to  automatically  generate  a  wide  variety  of 
grids  that  conform  to  the  specifications  we  desire.  The  entire  process  can  be 
given  a  general  ordering.  Surface  parameterization  clearly  follows  surface 
constructions  which  srust  first  be  in  existence)  similarly,  transverse  mesh 
evaluations  must  fo.  jw  the  transverse  constructions  for  curve  definition  and 
pointwise  distribution.  The  transverse  curve  definition  depends  upon  the 
integrals  G^  (r)  of  Eq.  1.  With  a  new  independent  variable  z,  we  get  a 
function  r(z)  which  yields  (r (z) )  to  include  both  curve  definition  and 
pointwise  distribution.  After  both  surface  and  transverse  mesh  data  has  been 
computed,  it  is  assembled  to  form  a  mesh  from  the  transformation.  Once  all  of 
the  coordinate  meshes  are  assembled  individually,  the  grand  assembly  of  the 
global  patched  together  mesh  can  be  viewed  either  numerically  or  as  a  plot. 

The  system  of  operators  for  coordinte  generation  are  written  as  FORTRAN 
subroutines  and  are  separated  into  the  categories  which  are  illustrated  in 
Figure  1  along  with  their  sequential  interdependence.  The  categories  on  the 
top  of  the  figure  are  related  to  surface  definition,  and  consequently,  are  the 
primary  parts  of  the  mesh  generation  process.  Each  category  is  described 
separately  in  the  following  sections. 


Direct  Surface  Generators 

The  category  of  direct  surface  generators  contains  the  operators  on  the 
SD-array  which  generate  surface  sections  or  entire  surfaces  without  para¬ 
meterization  t  and  without  any  dependence  on  existing  surfaces.  In  each  case, 
the  1-D  surfaces  are  generated  as  a  pointwise  sequence  (x^,  y^)  ordered  in  an 
increasing  fashion  from  beginning  to  end.  If  the  curves  are  closed,  the 
ordering  becomes  either  clockwise  or  counterclockwise.  As  a  matter  of 
notation,  all  operators  will  be  labeled  in  capital  letters  to  correspond  with 
the  associated  subroutine  names.  Basic  operator  definitions  will  follow  an 
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Fig.  1.  Operator  categories  and  their  interdependence. 


arrow  that  is  behind  the  operator  name.  In  this  format,  the  current  operators 
for  direct  surface  generators  are  given  by 


LINE 

Line  segment 

CIRCLE 

-*• 

Circular  segment 

BEND 

-► 

Two  line  segments  joined  by  circular  arc 

BOX 

«* 

Rectangle  with  rounded  corners 

OVAL 

-* 

Ellipse  or  superellipse 

NACA 

•¥ 

NACA  airfoil 

Geometric  Surface  Operators 

The  category  of  geometric  surface  operators  contains  the  operators  which 
depend  only  on  the  surface  geometry  and  not  on  any  surface  parameterization. 
When  the  basic  geometry  of  a  surface  is  known  in  the  SD-array  as  a  sequence  of 
data  point  locations,  the  operators  of  this  category  can  be  applied.  The 
current  operators  are  given  by 
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-*■  Rotate  a  surface 
-*-  Slide  a  surface 

Construct  unit  tangent  and  normal 
vectors  at  each  point. 


Surface  Parameterizatin 


Surface  parameterization  operators  are  applied  to  generate  the  1-D  surface 
parameterization,  or  equivalently,  surface  coordinates  t.  The  operators  can 
be  split  into  those  which  depend  upon  an  existing  parameterization  of  the 
given  surface  and  those  which  do  not.  The  ones  which  do  not  are  given  by 


•+  Arc  length 

-*■  Load  from  another  surface  on  a  data 
point  basis 

-*■  Project  from  another  surface  along  a 
vector  field 


The  ones  which  do  are  given  by 

PNORM  -*■  Normalize  to  an  arbitrary  interval 

GPAR  Reparameterize  globally  (6b) 

LPAR  -*•  Reparameterize  locally 

With  the  reparameterization  operators,  pointwise  clustering  can  be 
simultaneously  done  at  higher  curvature  locations  and  at  arbitrarily  selected 
locations.  For  the  arbitrary  locations,  the  selection  is  accomplished  by 
loading  the  existing  parametric  intervals  and  the  degree  of  desired  clustering 
into  the  array  BUNCH  in  the  form 

BUNCH  (J,l)  -  Start  of  cluster 

BUNCH  (J,2)  -  Center  of  cluster  (7) 

BUNCH  (J,3)  «  End  of  cluster 

BUNCH  (J,4)  »  Degree  of  cluster 

for  cluster  number  J  which,  with  current  dimensions,  can  be  at  most  20. 


'^<-;H*y">r  ■-  o ****:-..-.  ^  .***»*» 
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Surface  Generators  from  Existing  Surfaces 

The  basic  geometry,  the  parametric  representation,  and  the  data  point 
indexing  of  existing  surfaces  can  each  be  utilized  to  generate  new  surfaces 
that  are  aligned  or  positioned  in  such  a  vay  that  geometric  specifications  for 
the  mesh  are  easily  given.  The  specifications  include  the  boundary 
prescriptions  on  the  behavior  of  transverse  coordinate  curves,  and  more 
generally,  prescriptions  of  mesh  forms  in  an  area  sense  anywhere  in  the  meshed 
region.  The  surface  generators  from  the  existing  surfaces  form  a  category 
which  extends  the  direct  generators  and  contains  the  operators 


> 

EXPAND  -*•  Expand  away  from  a  surface  to  get  a  new  one 

DEFORM  ■+  Deform  between  two  surfaces  to  get  a  new  one  (8) 


With  EXPAND,  the  expansion  is  along  directions  from  a  vector  field.  When  the 
vector  field  is  normal  to  the  existing  surface,  the  data  points  on  the  new 
surface  are  orthogonally  aligned.  If  subsequently,  PLOAD  from  Eq.  6a  is 
applied,  then  the  orthogonal  alignment  is  used  for  the  new  curve.  With 
DEFORM,  the  deformation  is  along  line  segments  that  join  the  two  existing  1-D 
surfaces,  when  applied  successively  with  PLOAD,  coordinate  line  segments  can 
be  smoothly  embedded  into  the  mesh. 

Transverse  Operators 

The  definition  of  the  basic  transverse  curves  for  each  multisurface 
transformation  (Eq.  1)  is  accomplished  with  uhe  transverse  operators  which  are 
given  by 


PART  Generate  partition  points  rfc  (9) 

GXVAR  ■*  Generate  coefficients  of  G^fir) 

Currently,  the  partition  from  PART  is  uniform. 


Mesh  Operators 

After  the  parameterized  surfaces  have  been  constructed  and  the  transverse 
piecewise  polynominals  have  been  defined,  each  multisurface  transformation  can 
be  used  to  generate  its  corresponding  part  of  the  entire  two-dimensional  mesh. 
The  number  of  mesh  points  in  both  directions  (MS  and  MR  for  Eq.  3)  must  be 
specified  and  is  independent  of  both  the  previous  discrete  parametric  surface 
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1-4 

constructions  and  the  transverse  piecewise  polynominal  definitions.  With 
the  specification,  the  category  of  mesh  operators  is  applied  to  obtain  mesh 
point  discretizations  for  each  multisurface  transformation  component 
(afc  and  of  Eq.  1)  and  is  split  into  those  oriented  towards  evaluation  and 
those  which  change  the  mesh.  The  evaluation  operators  are  given  by 

SFIND  -*•  Find  surface  interval  containing  t 

RFIND  -*■  Find  partition  point  interval  containing  r  (10) 

SMESH  ■*  Surface  mesh 

GK  -*■  Evaluate  G^fr), 

are  usually  called  by  assembly  operators,  and  are  consequently  used  less 
frequently  on  an  isolated  basis.-  The  operators  which  change  the  mesh  are 
given  by 


JOIST 

-► 

Mesh  distribution  in  r 

CSLIDE 

•> 

Slide  a  coordinate  system 

GRID1 

-*• 

Generate  orthogonal  trajectories 

(11) 

GRID2 

Generate  trajectories  with  exact 

central  difference  orthogonallity 

The  transverse  mesh  distribution  from  JOIST  can  have  specified  clustering  at 
each  endpoint  and  simultaneously  in  the  center.  The  orthogonal  trajectories 
from  GRID1  are  generated  by  the  method  of  Graves  and  McNally5  6  but  with  an 
accuracy  increase  from  automatic  refinement.  The  orthogonal  trajectories 
from  GRID2  are  generated  by  the  Leap-Frog  method  presented  in  Eiseman.7 

Assembly  Operators 

To  streamline  the  mesh  generation  process,  assembly  operators  have  been 
developed  to  cover  the  most  frequent  applications  and  to  reduce  the  required 
number  of  calls  to  operators.  They  are  given  by 

TRANS  -*■  Assemble  multisurface  transformations  (12) 

GRID  -*•  Assembles  grids  without  required  calls  to  transverse, 
mesh,  and  visualization  operators 


-  »-  -»-  .!#■«.  -  v»  .->  --•  ■  -  >'.r  >  -*■  *■  ••'.-=■- *v-‘- *•  ■  • 
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The  operator  GRID  assumes  a  uniform  r-distribution  from  RDIST  and  generates 
grids  from  TRANS,  GRID1,  and  GRID2 .  In  contrast  to  TRANS,  only  the  surface 
data  and  the  desired  nusiber  of  mesh  points  are  needed. 


Data  Visualization  Operators 

To  observe  the  constructive  process  and  to  see  the  mesh  in  graphical  form, 
the  category  of  data  visualization  operators  has  been  created.  Observations 
of  the  surface  data  array  SD  and  the  various  other  arrays  used  in  the 
constructions  can  be  viewed  through  a  sequence  of  printing  operators.  The 
printing  of  the  coordinate  mesh  CM  of  Eq.  3  is  included  in  the  primary 
visualization  operator  which  is 

PLOTIT  -*■  Plot  the  entire  composite  mesh  (13) 


This  operator  is  automatically  called  by  the  assembly  operator  GRID  which  also 
includes  the  technical  calls  for  the  plotting  set  up. 


APPLICATIONS 

To  illustrate  the  mesh  generation  process  with  the  system  of  opertors,  we 
first  consider  a  region  between  an  oval  contour  and  a  symmetrically 
surrounding  box  with  rounded  corners.  Only  one  coordinate  system  is  needed 
for  this  region.  The  pattern  for  grid  generation  is  then  established  on  this 
simple  example  and  is  continued  further  towards  other  cases.  To  define  the 
coordinates  for  the  example ,  the  number  of  constructive  surfaces  must  be 
selected  and  is  chosen  here  to  be  5.  The  surfaces  are  depicted  in  Fig.  2 
where  they  are  numbered  from  1  to  5  going  from  the  ellipse  to  the  box.  The 
first  data  point  of  each  surface  is  on  the  x-axis  from  which  the  counter¬ 
clockwise  orientation  is  indicated  by  an  arrow.  The  dashed  curve,  other  than 
the  x-axis,  is  one  of  the  piecewise-linear  curves  determined  by  equal 
parameter  values  t  and  is  the  curve  which  determines  directions  for  the 
associated  transverse  coordinate  curve  in  r.  In  correspondence  with  the 
figure,  the  surfaces  and  thus  the  grid  are  automatically  generated  from  the 
short  coding  sequence i 


*  ‘ 


V 


g.  2.  The  constructive  surfaces  for  an  oval  in  a  box. 


MR(l) 

at 

15 

-► 

Number  of  mesh  points  in  r 

MS  U) 

=3 

49 

-4 

Number  of  mesh  points  in  t 

NDATA 

= 

100 

-¥ 

Number  of  surface  data  points 

NSU.l) 

1 

-*■ 

First  surface  number 

NS (1 ,2) 

= 

5 

■4- 

Last  surface  number 

OVAL 

•> 

Surface  1 

ARCLN 

Arc  length  t  along  surface  1 

PNORM 

-*■ 

Normalize  t  to  unit  interval 

EXPAND 

Surface  2  as  outward  normal  expansion  from  surface  1 

PLOAD 

~V 

Load  t  from  surface  1  into  2 

BOX 

-4 

Surface  5 

ARCLN 

-*■ 

Arc  length  t  along  surface  5 

PNORM 

-► 

Normalize  t  to  unit  interval 

EXPAND 

«•* 

Surface  4  as  inward  normal  expansion  from  surface  5 

PLOAD 

-4 

Load  t  from  surface  5  to  4 

DEFORM 

-4 

Surface  3  as  deformation  between  surfaces  2  and  4 

PLOAD 

-4 

Load  t  from  surface  2  into  3 

GRID 

-4 

Assemble  and  display  the  grid 

END 
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From  the  successive  application  of  EXPAND  and  then  PLOAD,  an  orthogonal 
alignment  in  t  is  obtained  respectively  between  surfaces  1  and  2  and  surfaces 
5  and  4.  From  the  successive  application  of  DEFORM  and  then  PLOAD,  a  linear 
alignment  in  t  is  obtained  between  surfaces  2,  3,  and  4.  Both  alignments  are 
illustrated  by  the  dashed  piecewise-linear  curve  in  Figure  2.  The  grid  from 
the  coding  sequence  is  displayed  in  Figure  3  where  the  effect  of  the 
alignments  is  viewed  as  orthogonality  at  each  boundary  and  local  linearity  in 
between . 


Fig.  3.  Grid  for  an  ellipse  in  a  box. 

If  OVAL  is  replaced  by  NACA  in  the  coding  sequence,  then  surface  1  becomes 
a  NACA  airfoil  contour.  With  pnorm  replaced  by  GPAR,  we  get  curvature 
clustering  for  the  leading  edge.  When  the  outward  normal  expansion  for 
surface  2  by  EXPAND  is  adjusted  to  give  the  expansion  distances  illustrated  in 
Figure  4,  we  get  the  grid  which  is  displayed  in  Figure  5.  As  the  trailing 
edge  is  approached,  the  r-coordinates  have  bends  which  occur  progressively 
closer  to  the  airfoil  surface  due  to  the  placement  of  surface  2. 


Fig.  6.  An  airfoil  in  a  box  with  trailing  edge  clustering. 

This  is  equivalent  to  specifying  normal  derivatives  which  have  progressively 
decreasing  magnitudes.  At  the  training  edge,  the  slope  discontinuity  is 
propagated  across  about  two  thirds  of  the  field.  Because  of  the  local 
transverse  interpolants  for  Eq.  1,  the  discontinuity  is  gone  in  the  last 
third.  It  can  also  be  removed  from  the  entire  field  by  clustering.  This  is 
accomplished  by  inserting  trailing  edge  clustering  requirements  into  the 
BUNCH-array  for  GPAR  to  act  upon.  The  result  is  displayed  in  Figure  6.  An 
airfoil  in  a  cascade  with  45*  stagger  can  be  obtained  with  ROTATE  applied  to 
surface  1  and  with  successive  applications  of  BEND  for  surface  5.  When  RDIST 
is  used  to  cluster  points  near  the  airfoil,  we  get  the  periodically  aligned 
grid  of  Figure  7  where  Cartesian  extensions  are  given  in  upstream  and  down¬ 
stream  directions.  A  detailed  view  at  30*  stagger  is  seen  in  Figure  8  with 
uniform  r-distribution.  Returning  to  the  airfoil  in  a  box,  a  local  region  of 
orthogonal  coordinates  is  created  about  the  airfoil  by  the  additon  of  two  more 
surfaces  that  are  orthogonally  aligned  with  the  airfoil.  With  more  mesh 
points,  we  get  the  7-surface  transformation  which  is  displayed  in  Figure  9. 
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Pig.  9.  Airfoil  in  a  box  with  orthogonal  disk  around  tha  airfoil. 

CONCLUSION 

The  general  format  for  automatic  alegbraic  mesh  generation  has  been 
established  with  a  system  based  upon  multisurface  transformations.  The  system 
is  a  collection  of  operators  which  automatically  perform  the  various 
constructive  tasks  and  which  are  applied  in  sequence  to  generate  a  mesh.  The 
primary  operator  sequence  is  for  surface  construction  and  for  distribution 
functions.  Surface  construction  and  distribution  functions  are  required  for 
boundaries  and  are  basic  to  all  methods  of  coordinate  generation. 

ACKNOWLEDGMENTS 

Work  supported  by  NASA  Lewis  Research  Center,  Contract  NAS3-22117  and  by 
NASA  Langley  Research  Center,  cooperative  agreement  NCCI-59. 


463 


'i 


1 


i 

i 


4 


i 


I 


I 

t 

* 


t 

c 


REFERENCES 

1.  Eiseman,  P.  R.  (1980)  Coordinate  Generation  with  Precise  Controls,  ICASE 
Report  80-30,  to  appear  J.  Computational  Physics. 

2.  Eiseman,  P.  R.  (1980)  Coordinate  Generation  with  Precise  Controls  Over 
Mesh  Properties.  Seventh  Int.  Conf.  on  Num.  Meth.  Fluid  Dyn.,  Lecture 
Notes  in  Physics  141,  176. 

3.  Eiseman,  P.  K.  and  R.  E.  Smith  (1980)  Grid  Generation  using  Algebraic 
Techniques,  NASA  CP2166. 

4.  Eiseman,  P.  R.  A  Mesh  Generation  Software  System.  NASA  Lewis  Research 
Report,  to  appear. 

5.  Graves,  R.  A.  (1980)  A  Simple  Numerical  Orthogonal  Coordinate  Generator 
for  Fluid  Dynamic  Applications.  NASA  CP2166. 

6.  McNally,  W.  D.  (1972)  FORTRAN  Program  for  Generating  a  Two-Dimensional 
Orthogonal  Mesh  Between  Two  Arbitrary  Boundaries,  NASA  TND-6766. 

7.  Eiseman,  P.  R.  Orthogonal  Grid  Generations,  this  proceedings. 


I 

( 


{ 

i 

i 

i 


**‘^*S*-v 


•■^3^  ^  *v  r 


W-  .  ^ 


AO  P000985 


Copyright  1982  by  Blsoviar  Science  Publishing  Company,  Inc. 
NUMERICAL  GRID  GENERATION 
W  F.  Thonpaon,  editor 


AUTOMATIC  TOPOLOGY  GENERATION  AND  GENERALISED  B  SPLINE  MAPPING 
A  ROBERTS 
British  Aerospace 


465 


SUMMARY 

Completion  strategies  have  been  programed  for  the  removal  of  topological 
anomalies  in  a  cube  cluster.  Synthesis  of  complicated  grid  structures  can  then 
be  defined  with  very  few  explicit  statements.  The  realisation  of  the 
differential  equations  uses  a  generalisation  of  B  spline  mapping  for  modelling 

Such  B  spline  schemes  provide 
Relaxation  sequences  with  B 
spline  can  then  be  more  efficient  than  those  for  finite  difference  methods  even 
for  topologically  regular  grids. 


through  topological  singularities  in  the  field, 
accelerated  convergence  and''* wide  band*"^ccuracy . 


INTRODUCTION 

The  Multi-Volume  Data  Structure  (MVDS)  is  a  general  purpose  topology  system 
for  linking  a  range  of  industrial  data  basea  to  a  range  of  CFM  methods. 


AD2000- 
CADAM- 
NMG  -a 


Multi-Volume 
Data  Structure 
(MVDS) 


•Panel  Methods 
•Potential  Flow  Relaxation 
•Explicit  Euler  Time-Stepping 
•Clebsch  Representation  1,2 


Fig  1.  The  MVDS  System  Links  Data  Bases  to  Methods 


The  use  of  multi-grid  techniques  for  partitioned  fields  with  mapping 
singularities  in  the  field  presents  common  organisational  problems. 

The  automatic  topological  units  are  'starters'  such  as  a  wing-body 
combination  and  'details'  such  as  an  engine  pod.  Each  unit  refers  to  both  an 
aircraft  component  and  the  adjacent  field  volumes.  The  library  of  such  units 
can  be  augmented  using  a  cryptic  language.  To  permit  display  of  the  grid 
configuration  default  coordinates  are  generated  automatically. 

The  grid  is  partitioned  into  a  number  of  cubic  blocks  connected  face  to 
face  with  3,4,5  or  6  blocks  meeting  along  junction  lines  in  the  field. 


PREVIOUS  RAM 
IS  BLANK 


Fig.  2.  A  Field  Partitioned  with  Singularities  in  the  Field. 


Each  volume  has  a  different  grid  structure  at  each  multi-grid  resolution 
level :- 


Volume  Level  0  Level  1  Level  2 
Fig.  3.  Multi-grid  structures  in  a  volume 

At  every  level  the  partition  boundary  is  half  a  parametric  interval  from 
the  nearest  grid  surface.  Topological  singularities  then  occur  between  grid 
points : - 


Fig.  4.  Mapping  Singularities  at  Node  Points. 

Powsr  -1  Power  0  Power  +1 


Power  +2 
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The  grid  is  said  to  be  regular  in  regions  where  four  volumes  meet  along 
every  Junction  line.  In  such  regions  the  partition  boundaries  and  junction 
lines  have  no  numerical  significance  although  the  orientation  of  the  paraaetric 
axes  may  be  discontinuous  across  partition  boundaries.  Near  topological 
singularities,  shock  surfaces  and  vortex  sheets  the  usual  operator  expansions 
are  not  applicable.  B  spline  techniques  can  then  be  used  for  modelling  through 
such  anomalies. 

Tesselation  of  Surfaces 

A  tesselation  of  a  surface  is  a  decomposition  of  that  surface  into  four 
sided  cells.  Tesselation  operations  are  used  here  to  illustrate  strategies 
suitable  for  cube  clusters.  For  cube  clusters  with  many  singularities  in  the 
field,  definition  by  enumeration  is  not  practicable  due  to  the  mass  of 
information  required  combined  with  conceptual  problems.  Automatic  conversion 
of  a  general  decomposition  of  a  3-D  field  via  a  tetrahedron  cluster  is  possible 
in  principle  but  produces  unsuitable  grid  structures.  He  are  then  left  with 
progressive  synthesis  using  operations  that  preserve  the  cube  cluster 
conventions . 

He  consider  a  general  polygonal  decomposition  of  a  simply  connected  closed 
surface.  He  can  select  any  interior  point  of  a  line  or  a  cell  to  be  the  median 
point  of  that  cell.  A  median  line  is  then  a  line  Joining  the  median  point  of  a 
cell  to  the  median  point  of  one  of  the  enclosing  cell  boundary  lines.  The 
teaselating  operation  is  then  the  reclassification  of  every  median  line  of  an 
old  decomposition  as  an  additional  boundary  line  of  the  new  decomposition. 


Old  Median  Lines  New  Median  Lines  String 

Deleted 


Fig.  5.  Tesselation  Operations 


4 
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Repeated  use  of  the  tesselating  operation  produces  a  family  of  tesselatlons 
suitable  for  a  multi-grid  technique. 

The  median  lines  of  the  tesselation  of  a  closed  surface  join  up  to  form 
endless  strings  of  median  lines.  A  cell  string  is  a  set  of  cells  where  each 
cell  contains  segments  of  a  particular  median  line  string.  We  may  note  that 
tesselation  conventions  are  preserved  by  the  deletion  of  any  complete  string 
for  a  simply  connected  closed  surface. 

For  any  tesselation  of  a  simply  connected  closed  surface  we  can  delete  cell 
strings,  one  at  a  time,  until  we  are  left  with  the  minimum  tesselation 
consisting  of  Just  two  cells.  By  reversal  of  this  sequence  we  can  synthesise 
any  tesselation  of  a  simply  connected  closed  surface  from  the  minimum 
tesselation  one  string  at  a  time. 

The  general  synthesis  operation  is  then  to  separate  any  closed  string  of 
cell  boundary  lines  into  a  pair  of  boundary  strings  enclosing  the  new  cell 
string.  The  boundary  line  string  can  be  defined  by  enumeration  of  the  boundary 
segments  forming  that  string.  A  more  cryptic  definition  is  possible  if  the 
boundary  line  string  is  always  concave  with  respect  to  a  'captured  zone'.  The 
string  then  always  follows  the  second  left  turn  except  Tor  the  nominated  bend 
points  where  it  follows  the  first  left  turn.  The  string  is  then  defined  by  the 
bend  points  or,  if  there  are  no  bend  points,  by  one  segment  of  the  string. 

The  realisation  of  the  new  cell  string  following  this  convention  can  follow 
a  strategy  of  progressive  capture  based  on  Just  two  elementary  operations 


Capture  One  Cell  Delete  Two  Cells 

Fig.  6.  Elementary  Operations  on  a  Surface 


These  operations  can  be  controlled  by  autonomous  propagation  sequences 
operating  at  two  priority  levels. 

First  priority  propagation  is  propagation  along  strings  until  a  loop  is 
completed  or  a  corner  encountered. 

Seoond  priority  propagation  is  propagation  through  an  area  enclosed  by  new 
strings. 
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Bend  Points  Captured  Strings  Captured 

Fig.  7.  Capture  Phases 
Basic  Cube  Cluster  Operations 

The  direct  analogue  of  a  tesselated  closed  surface  is  a  cube  cluster  in 
which  the  minimum  cube  cluster  consists  of  a  finite  cubic  volume  enclosed  by  an 
'external  cube'  consisting  of  all  space  not  included  in  the  finite  cube.  We 
have  median  surfaces  of  cubes  bounded  by  a  median  line  of  each  of  four  volume 
interfaces 


Fig.  8.  The  Three  Median  Faces  of  a  Cube. 

Median  lines  of  an  interface  can  be  regarded  as  connecting  a  pair  of  median 
faces  of  one  cube  to  a  pair  of  median  faces  of  an  adjacent  cube.  Median  faces 
then  join  up  to  form  edgeless  sheets.  A  volume  sheet  is  a  set  of  volumes  in 
which  each  volume  contains  facets  of  a  particular  median  surface  sheet.  A 
volume  string  is  the  intersection  of  a  pair  of  volume  sheets.  Each  volume  is 
the  triple  intersection  of  volume  sheets  and  of  volume  strings. 
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The  cube  cluster  conventions  are  conserved  by  the  deletion  of  any  complete 
volume  sheet.  Any  cube  cluster  can  be  reduced  to  the  minimum  cube  cluster  by 
deletion  of  volume  sheets  one  at  a  time.  Sheets  may  be  deleted  in  any 
sequence.  By  reversal  of  such  sequences  any  cube  cluster  can  be  synthesised 
one  sheet  at  a  time  using  one  of  many  different  sequences. 

We  have  the  pair  of  elementary  operations 


Capture  One  Volume 


Delete  Two  Volumes 


Fig.  9.  Elementary  Operations  in  a  Cube  Cluster 

We  can  then  have  first  priority  propagation  along  strings,  second  priority 
propagation  throught  sheet  segments  bounded  by  strings  and  third  priority 
propagation  through  a  captured  volume  cluster.  Corners  are  points  where  three 
bend  lines  meet.  The  specification  must  then  enumerate  explicitly 

1.  all  corners  with  1,2,4  or  8  inserted  into  one  old  volume 

2.  for  any  bend  line  not  terminating  at  either  end  by  a  corner  one  sample 
volume  referring  to  1,2  or  4  bend  lines. 

3.  for  any  surface  not  bounded  anywhere  by  bend  lines  one  sample  volume 
referring  to  1  or  2  new  surfaces. 

All  other  instructions  are  implicit. 

After  grid  relaxation  each  median  surface  will  form  a  surface  for  which  the 
unit  normal  is  continuous  almost  everywhere.  Such  surfaces  are  useful  for 
displays  of  the  grid  and  for  contours  of  field  functions.  Where  median 
surfaoss  form  closed  sheets  the  Euler  characteristic^  can  be  used  to  relate  the 
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number  of  handles^  h  to  the  sum  of  the  topological  powers  s  where  the 

topological  power  of  a  singularity  is  four  less  than  the  number  of  volumes 
meeting  along  a  singularity  line.  For  such  tesselated  surfaces  we  have 
s  =  8(h-1 ) 

This  is  a  useful  rule  when  selecting  a  suitable  topology. 

Solid  and  Null  Volumes 

At  the  lowest  level  of  the  internal  logic  the  two  elementary  operations  are 
used  and  the  topology  is  always  a  properly  connected  cube  cluster.  However, 

the  required  grid  has  sheets  that  can  be  bounded  by  an  envelope  or  aircraft 

surfaces,  regarded  as  intrusions  of  the  envelope  into  the  field.  He  can 

designate  volumes  in  a  cube  cluster  as  solid  volumes.  No  propagation  is 
permitted  through  solid  volumes.  A  null  volume  is  a  volume  of  zero  thickness 
with  one  great  side  connected  to  some  old  volume  or  some  solid  volume  and  five 
faces  connected  to  new  volumes  that  may  be  null  volumes. 


Fig.  10.  Solid  Null  Volume  Fig.  11.  Apparent  Propagation  Forms 

The  null  volumes  thus  bridge  apparent  anomalies  in  the  cube  cluster 
conventions.  There  are  six  propagating  forms  as  shown.  Forms  3,  7,  8 
propagate  1,  2  and  4  bend  lines  respectively  as  first  priority  propagation 
along  strings.  Forms  2  and  6  propagate  1  or  2  sheets  through  some  median  sheet 
segment.  Form  1  propagates  type  distinctions.  The  shaded  zones  represent  core 
zones  with  the  same  sheet  numbers  as  the  original  volume.  With  the 
qualification  SOLID  all  core  zones  are  designated  as  solid  in  the  insertion  of 
a  sheet.  The  other  volumes  are  volumes  of  the  new  sheet.  Forms  5,  6,  9,  10 
introduoe  1,  2,  4  or  8  corner  points  of  the  new  sheet. 
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The  control  of  propagation  Is  based  on  the  examination  In  turn  of  each  of 
the  six  volumes  that  enclose  the  core  volume.  Each  volume  either  Is  or  Is  not 
a  null  volume.  The  great  side  can  be  adjacent  to  a  solid  volume,  a  field  null 
volume,  or  an  old  field  volume.  If  it  Is  adjacent  to  an  old  field  volume,  that 
volume  may  appear  already  at  the  same  or  higher  priority  level  or  at  a  lower 
level  or  not  appear  In  the  pending  operations  lists. 

Table  1  NULL  VOLUME  TESTS  AND  ACTIONS 


_ TEST _ ACTION  IF  TRUE 

VOLUME  IS  NOT  NULL 
ADJ.  VOL  IS  SOLID 
ADJ.  VOL  IS  NULL  VOLUME 
ADJ.  VOL  ALREADY  IN  SAME  OR 
HIGHER  LEVEL 

ADJ.  VOL  ALREADY  IN  LOWER  LEVEL 
ADJ.  VOL  NOT  ALREADY  RECORDED 


In  practice  few  sheets  require  explicit  identification  of  more  than  two 
volumes.  If  all  sheets  In  a  'detail'  Intersect  one  sheet  then  all  instructions 
can  refer  to  that  sheet. 

These  conventions  provide  a  cryptic  language  for  the  Introduction  of 
ad  ltional  'starters'  and  'details'. 

Topological  Displays 

In  order  to  define  the  topology  of  a  library  unit  In  the  cryptic  language 
the  user  must  draw  a  series  of  sketches.  A  set  of  sketches  in  fig.  12 
represent  the  development  of  a  simple  wing-body  configuration.  In  this  case 
all  explicit  statements  refer  to  the  horizontal  plane  of  symmetry.  Each  one 
line  statement  specifies  which  volume  (denoted  by  •),  which  operation  and,  If 
required,  what  is  the  fractional  width  of  the  new  sheet.  If  the  set  of 
statements  Is  accepted  a  full  set  of  displays  of  solid  surfaces  and  field 
sheets  can  be  requested,  j With  no  further  data  solid  surfaces  generated  from 
the  sketc’  es  In  fig.  12  are  displayed  in  the  form  shown  in  fig.  13-  Other 
examples  of  display  generated  from  the  cryptic  topology  are  shown  in  fig  14. 
These  show  a  pitot  Intake,  a  side  Intake  and  a  fan-in  wing  with  adjacent  field 
sheets . 


RETURN 

DESIGNATE  NULL  VOLUME  AS  SOLID 
DELETE  PAIR  OP  NULL  VOLUMES 

RETURN 

DELETE  LOWER  LEVEL  REP.  AND  RECORD 
RECORD  PENDING  OPERATION 


Basis  Function  Mapping 

The  B  Spline  and  finite  difference  schemes  will  be  regarded  here  as 
alternative  interpretations  of  the  integer  spline  conventions.  The  integer 
spline  schemes  in  turn  are  realisations  of  the  basis  function  conventions  In 
topologically  regular  regions  of  the  grid.  The  B  spline  generalisation 
required  to  model  through  singularities  remains  within  basis  funotion  format 
although  Integer  spline  conventions  are  violated.  The  basis  function  analysis 
is  relevant  near  singularities  where  the  operator  expansions  are  not  valid. 
The  basis  function  equations  and  flat  space  tensor  equations  are  defined  as 
follows 


parametric  coordinates  X1 , X2 , X3  Cartesian  coordinates 
fjCt1,^2,?3)  field  functions  ejCS1,^2,?3)  basis  functions 


scalar  coefficients 


field  function 


At  all  S1,?2,?3  we  have 


3X1  3CJ  .  61 
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Hear  a  mapping  singularity  we  consider  first  the  general  linear  field 


*  >  A  ♦  Bp  Xp 


and  we  want  the  numerical  formulae  to  satisfy  at  all  points  the  equations 
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These  oonditions  are  satisfied  at  all  points  near  any  mapping  singularity 
provided  that 


X1  *  f 


and 


*4J 


i  for  i  =  1,2,3 
3 

A  ♦  I  Bp  Xpj 

psl 


H>  =  fit 


This  conservation  depends  on 

1  The  use  of  the  same  basis  functions  for  Xp  and  p. 

2  Derivation  of  the  inverse  derivations  from  the  explicit  derivative  by 
matrix  inversion  at  eaoh  point. 

The  use  of  the  'flat  space'  formula  for 

1  IjJ 

The  conservation  of  intrinsic  derivatives  of  linear  functions  is  not  valid  near 
mapping  singularities  using:- 

1  A  mixture  of  analytic,  B  spline  and  finite  difference  derivatives 

2  Interpolated  values  of  the  Inverse  derivatives 

3  The  general  tensor  formula  for 


0 


u 


Subject  to  such  basis  function  conventions  we  require  to  improve  the  accuracy 
in  the  numerical  treatment  of  quadratic  functions  or  the  form:- 

*  *  A  ♦  BpXp  «•  Cp2XpX2 

With  the  use  of  a  common  set  of  basis  functions  there  is  a  close  connection 
between  the  accuracy  of  computed  errors  in  the  field  equations  and  accuracy  of 
the  computed  unit  normal  near  a  mapping  singularity  on  a  spherloal  surface. 
Using  basis  function  conventions  the  error  of  the  unit  normal  should  be  rero 
for  a  plane  surfaoe  and  small  for  a  spherical  surface. 

Integer  Spline  Happing 

Let  y(u)  be  the  integer  spline  generating  function 
Hipqr  **  the  •pllne  weights 

Q  be  the  order  of  the  polynomioal  segments  of  y 

R  be  the  order  of  derivatives  continuous  between  segments  of  y 

E  be  the  order  of  operand  for  whloh  a  spline  fit  is  exact 

T  be  the  number  of  non-tero  segments  of  y 

gA  be  a  tripolynomioal  operand  of  order  Q 
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The  tripolynomical  operand  is  defined  by 


«i  (e1-e2-e3)  *1  l  l  Aiabec£i )a<e2)b(£3 ) 


^  -  L  l  L  "iabc^C1 ' 
a-0  b=0  c=0 

The  integer  spline  system  is  applicable  to  a  simple  Cartesian  grid  with  unit 
grid  interval  in  parametric  space  ^ 1,^2 15 3. 

For  such  a  grid  the  basis  functions  and  their  coefficients  are  defined  by 
ej(5i,52,53)  =  y(5i-p)y(52-q)y(e3-r) 


AiJ  s  Hipqr 


J  =  J<P,q.r) 


The  generating  function  y  consists  of  T  non-zero  segments  where  each  segment  is 
a  polynomial  of  order  Q  extending  over  a  unit  interval.  The  function  y  is 
symmetric  about  the  origin  and  derivatives  of  order  R  are  continuous  between 
segments . 

For  an  operand  of  some  order  E  the  fit  is  exact  and  all  derivatives  are 
exact  at  all  points.  For  a  general  operand  the  functions  f^  are  tripolynomial 
functions  of  order  Q  within  each  mapping  cell  where  the  mapping  cell  boundaries 


5  *  1  for  T  even  for  all  integer  i 

53  =  i+1/2  for  T  odd 

Regarding  a  function  as  the  derivative  of  order  zero  of  that  function  the 
general  explicit  derivative  within  a  mapping  cell  is  expanded  in  the  form 


3^ _  a”  _  ft  =  l  dly<ei-p>  dny(E3-r)w1PQr 

a  (el  )1  3(52)n  3(53)n  J  d (€  1  ) 1  d(52)m  d  (53)n 


3(51)R  3(52)Q  3(53)Q 

continuous  across  both  ^1 


i  and  F 1  =  1  ♦  1  /, 


Comparison  of  Generating  Functions 

Let  Y1 (u)  *  if  -1/2  <  u  <  1/2  then  1  else  0 


and  Yt+1(u)  s  j  Yt(u/v)  dv 
-  1/2 

l.e.  Yt  Is  the  Tth  power  of  convolution  of  the  unit  square  pulse 

Let  Z(u)  be  a  function  with  4  non-zero  segments  fitted  to  the  following  values 

at  the  Integer  values  of  u:- 
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TABLE  2  FUNCTION 


u 

-2 

-1 

0 

♦  1 

♦2 

Z(u) 

0 

-1 

*2 

-1 

0 

dZ(u)/du 

0 

0 

0 

0 

0 

d2Z(u)/du2 

0 

0 

0 

0 

0 

Fig  15.  Fora  of  the  Y  Function* 


Fig  16.  Fora  of  the  Z  Function 


He  Mill  coapare  four  generating  functions  that  provide  the  basis  for  the  three 
and  five  point  finite  difference  aoheaes  (3PTFD  and  5PTFS)  and  the  oublo  and 
quintlc  B  spline  schemes  (CBS  and  QBS).  For  one  dimensional  calculations  of 
the  point  values,  first  derivatives,  and  second  derivatives  at  the  grid  points, 
the  corresponding  operators  P,  F,  S,  applied  to  the  weights  oan  be  expanded  In 
standard  finite  difference  notation  for  eaoh  of  the  generating  functions.  He 
then  have:- 

TABLK  3  CHARACTERISTICS  OF  FOUR  DISCRETISATION  SCHEMES 


Scheme 

y 

Q 

R 

E 

T 

P 

F 

s 

3PTFD 

Y4  ♦  Z/6 

5 

2 

2 

4 

1 

CBS 

Y4 

3 

2 

3 

4 

HjZ/g 

ud 

<2 

5PTPD 

5 

2 

4 

6 

1 

QBS 

Y6 

5 

4 

5 

6 

i  "  ■  s'- 


For  3-D  applications  the  operators  P,  F,  S  applied  parallel  to  the 
paraaetrlc  axis  £8  are  denoted  by  P8>  Fs,  S8  respectively.  The  formulae  for 
typical  derivatives  are  then  expanded :- 


TABLE  « 

THREE  DIMENSIONAL  DERIVATIVES 


Derivative 

Finite  Difference 

B  Spline 

B  Spline 

Form 

A 

Form 

B 

fi 

fi 

P1  P2 

P3 

*i 

fi 

Fi  ^ 

F,  P2 

p3 

"i 

f,  p;1 

fi 

a^/acc1)2 

S1  fi 

S1  P2 

P3 

wi 

si  Pi1 

fl 

a2fi/aeue2 

f2  f3  fA 

P,  P2 

P3 

Wi 

s2  Pi1 

S3  "S1 

In  a  relaxation  sequence  the  weights  are  updated  using  the  residual  errors  rt 
and  the  relaxation  factor  G:- 
Hin  ♦  i  *  Hi„  ♦  £  **i 

For  example  in  the  relaxation  coverging  to  the  solution  of 

l  S8  P;1  F±  .  0 
8 


the  relaxation  sequence  can  be  expanded  as 


'in-fl 


-fi-  +  E*  Ss  Ps+1  Ps+2  <din  -  fr > 


and  this  expression  can  be  further  expanded  using  tri-harmonic  operands  of  the 

form  ,  ,  , 

1(01,5*  +  oi  Cz  +  m3  C3) 

gl  *  * 


For  harmonic  operands  the  ratio  of  the  computed  values  of  and  S,P^'  gi 


and 


F,  P^1 )2gi  to  the  exact  analytic  derivative  over  the  range  as  shown  in  fig 
17. 
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Second  Derivative  Plrst  Deriv.  of  First  Derlv. 


These  equations  may  be  interpreted  as  follows 
The  CBS  scheme  uses  trioubic  mapping  cells  to  achieve  precise  values  of  all 

derivatives  at  all  points  for  a  trioubic  operand.  The  3PTFD  system  is  a  fast 

approximation  to  CBS:  the  replacement  of  1  t  42/6  by  1  in  the  expansion  of  P 
can  produce  computing  times  for  the  calculation  of  derivatives  reduced  relative 
to  CBS  by  up  to  70*. 

Conditions  especially  favourable  to  3PTFD  are  the  solution  of  transonic 

potential  flow  in  2-D  using  an  orthogonal  grid.  In  this  case  the  accuracy  of 
numerical  first  derivatives  is  not  critical.  The  change  from  CBS  to  3PTFD  is 
aohieved  without  reduction  in  the  order  of  accuracy  of  second  derivatives. 
Errors  are  dominated  by  the  'upwinding'  term  of  the  order  6 3  so  that  the 

reduction  of  errors  of  the  order  41*  by  the  use  of  5PTFD  is  not  necessary. 
Relaxation  can  be  based  on  line  and  blook  relaxation  methods. 

Since  Fj  F1  cos  (w?1 )  *  Si  cos  (BiiC1) 

methods'  based  on  first  derivatives  require  eight  times  as  many  grid  points  for 
the  same  aocuraoy  as  methods  based  on  second  derivatives  with  oonformol  mapping 
where  the  most  critical  first  derivatives  are  known  exactly. 

On  the  other  hand,  for  3-D  potential  flow  the  aoouracy  of  numerical  first 
derivatives  la  critical  for  the  treatment  of  non-orthogonality  of  the  grid  and 
for  terma  with  non-sero  values  of  V^.  For  first  derivatives  the  CBS  scheme 
uses  an  operator  of  the  same  order  as  5PTFD.  However,  accuracy  of  5PTFD  has 
been  recovered  by  the  use  of  remote  samples  and  the  u  range  over  which  this 
aocuraoy  ia  held  ia  less  than  that  for  CBS.  k  seven  point  operator  would  be 
needed  to  matoh  CBS  aoouracy  for  first  derivatives  over  the  harmonic  spectrum. 
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Compared  at  constant  band  width  the  reduction  in  computing  time  for  the  finite 
difference  system  can  be  less  than  2SZ.  In  a  relaxation  sequence  the  critical 
condition  for  the  selection  of  e  is  «,  ■  ^  ,  £or  the  £inite  dl££etence 

system  and  for  the  B  spline  system  due  to  the  replacement 

of  P*s  by  l  S(  Pg+1  Pg+2 •  This  can  imply  a  value  of  e  for  the  B  spline  system 

s  s 

three  times  that  for  the  finite  difference  system. 

For  a  solution  of  the  Euler  equations  by  time  stepping  no  numerical  second 
differences  are  required  and  no  upwlnding  errors  are  necessary.  The  correct 
selection  of  latent  shock  surface  requires  accurate  modelling  of  the  wave  front 
with  zero  rate  of  propagation.  The  three  point  operators  of  CBS  match  the  u 
band  width  for  the  second  derivatives  of  five  point  finite  difference  scheme 
and  for  the  first  derivatives  of  a  seven  point  finite  difference  scheme.  The 
five  point  operators  of  the  QBS  system  provide  an  even  wider  w  band  width.  By 
suitable  application  of  errors  to  weights  the  maximum  Courant  number  can  be 
raised  by  a  factor  of  /3. 

Thus  2-D  potential  flow  using  conformal  mapping  is  especially  favourable  to 
the  3PTFD  scheme.  In  most  other  cases  the  wide  band  accuracy  of  B  spline 
schemes  and  their  effect  on  rates  of  convergence  are  significant.  Experience 
with  grid  relaxation  demonstrates  that  the  predicted  relaxation  factors  can  be 
achieved  in  the  final  convergence  phase. 

Topological  Singularities 

In  a  topologically  regular  grid,  numerical  inter, olatlon  and 
differentiation  operators  which  produce  results  within  a  patch  require  values 
within  a  work  zone  that  extends  some  dlstsnce  H  beyond  the  patch  boundaries  in 
all  directions.  The  distance  H  is  the  halo  width  given  by:- 

TABLE  3  THE  HALO  WIDTH 


arid  point  operators  interpolation  operators 

T  Even 


T  Odd 


T/2  -1 
(T-l)/2 


T/2 

(T-D/2 
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Fig  18.  A  Work  Zone  in  an  Infinite  Grid  Fig  19.  Copy  Core  Elements  into  Halo 
Zones 

The  numerical  operators  are  always  applied  to  a  work  tone  as  if  the  halo 
zone  represented  grid  points  in  adjacent  volumes  in  a  topologically  regular 
grid.  All  grid  points  in  the  core  zone  of  the  work  zone  represent  grid  points 
within  the  patch  and  all  values  associated  with  such  grid  points  are  regarded 
as  Independent  variables. 

The  edges  of  a  core  zone  consist  of  overlapping  zones  of  width  H  within  the 
core  zones.  The  corners  of  the  core  zone  are  Che  intersections  of  the  edge 
zones.  Edge  zones  values  are  always  copied  into  edge  zones  of  the  halo  of  an 
adjacent  carpet.  With  T  even  thla  is  sufficient  to  ensure  analytic  continuity 
across  a  partition  line  except  for  parametric  distance  (T-l)/2  from  the  node 
point  at  each  patch  corner.  At  all  regular  node  points  the  values  in  a  corner 
of  a  core  zone  are  copied  into  a  corner  of  the  halo  of  the  diagonally  opposite 
carpet.  For  T  odd  this  is  sufficient  to  ensure  analytic  continuity  up  to  the 
node  points. 

Where  H  carpets  meet  at  a  node  point  with  N  ♦  4  the  set  of  N  adjacent 
corner  zones  of  the  halo  of  the  adjacent  carpets  are  paired  collectively  with 
the  set  of  N  adjacent  corner  tones  of  the  core  zones  of  the  adjacent  carpets. 


-  < 
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EXPLODED  VIEW 

Fig  20.  Work  Zones  near  a  Singularity 


PHYSICAL  SPACE 


In  the  exploded  view  of  the  N  work  zones  the  grid  point  values  In  the  zones 
a,b,c  —  are  each  copied  into  the  edge  zones  of  the  halos  of  two  adjacent 
carpets.  We  then  require  to  determine  the  values  in  the  N  halo  corners  p,q,r — 
The  basic  function  conventions  then  permit  the  halo  corner  values  to  be 
defined  In  matrix  format 
Then 


' 

■p' 

M 

A 

X 

q 

♦ 

6 

X 

c r 

• 

.  r . 

,  m 

L-J 

Then 


A*1  x  P 


The  square  matrices  with  dimensions  NHZ,  NHZ  represent  a  selected  set  of 
continuity  conditions  modified  to  ensure  that  A  is  not  a  singular  matrix.  The 
column  matrioes  have  dimensions  NHZ,M  where  M  is  the  number  of  f^  functions. 

The  first  set  of  continuity  conditions  is:- 
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TABLE  6  CONTINUITY  RANGES 


Parametric  distance  from  node 

T  -  *  4  0 

T  -  i  6  1/2 

T  -  i  8  3/2 


Continuity  along  grid  lines 
fl 

a2ft  /  Kt1)2 
a4ft  /  act1)4 


From  consideration  of  symmetry  and  antisymmetry  for  any  definition  of 
P,F,S,  there  are  always  H  redundant  equations  in  this  system.  To  satisfy  basis 
functions  conventions  we  require  that  when  all  elements  bf  8,6,0  are  unity  then 
all  elements  of  p,q,r  are  also  unity.  The  condition  that  the  sum  of  the  radial 
tangential  vectors  at  the  node  point  is  zero  is  virtually  mandatory.  Minor 
violations  of  this  constraint  lead  to  violent  excursions  in  double  curvature 
very  near  the  node  points  with  little  effect  elsewhere.  There  are  then  H~1 
auxiliary  solutions  and  an  empirical  parameter  is  used  to  control  tuning  for 
double  curvature  effects. 

An  alternative  system  of  contraints  drops  one  order  on  the  continuity  at 
half  a  parametric  Interval  and  Introduces  the  constraint  that  a  common  limit  of 
Jn  is  approached  at  the  node  point  for  every  carpet.  This  system  requires  one 
empirical  parameter  to  tune  for  double  curvature  and  another  to  control  J. 
This  form  has  the  merit  that  surfaces  can  be  transferred  directly  to  AD2000  and 
other  panel  systems. 

In  field  solutions  the  expansion  of  ^  about  the  singularity  can  be  expanded 
in  the  form 

♦  -  AfB1X1+C1jX1X;i  +  DiJkxixJxk  +  + 

For  any  values  of  A  and  B^  modelling  throught  the  singularity  should  be  exact 
when  all  the  other  coefficients  are  zero.  With  the  CBS  scheme  it  should  be 
possible  to  neutralise  the  total  source  strength  for  unit  length  due  to  the 
contribution  from  Cjj,  for  the  region  near  a  singularity  line  independently  for 
N  -  3,5,6. 

The  total  doublet,  quadrupole  and  higher  order  violations  of  conservation 
should  have  effects  that  subside  at  least  as  rapidly  as  the  inverse  second 
power  of  distance  from  the  singularity  line. 
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Concluding  Remarks 

The  MVDS  data  base  Is  the  most  versatile  convention  compatible  with  generalised 
B  spline  aspping.  The  present  cryptic  language  does  not  realise  the  full 
versatility  of  the  data  base  but  it  appears  to  be  adequate  for  a  range  of 
practical  problems. 

As  a  grid  point  technique  the  B  spline  system  is  slow  for  the  standard 

bench  mark  cases.  However,  for  3-D  relaxation  and  Euler  solutions  the  superior 

harmonic  band  width,  numerical  stability  and  accuracy  for  first  derivatives  are 
relevant.  Used  with  topologically  complicated  computing  grids  the  alternative 
is  the  finite  volume  technique  which  is  no  more  accurate  than  the  finite 
difference  system  away  from  mapping  singularities  and  has  no  special  treatment 
of  mapping  singularities. 

The  MVDS  system  therefore,  is  suitable  as  a  replacement  for  the  existing 
facilities  which  locate  mapping  singularities  at  critical  regions  of  the 

aircraft  surfaces. 
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ABSTRACT 

~~V^  A  FORTRAN  subroutine  package,  called  DERMOD,  has  been  written  for  calculating 
numerical  approxiaations  for  the  spatial  derivatives  of  a  function  defined  only 
on  a  discrete  set  of  data  points.  The  routines  are  designed  to  coapleaent  aany 
existing  codes  for  solving  ordinary  and  partial  differential  equations  and  for 
the  interpolation  of  tabular  data.  We  describe  soae  new  nuaerical 
differentiation  algorithas,  discuss  a  slapping  procedure  for  nonunifora  grids, 
and  explain  the  program  siethodology  used  in  designing  the  software.  CT 


I .  INTRODUCTION 

The  accurate  approxiaation  of  spatial  derivatives  is  a  crucial  elea»nt  in  the 
nuaerical  solution  of  partial  differential  equations  (PDEs).  The  derivation  and 
iapleaentation  of  accurate  differentiation  foraulaB  is  an  error-prone  and 
tedious  process.  This  is  especially  true  in  two  and  three  diaensions  on 
nonunifora  grids.  For  these  reasons  we  have  written  a  subroutine  package, 
called  DERMOD,  to  help  reduce  the  effort  needed  to  accurately  and  reliably 
differentiate  discretely  defined  functions. 

A  aajor  advantage  of  the  package,  compared  with  the  traditional  approach  for 
solving  PDEs,  is  that  state-of-the-art  nuaerical  aethods  can  be  used  with  a 
ainiaua  of  prograaaing  effort  to  approxiaate  the  derivatives  in  large 
coaq>licated  PDE  systeas.  Furtheraore,  the  resulting  prograas  can  easily  be 
aodified  for  a  coaparison  of  the  relative  accuracy  and  efficiency  of  the 
different  aethods  for  solving  a  particular  problea.  The  production  runs  can 
then  be  made  using  the  best  available  aethods. 

The  muserical  analyst  will  also  benefit  froa  this  approach.  Most  of  the 
developmental  analysis  for  nuaerical  aethods  is  for  staple  linear  systeas.  It 
is  iaportant  to  understand  the  behavior  of  a  new  aethod  in  a  coaplex  situation 
before  recoaaending  its  use  to  the  uninitiated.  New  aethods  can  now  be  quickly 
tested  on  any  PDE  systea  discretized  using  the  DERMOD  package. 
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All  the  spatial  differentiation  nethods  we  describe  will  follow  the  a  use 
algorithmic  flow.  A  function  is  defined  on  a  discrete  set  of  mesh  points  in 
one,  two,  or  three  space  dimensions .  These  discrete  data  sets  are  the  input  to 
a  black  box  type  subroutine  in  the  DERMOD  library.  In  this  subroutine  the 
approxisution  for  the  described  derivative  is  calculated  and  returned  to  the 
user. 

Thus,  the  spatial  differentiation  is  totally  divorced  froa  the  nonlinearities 
of  the  PDE,  the  boundary  conditions,  and  the  tiae  integration  suthod.  This 
modularity  also  reduces  the  redundancy  of  prograaming  the  same  approxiaation  to 
the  spatial  derivatives  each  tiae  they  appear  in  an  equation.  These 
differentiation  routines  are  designed  for  no  specific  PDE  and  need  to  be 
debugged  and  optimized  for  a  particular  machine  only  once. 

The  data  structures  of  the  grids  allowed  in  the  current  version  of  DERMOD, 
listed  in  increasing  order  of  complexity  and  computer  cost,  include: 

•  one-argument  grids:  (tensor-product  grids,  Fig.  la)  {x^},  {x^,  y^},  and 
{Xj,  y y  z^}.  Uniform  grids  ara  a  special  case  of  one-argimant  grids, 

a  multiple- argument  grids:  (logically  rectangular,  Fig.  lb)  {x^},  {x^  y 

yi,)h  {xi,],k>  *i,j,k‘  * i.j.k )' 

a  neighborhood  grids:  (Fig.  lc)  {x^},  {x£,  y£),  {x£/  y£,  z^,  and  MBRSy 
These  grids  are  typical  of  finite  element  simplex  grids. 

The  numerical  differentiation  aethods  described  can  be  divided  into  two 
classes:  interpolation  methods  and  napping  aethods. 

The  interpolation  aetbod  approximates  the  function  with  an  interpolant  (such 
as  splines,  or  a  local  Lagrange  polynomial),  differentiates  the  interpolant,  and 
evaluates  the  derivative  at  the  desired  location.  These  formulas  are  simple  on 
uniform  grids  but  are  usually  complicated  on  nonunifora  grids.  The 
interpolation  method  is  not  as  sensitive  to  rough  mesh  variations  as  the  supping 
method . 

In  the  mapping  method ,  the  nonunifora  grid  is  supped  to  a  uniform  reference 
grid.  The  derivatives  on  the  nonuniform  grid  can  then  be  expressed  as  products 
and  sums  of  the  derivatives  of  the  function  on  the  reference  grid  and  the  map. 
These  derivatives  on  the  reference  grid  are  approxisuted  using  an  interpolation 
method  that  is  sisq>le  and  efficient.  The  accuracy  of  the  napping  method  depends 
upon  the  smoothness  of  both  the  original  function  and  the  map.  Therefore,  the 
saoothness  of  the  mesh  variations  in  the  nonuniform  grid  can  strongly  influence 
the  accuracy  of  the  derivative  approxisutions. 


it  arlda 


2-D  Tensor-product  grid 


Multiple-arguaent  grids 
(*i,J '  9i,j) 

(xi,J.k'  9i,j.k'  Mi,i,k) 


2-0  logically  rectangular  grid 


neighborhood  grids 


2-D  triangular  grid 


XLOC(L) 

Yl OC(L) 
ZLOC(L) 
mtud,*) 


Fig.  1.  Different  2-D  grid  data  structure!. 


490 


After  fir»t  describing  the  interpolation  Method  in  greater  detail  we  will 
diacuas  the  upping  Method,  explain  the  program  Methodology  uaed  in  designing 
the  software,  and  then  provide  instructions  for  using  the  DERMOD  subroutines 
effectively. 

II.  INTERPOLATION  METHODS 

In  the  interpolation  method  one  can  either  construct  a  local  interpolation 
function  based  only  on  data  points  near  where  the  derivative  is  desired  or,  by 
using  all  the  data  points,  construct  a  global  interpolant.  Usually  the  local 
interpolants  are  simpler  and  sore  appropriate  for  handling  sharp  gradients  and 
nonuniform  neshea ,  but  they  are  lets  accurate  than  the  global  interpolants.  In 
this  report  we  will  describe  only  the  local  polynomial  interpolation  methods . 
In  a  later  report  we  plan  to  describe  on  the  implementation  of  global 
interpolants  based  on  the  Fourier  transform  or  Chebyshev  polynomials. 

The  aimpleat  local  interpolation  method  to  approximate  derivatives  fits  a 
Lagrange  or  least-squares  polynomial  through  the  data  at  the  nearby  mesh  points, 
differentiates  the  polynomial  and  evaluates  it  at  the  desired  mesh 

point.1”8  This  results  in  an  approximation  for  the  k-th  derivative  of  f  at  x., 

(kl  1 

denoted  by  f*  * (x^),  that  is  a  linear  combination  of  the  nearby  function  values, 

(xjl  *  Z  ajf(Mj)/(conMt*nt  x  h*). 

On  uniform  grids  these  formulas  are  relatively  simple  and  are  called  finite 
difference  methods .  Table  1  lists  sou  coasson  finite  difference  formulas  used 
in  DERMOD.  The  centered  difference  formulas  are  used  whenever  possible  and  the 
uncentered  ones  are  used  only  near  boundaries  when  too  few  function  values  are 
available  to  use  a  centered  scheme. 

When  the  data  is  smooth,  the  high  order  Lagrsnge  interpolation  formulas  in 
Table  la  usually  provide  better  accuracy  on  a  given  grid  than  do  the  lower  t -der 
formulas . 

When  the  data  is  rough,  the  sensitivity  of  the  derivative  approximations  to 

noise  can  be  more  important  than  the  order  of  accuracy  of  the  method .  For  these 

a 

problem  the  least-squares  formulas  in  Table  lb  are  preferred  over  the  Lagrange 
formulas.  These  formulas  are  derived  by  fitting  a  least-squares  polynomial 
through  the  data  points  of  degree  two  less  than  the  Lagrange  polynomial. 
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TABLE  la  k  iki 

LAGRANGE  APPROXIMATIONS  ON  EQUALLY-SPACED  GRIDS,  ch  fl  1  =  2  a.f(x.) 


Derivative 


2hfx(*i) 


*i-3  ai-2 


ai+l  aj+2  ai+3  *i+4  ai»5  Accuracy 
1  Ofh2) 


2hf  (x.) 

X  1 

-3 

4 

-1 

0(hZ) 

12hf  (x.) 

X  1 

12hf  (x.) 

X  1 

12hf  (x.) 
x  i 

1 

-8 

-3 

-10 

-25 

8 

18 

48 

-1 

-6 

-36 

1 

16 

-3 

0(h4) 

0(h4) 

0(h4) 

60hf  (x.) 

X  1 

60hf  (x.) 

X  1 

-1  9 

2 
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-24 

-35 

45 

80 

-9 
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1 

8 

-1 
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hfx(xi+^ 

-1 

1 

0(h2) 

24hfx<Xi+*> 
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1 
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27 

21 

-1 

3 

-1 

0(h4) 

0(h4) 
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-9 
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9 
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On  an  equally  spaced  aetb  it  is  easily  seen  that  the  centered  first 
derivative  approximations  in  Table  1  are  conservative.^  On  an  unequally  spaced 
■esh  the  interpolation  formulas  are,  in  general,  not  conservative. 

To  coaipute  more  complicated  derivatives  such  as  f  or  (df^)^  the  formulas 
are  applied  in  a  two-step  process  that  ensures  that  the  resulting  formula  will 
be  as  coaqjact  as  possible.  For  example,  to  compute  (df^)^,  first  f^  is  coaqrated 
at  the  half-points  x^+^  =  %(x^  +  xi+l^*  Then  d  is  defined  at  these  points  using 
the  harmonic  swan, 


i 


1  (*i+1 


d~1(x)  dx 


-I 


-  2d.d^1/(c,i  +  dui) 


The  harmonic  rather  than  the  arithmetic  swan  is  used  in  order  to  preserve  the 
flux  continuity  (df^)  accross  discontinuities  in  d.11  The  product  df^  is  then 
differentiated  and  evaluated  at  the  mesh  points.  On  nonuniform  grids  special 
care  must  be  taken  because  the  centers  of  the  midpoints  are  not  the  mesh  points. 

The  three-point  derivative  approximations  on  nonuniform  grids  using  a 
parabolic  interpolant  are  listed  in  Table  2.  The  five-point  quintic  Lagrange 
interpolation  methods  are  straightforward1  and  are  also  available  in  the 

TABLE  2 

QUADRATIC  APPROXIMATIONS  TO  f  AND  f 

X  XX 


£x(xi}  =  (**i-l/2  Si+l/2  +  **i+l/2  Si-l/2)/,(Axi+l/2  *  Axi-l/2) 

W  =  ,(2Axi+l/2  +  Axi+3/2)  Si+l/2  *  **i+l/2  Si+3/21/(Axi+l/2  +  ixi+3/2) 

fxx(xi)  =  2(Si+l/2  ”  Si-l/2)/(Axi+l/2  *  Axi-l/2) 
where 


**1+1/2  =  Xi+1  "  xi 
Si+l/2  =  Afi+l/2/Axi+l/2  • 
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package.  The  coefficients  a^  for  the  quintic  interpolation  methods  are  computed 
and  saved  on  the  first  call  to  the  package.  By  using  this  information,  later 
derivative  calculations  on  the  same  nonunifora  grid  cost  little  more  than  the 
approxiaations  on  an  equally  spaced  grid. 

On  the  multiple-argument  or  neighborhood  grids  the  local  Lagrange  interpolant 
is  more  cumbersome  and  frequently  there  is  no  unique  formulation.  For  example, 
in  two  disrensions,  the  typical  Lagrange  quadratic  interpolant  is  uniquely 
defined  with  six  data  points,  but  the  (i,j)-th  mesh  point  in  two-argument  grid 
has  nine  data  points  next  to  it.  A  possible  approach  is  illustrated  in  Fig.  2. 
First,  an  orthogonal  (x,y)  coordinate  system  is  set  up  and  f  is  interpolated 
linearly  to  give  values  at  the  on-axis  points  A,  B,  C,  and  D  using  the  function 
values  at  the  neighboring  points.  The  one-argument  grid  quadratic 

interpolation  formulas  are  then  used.  This  procedure,  impleawnted  in  DERMOD,  is 

2 

not  as  accurate  as  it  could  be,  since  the  interpolated  values  are  only  0(h  ). 
The  first  derivative  approximations  are  only  0(h)  accurate  and  the  second 
derivative  approxisiations  may  be  only  0(1),  and  thus  they  may  be  inconsistent. 


.!+') 


Fig.  2a.  Two-argument  grid.  Fig.  2b.  neighborhood  grid. 

Fig.  2.  Interpolation  to  an  underlying  orthogonal  reference  grid. 

We  have  considered  two  other  approaches  to  overcome  this  dilemma  on 
multiple-argument  and  neighborhood  grids.  The  first  is  to  fit  a  least-squares 
quadratic  polynomial  through  the  nearby  data  points  and  differentiate  it  at  the 
desired  location.  We  expect  this  method  to  be  accurate  and  atable.  We  are 
currently  implementing  this  approach  in  DERMOD. 
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The  lumped  finite  element  method  is  another  interpolation  method  that  can 

also  be  used  to  generate  local  approximations  to  the  derivatives.  These 

formulas  work  well  on  uniform  grids,  but  appear  to  have  little  advantage  over 

the  least  squares  approach  on  rough  grids.  In  fact,  using  a  triangulation  of 

the  grid  in  Fig.  2,  the  approximations  thus  generated  to  the  second  derivatives 

15 

are  pointwise  inconsistent.  The  Minerbo  approximation  to  the  Laplac-'an  is  an 
accurste  special  formula  that  avoids  this  inconsistancy. 

III.  HAPPING  METHODS 

A  simpler  approach  to  numerical  differentiation  on  nonuniform  grids  is  the 
mapping  method .  In  the  mapping  method,  the  physical  mesh  points  (x,y,e)  are 
mapped  to  reference  mesh  points  (5,0,0 .  The  derivatives  in  the  physical  space 
are  then  expressed  in  terms  of  the  derivatives  of  the  map,  called  the  mesh 

metrics ,  and  the  derivatives  of  the  function  on  the  reference  grid. 

13 

The  supping  method  in  one  space  diswnsion  is  always  nonsingular  since  the 
nonuniform  sush  {x^}  forms  a  strictly  sunotonic  sequence.  That  is,  there  exists 
a  one-to-one  sup  from  x^  onto  the  reference  grid  5j^  (for  example,  =  i).  The 
derivatives  of  a  function  defined  on  {x^}  can  then  be  expressed  as 

{*  *  fi  lx  =  UA) 

and 

'xx  -  v*  *  '5  *  w2  + 

The  derivatives  on  the  right  side  of  these  equations  are  derivatives  on  the 
reference  mesh.  These  can  be  approximated  with  any  of  the  interpolation 
suthods,  all  of  which  have  a  much  simpler  formulation  on  regular  reference 
grida.  Tor  exasple,  if  fourth-order  Lagrange  finite  differences  are  used  in 
(4.1),  then 
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Note  that  the  reference  grid  points  need  not  be  evenly  spaced.  They  could, 
for  example,  be  the  Gauss  or  Chebyshev  points  depending  upon  the  interpolating 
functions  being  used. 

Some  smoothness  in  the  function  being  approximated  is  assumed  in  deriving  all 
the  high  order  differentiation  formulas.  For  this  reason,  the  order  of  accuracy 
is  bounded  by  the  smoothness  of  f,  the  smoothness  of  the  map ,  and  the  order  of 
accuracy  of  the  differentiation  formula  on  the  uniform  mesh.  Therefore  the 
mapping  methods  are  usually  less  accurate  than  the  interpolation  methods  on 
grids  with  nonsmoothly  varying  mesh  spacing. 

Analytically,  can  never  vanish.  However,  on  rough  grids  (where  the 
mapping  method  is  inappropriate)  the  numerical  approximation  to  may  vanish 
or,  equally  bad,  change  sign.  When  this  occurs,  either  an  interpolation  swthod 
or  a  lower  order  mapping  method  should  be  used. 

On  two-argument  grids  the  formulas  are  more  complicated,14  but  the 
derivatives  can  still  be  expressed  as  a  function  of  the  derivatives  on  a  regular 
reference  grid  and  the  mesh  metrics  of  the  map  from  the  physical  (x,y)  grid  to 
the  reference  (4,0)  grid.  For  this  case  we  have 
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Using  the  Jacobian  J  of  the  map  and  its  derivatives, 


J**i* n'Vt  ' 


J4  *  xiivn  *  x4*4o  '  x4ov4  '  Vtt  ' 


and 


Jn  "  *4nyo  *  z4vno  *  W*  '  V4n  ' 


J 


the  aesh  Metrics  can  be  easily  expressed  as  derivatives  on  the  (4,n)  reference 
grid. 


V'VJ  • 

n,  =  *yj  . 


%  =  VJ  ' 

*xx  (-JtS  *  JV4n  +  Jny4yn  ’  JHyW/j3  ' 

4xy  -  (Vnyn  -  Jx4nsn  '  Vny4  *  jxnny4)/j3  ' 

-  (-Ji\  *  Jxnx4n  +  Jnx4xn  *  Jxtxm)/j3  ' 
nxx  -  <-JA  *  Jvcy4n  *  J4y4yn  '  jy«yn)/j3  ' 

%  -  (Viy4  •  Jx4ny4  •  Wn  +  jx44yn,/j3  ' 

and 

nyy  =  ("Vl  +  Jx4x4n  +  J4x4xn  '  Jx44xn)/j3  * 

If  the  derivatives  of  aany  different  functions  must  be  calculated  on  the  same 
aesh,  then  the  aesh  aetrics  need  only  be  calculated  once  and  saved.  Usually 
this  aeans  after  the  initial  derivative  calculation,  additional  derivatives  on 
the  same  nonunifora  aesh,  using  the  napping  method,  cost  only  slightly  more  than 
derivative  approximations  on  a  uniform  mesh.  The  package  dees  this 
automatically. 

The  napping  method  for  three-arguaent  grids  is  similar  to  two-arguaent  grids 
but  this  has  not  been  implemented  in  DERMOD,  yet. 
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IV.  SOFTWARE  DESIGN 

In  designing  DERMOD  we  placed  a  priority  op  Baking  the  code  reliable,  nodular 
and  easy  to  uae.  All  the  programs  were  extensively  docuaented  and  verified  aa 
the  code  waa  developed  and  performance  claims  were  tested  and  reconfirmed. 
During  execution,  the  input  ia  consistently  checked  for  reasonability. 

The  routines  are  modular  and  as  independent  of  each  other  as  possible. 
Minimal  internal  communication  allows  sophisticated  users  to  easily  experiment 
and  modify  a  subroutine  for  special  purposes  without  causing  unexpected  errors 
to  ripple  through  the  other  routines.  Modularity  also  allows  the  prograam  using 
DERMOD  to  be  easily  upgraded  and  to  make  use  of  improved  methods  and 
implementations  as  they  become  available.  We  anticipate  that  by  using  the 
package  the  sofware  development  time  and  suintenance  of  codes  may  be 
significantly  reduced,  especially  for  lengthy  3-D  programs. 

The  machine  architecture  largely  determines  the  efficiency  of  many  of  the 
numerical  differentiation  methods.  We  have  opted  for  the  routines  to 
differentiate  along  one  line  at  a  time .  This  requires  only  one-dimensional  work 
arrays  and  allows  the  code  to  be  easily  vectorized  on  machines  such  as  the 
CRAY-1  and  CDC  Cyber-205. 

The  subroutine  names  in  the  package  have  six  characters.  These  are  chosen 
according  to  the  following  convention: 

first  letter: 

A  -  define  all  the  indicated  derivatives 

X  -  sweep  in  the  x  direction  (first  index  sweep) 

Y  -  sweep  in  the  y  direction  (second  index  sweep) 

Z  -  sweep  in  the  z  direction  (third  index  sweep) 

second  letter: 

1  -  first  derivative 

2  -  second  derivative 

3  -  third  derivative 

4  -  fourth  derivative 

X,Y,Z  or  L  -  see  special  cases  listed  below 
third  letter: 

X  -  derivative  in  the  x  coordinate  direction 

Y  -  derivative  in  the  y  coordinate  direction 

Z  -  derivative  in  the  z  coordinate  direction 

C,D,R,S,Y  or  Z  -  see  special  cases  listed  below 
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fourth  letter: 


P  -  polynomial  approximation  (finite  differences) 

F  -  Fourier  transform  (pseudo-spectral  method) 

C  -  Chebychev  transform  (pseudo-spectral  method) 

R  -  rational  function  Pade  approximation  (implicit  method) 

fifth  letter: 

E  -  equally  spaced  grid 

I  -  interpolation  method  (unequally  spaced  grid) 

M  -  supping  method  (unequally  spaced  grid) 

G  -  Gauss  points 
C  -  Chebyshev  points 

sixth  letter: 

1  -  one-argument  (tensor  product)  grid  X(I),  Y(I),  Z(K) 

2  -  two-argument  grid  X(I,J),  Y(I,J) 

3  -  three-argument  grid  X(I,J,K),  Y(I,J,K),  Z(I,J,K) 

T  -  triangular  neighborhood  grid  X(L),  Y(L)  (two  dimensions) 

P  -  pyramid  neighborhood  grid  X(L) ,  Y(L),  Z(L)  (three  dimensions) 

H  -  one-argument  staggered  grid  (derivatives  at  the  half  points) 

special  cases  for  the  second  and  third  letter: 

XY  -  mixed  xy  derivative 
XZ  -  mixed  xz  derivative 
YZ  -  mixed  yz  derivative 

LR  -  Laplacian  in  rectangular  geometry  (uxj{  ♦  u^  ♦  u^) 

-1  -2 

LC  -  Laplacian  in  cylindrical  geometry  (x  (xu^)^  ♦  *  u  +  u^) 

LS  -  Laplacian  in  spherical  goemetry 

XD  -  compute  (df^)^ 

YD  -  compute  (dfy)y 

ZD  -  compute  (df  ) 
z  z 

For  example,  subroutine  X2YPM2  computes  the  second  derivative  of  f  with 
respect  to  y,  f  ,  at  the  mesh  points  along  an  X  coordinate  line  using  a  local 
polynomial  interpolant  or  finite  difference  method,  listed  in  Table  1,  after 
mapping  the  unequally  spaced  two-arguawnt  grid  to  a  uniform  grid.  The  mesh 
metrics  are  computed  using  the  same  order  finite  difference  methods. 

At  this  time  the  available  routines  are: 

X1XPE1 ,  X2XPE1 ,  X3XPE1 ,  X4XPE1 ,  X1YPE1,  X2YPE1 ,  X3YPE1 ,  X4YPE1 ,  X1ZPE1 ,  X2ZPE1 , 

X3ZPE1,  X4ZPE1,  X1XPI1,  X2XPI1,  X1YPII,  X2YPII,  X1ZPI1,  X2ZPI1,  X1XPM1,  X2XPM1, 

X1YPM1,  X2YPM1 ,  X1ZPM1,  X2ZPM1 ,  XXYPE1,  XXZPE1,  XXYPI1,  XXZPI1,  XXYPM1,  XXZPM1, 

X1XPEH,  X1YPEH,  X1ZPEH,  X1XPMH,  X1YPHH,  X1ZPMH,  XXDPE1,  XYDPE1,  XZDPE1,  XXDPI1, 

XYDPI1,  XZDPI1,  X1XPI2,  X1YPI2,  X1XPM2,  X2XPM2,  X1YPM2,  X2YPM2 ,  and  XXYPH2. 
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The  nomenclature  used  by  the  package  will  be  useful  in  describing  the 
capabilities  of  the  routines.  These  variables  (used  in  the  above  X  sweep 
routines)  and  their  aeanings  are: 

Input  Variables: 

U  -  array  of  the  function  values  to  be  differentiated 

in  one  space  dimension  the  function  u(x)  must  be  defined  at  U(I)  where 
I  is  between  NXBX  and  NXEX 

in  two  space  dimensions  the  function  u(x,y)  must  be  defined  at  U(I,J) 
where 

I  is  between  NXBX  and  NXEX 
J  is  between  NYBX  and  NYEX 

in  three  space  dimensions  the  function  u(x,y,z)  must  be  defined  at 
U(I,J,K)  where 
I  is  between  NXBX  and  NXEX 
J  is  between  NYBX  and  NYEX 
K  is  between  NZBX  and  NZEX 

On  neighborhood  grids  the  function  u  must  be  defined  at  U(L)  where  L 
is  between  NLBX  and  NLEX. 

X  -  the  array  containing  the  mesh  point  locations  in  the  first  coordinate 
diction.  The  element  X(l)  in  one-arguawnt  grids,  X(I,J)  or  X(I,J,K) 
on  multiple-argument  grids,  or  X(L)  on  neighborhood  grids  must  be 
defined  for  the  same  indices  I,  J,  K,  or  L  as  those  where  U  is 
defined. 

Y  -  the  array  containing  the  mesh  point  locations  in  the  first  coordinate 
diction.  The  element  Y(J)  in  one-arguawnt  grids,  Y(I,J)  or  Y(I,J,K) 
on  multiple-argument  grids  or  Y(L)  on  neighborhood  grids  must  be 
defined  for  the  same  indices  I,  J,  K,  or  L  as  those  where  U  is 
defined. 

Z  -  the  array  containing  the  mesh  point  locations  in  the  first  coordinate 
diction.  The  element  Z(K)  in  one-argument  grids  or  Z(I,J,K)  on 
multiple-argument  grids  or  Z(L)  on  neighborhood  grids  must  be  defined 
for  the  same  indices  I,  J,  K,  or  L  as  those  where  U  is  defined. 

D  -  array  of  the  diffusion  coefficients  for  the  second  derivatives.  This 
array  must  be  defined  where  U  is  defined  and  has  the  same  data 
structure  as  U. 


NXBX  -  index  of  the  first  X  point  where  U  is  defined. 


NXB 

-  index  of  the 
calculated. 

first 

X  mesh 

point 

where 

the 

derivatives 

of  U  are 

to  be 

NXE 

-  index  of  the 
calculated. 

last 

X  mesh 

point 

where 

the 

derivatives 

of  U  are 

to  be 

r- 


a 


»*  ■■ 
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MXKX  -  index  of  the  last  X  point  where  U  ia  defined. 

MXD  -  dimension  of  the  first  index  of  U  and  the  aesh  arrays. 

NYBX  -  index  of  the  first  Y  point  where  U  is  defined. 

NY  -  index  of  the  Y  aesh  point  where  the  derivatives  of  U  are  to  be 

calculated. 

MYKX  -  index  of  the  last  Y  point  where  U  ia  defined. 

NYD  -  diaension  of  the  aecond  index  of  U  and  the  aesh  arrays. 

NZBX  -  index  of  the  first  Z  point  where  U  ia  defined. 

NZ  •  index  of  the  Z  aesh  point  where  the  derivatives  of  U  are  to  be 

calculated. 

NZEX  -  index  of  the  last  Z  point  where  U  is  defined. 

MORD  -  aethod  order  parameter.  The  aethod  should  be  asymptotically  HORD-th 
order 

Workspace  Variables: 

IWS  -  index  to  indicate  whether  the  work  apace  array  contains  information  on 
the  grid  such  as  the  aesh  metrics  (IWS  -  0  on  first  call  using  the  grid, 
IWS  s  1  on  later  calls). 

WS  -  array  of  workspace  uaed  for  internal  calculations .  This  array  aay  be 
input  or  output. 

Output  Variables: 

11**  -  array  of  the  derivatives  defined  at  U**(I)  for  I  between  NXB  and  XXK. 

The  second  and  third  letters  are  the  saae  as  these  in  the 

subroutine-naaing  convention . 

MORD  -  The  derivative  returned  ia  aayaptotically  HORD-th  order.  This  will  be 

leas  than  or  equal  to  the  requested  value.  MORD  returns  equal  to  xero  if 

no  calculation  was  possible. 

The  variablea  for  the  routines  that  sweep  in  the  Y  and  Z  lines  are  similarly 


A  saaple  prograa  to  compute  the  derivative  of  sin(x)  for  x  between  xero  and 
one,  using  a  sixth-order  finite  difference  (polynomial  interpolation)  aethod  ia: 


DIMENSION  X(U), 11(11), UIX(U) 

XXBX*1 

NXXX-11 

DX“1 . 4/ (XXKX-NXBX) 

DO  10  IsRXBX.KXEX 
X(I)«(I-1)*DX 
10  0(I)*8IN(X(I)) 


i 


502 


MORD=6 

HXB=NXBX 

NXE=NXEX 

CALL  X1XPE1(U,X,NXBX,NXB,NXE,NXEX,N0RD,U1X) 

PRINT  20 

20  FORMAT ("  X  U  U1X  ANS") 

DO  30  I=NXB,NXE 
ANS=COS(X(I)) 

30  PRINT  40,X(I),U(I),U1X(I),ANS 
40  FORMAT(4F10.6) 

CALL  EXIT 
END 

The  output  is: 


X 

u 

UIX 

ANS 

0.000000 

0.000000 

.999980 

1.000000 

. 100000 

.099833 

.995009 

.995004 

.200000 

.  198669 

.980067 

.980067 

. 300000 

.295520 

.955336 

.955336 

.400000 

.389418 

.921061 

.921061 

.500000 

.479426 

.877583 

.877583 

.600000 

.564642 

.825336 

.825336 

. 700000 

.644218 

. 764842 

. 764842 

.800000 

.717356 

.696707 

.696707 

.900000 

.783327 

.621613 

.621610 

1.000000 

.841471 

•S40289 

.540302 

Note  that  in  this  exaaiple  the  derivative  approximations  near  the  boundaries 
where  the  uncentered  difference  formulas  are  used  are  less  accurate  than  where 
centered  differences  can  be  used.  These  errors  could  be  avoided  by  defining  U 
on  a  domain  greater  than  that  of  the  desired  derivatives  such 
as:  NXBX  <  NSB  -  2  and  NXEX  >  XNE  ♦  2.  This  is  also  convenient  when  using 
fictitious  points  to  incorporate  the  effects  of  the  boundary  conditions  into  a 
discrete  approximation  and  when  constructing  a  local  Hermite  interpolant  and 
sampling  the  interior  of  a  table. 

The  workspace  needed  by  the  code  is  limited  to  one-diswnsional  arrays  of 
length  NXE.  These  arrays  contain  the  finite-difference  coefficients  for  a 
particular  SMsh  line,  and  can  be  used  to  define  the  coefficient  autrix  needed  in 
solving  the  linear  systems  arising  from  implicit  methods.  When  the  user's 
program  is  constrained  by  computer  CPU  time  and  not  storage,  then  by  saving 
workspace  arrays  of  length  NXE  on  one-arguaient  grids  or  NXE -NYE  on  two-arguswnt 
grids,  the  difference  coefficients  need  only  be  computed  once  for  the  entire 
problem. 
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V.  USAGE 

We  expect  the  package  to  be  used  most  frequently  for  calculating  derivatives 
directly  for  explicit  approxisMtions  to  differential  equations^  and  for  defect 
correction  improvements  of  low-order  isplicit  approximations.  When  used  this 
way  a  crude  estimate  of  the  error  csn  be  obtained  by  comparing  the  derivatives 
with  those  obtained  by  a  different  method  or  on  a  coarser  grid.  The  structure 
of  the  package  makes  this  easy  to  do. 

The  direct  usage  is  straightforward;  the  function  to  be  differentiated  is 
defined  at  the  mesh  points  and  the  derivatives  are  calculated  as  described  in 
the  exaaqple  in  the  previous  section.  We  expect  this  to  be  the  most  common  usage 
for  explicit  integration  methods  for  PDEs  and  for  constructing  interpolants . 

The  indirect  defect  correction  usage  occurs  most  often  in  the  iterative 
solution  of  algebraic  equations  arising  in  the  numerical  approximation  to 
differential  equations.  These  equations  occur  in  steady  state  or  time 
independent  problems  and  on  each  time  step  in  the  implicit  integration  of  time 
dependent  problems . 

These  systems  can  be  written 

A(v)  -  b  =  0  ,  (5.1) 

where  A  is  a  nonlinear  discrete  operator,  b  is  a  known  vector,  and  the  discrete 
solution  vector  is  v.  The  sparseness  of  A  depends  upon  the  mnerical 
differentiation  method  used.  The  high-order  methods  result  in  less  sparse,  more 
complicated  systems  than  the  lower-order  methods. 

Often  the  solution  of  Eq.  (5.1)  is  difficult  to  obtain  directly,  but  the 
residual  error, 

r  =  A(w)  -  b  (5.2) 

for  an  approximate  solution  w,  is  easy  to  evaluate.  In  many  complicated  PDE 
problems,  one  is  less  likely  to  introduce  errors  in  evaluating  r  than  in 
constructing  A  and  solving  Eq.  (5.1).  This  is  particularly  true  for  high-order 
approxiautions  of  nonlinear  systems  on  irregular  domains. 

If  there  is  a  related  system 

P(w)  -  b  »  0  (5.3) 


that  approximates  Eq.  (5.1)  and  is  easier  to  solve,  the  defect  correction 
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algorithm  »ay  be  appropriate.  The  operator  P  nay  be  a  lower  order,  stapler 
approximation  to  the  saae  systea. 

Given  an  approximation  vn  (where  n  i*  the  iteration  parameter)  near  a  root 
v0*1  of  Eq.  (5.1),  we  can  expand  Eq.  (5.1)  using  the  Taylor  series  to  get 

0  =  A(vn+1)  -  b 

=  A(vn+1)  -  b  ♦  P(vn+1)  -  P(vD+1) 

=  A(v“)  -  b  ♦  P(vn+1)  -  P(v“)  -  (Jp  -  JA)(vn+1  -  vn)  ♦  0(e2)  , 

(5.4) 

where  e  =  vn+1  -  v“.  The  defect  correction  is  any  0(e)  approxiaation  to 
Eq.  (5.4);  that  is,  to 

P(vn+1)  =  P(vn)  -  A(v“)  +  b  .  (5-5) 

The  iteration  will  converge  if  vn  and  Jp  (the  Jacobian  of  P),  are  near  enough  to 
vn+1  and  JA,  respectively.  This  will  usually  be  the  case  if  both  A  and  P  are 
different  discretisations  of  the  saae  equation. 

The  approximate  operation  P  can  also  be  chosen  to  make  Eq.  (5.5)  even  easier 
to  solve  using  an  SOR,  ADI,  ILU  or  aultigrid  approximation.16  When  this  is 
done,  the  residuals  need  to  be  computed  with  the  high-order  formula  only  in  the 
last  few  iterations  when  the  iteration  i*  almost  converged.  The  cost  of  the 
high-order  approximations  in  the  residual  calculations  are  often  small  and  more 
than  justified  in  light  of  the  resulting  increase  in  accuracy. 

The  defect  correction  iteration  can  often  be  speeded  up  by  using  an 
acceleration  technique  such  as  a  Chebyshev  or  conjugate  gradient  method. 

VI .  SUMMARY 

We  have  used  a  modular  approach  to  design  a  subroutine  package  calculating 
numerical  approximations  to  the  spatial  derivatives  of  a  function  defined  only 
at  a  discrete  set  of  points.  The  routines  are  flexible,  easy  to  use,  and 
coapatible  to  further  expansions  of  the  package.  We  hope  that  the  software 
development  and  aaintenance  time  of  future  PM  and  interpolation  codes  using  the 
psckage  will  be  substantially  reduced. 

We  are  extending  the  package  to  include  some  pseudo-spectral  methods  and  some 
better  interpolation  methods  on  two-  and  three-argument  grids.  We  encourage 
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others  to  develop  compatible  subroutines  that  could  be  added  to  DCRMOD.  We  will 
gratefully  consider  including  into  DERHOD  any  code  sent  to  us  that  has  been 
programmed  using  standard  FORTRAN  and  the  sane  supporting  routines  as  the 
current  package.  For  further  information  please  contact  J.  M.  Hyman. 
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SUMMARY 

^A  method  is  presented  for  combining  an  accurate  orthogonal  curvilinear 
coordinate  generation  procedure  with  a  fast,  accurate,  and  stable  forward 
marching  viscous  flow  solution  technique  to  solve  for  the  flow  field  in  arbi¬ 
trary  axisynimetric  ducts.  In  this  method,  the  coordinates  are  generated  from 
the  plane  potential  flow  streamlines  and  potential  lines  using  the  Schwarz- 
Christoff el  transformation  with  a  composite  finite  difference  formula  which  is 
valid  everywhere  and  which  treats  the  poles  exactly  by  analytic  integration. 

Since  the  coordinate  streamlines  approximate  the  actual  streamlines,  the  equa¬ 
tions  of  motion  for  viscous  compressible  flow  can  be  parabolized  so  as  to  solve 
for  both  the  boundary  layers  and  core  flow  in  a  single  streamwlse  pass.  The 
versatility  of  the  method  is  demonstrated  by  two  examples  of  viscous  compress¬ 
ible  swirling  flow  through  complex  radial  gas  turbine  passages.  ^ 

INTRODUCTION 

Accurate  solution  of  high  Reynolds  number,  viscous,  compressible,  swirling 
flows  In  complex  turbomachinery  ducts  is  a  continuing  concern  in  fluid  mechanics. 
Two  major  areas  of  development  are  required  for  the  solution  of  these  problems. 
The  first  is  the  development  of  an  efficient  and  accurate  method  to  generate 
a  coordinate  system  which  should  facilitate  the  formulation  and  numerical  solu¬ 
tion  of  the  viscous  flow  analysis  by  aligning  the  coordinates  along  and  normal 
to  the  predominant  flow  direction.  The  second  is  the  development  of  a  fast 
and  accurate  viscous  flow  solver  which  males  use  of  che  properties  of  a 
properly  constructed  curvilinear  coordinate  system  to  simplify  the  problem 
and  reduce  computing  time. 

Many  authors  have  addressed  the  grid  generation  problem  by  analytical  or 

th*  right  to  reproduce  th*  copyrighted  chapter  In  whole  or  in  part  and 
distribute  copies  thereof  without  charge  to  eaployees  of  United  Technologies 
Corporation  (UTC) ,  its  divisions,  subsidiaries  and  related  entities.  The 
above  right  any  be  exercised  by  the  author (s)  or  delegated  to  any  library 
or  archive  within  UTC. 
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numerical  means.  Sells  ,  Jameson  ,  and  Garabedian  and  Korn  have  adapted  the 
conformal  mapping  procedure  to  calculate  orthogonal  curvilinear  coordinate 

4 

systems  to  solve  the  steady  state  transonic  flow  over  an  airfoil.  Morettl 

and  Ives'*  have  adapted  conformal  mapping  methods  to  generate  grids  for  a 

6 

variety  of  other  geometries.  Anderson  has  adapted  the  Schwarz-Chrlstof fel 
transformation  to  calculate  orthogonal  curvilinear  grids  for  a  variety  of  sim¬ 
ple  internal  flow  passages  and  Davis7  has  adapted  the  same  transformation  to 

calculate  a  variety  of  external  flow  curvilinear  grids.  Recently,  Sridhar  and 
8 

Davis  have  extended  the  method  of  Davis  to  calculate  grids  for  Internal  flow 

9 

passages  and  Anderson,  et  al.  have  combined  Into  a  single  code  the  Davis 
method7  for  calculating  coordinates  and  the  Anderson  method  for  solving  tur¬ 
bulent  compressible  viscous  flows  in  small  radial  gas  turbine  ducts.  The 

present  paper  is  an  abbreviated  version  of  the  NASA  contractor  report  prepared 
9 

by  Anderson,  et  al.  . 

The  Schwarz-Chrlstof fel  transformation  transforms  the  Interior  of  a  polygon 
to  the  upper  half  plane  which  in  turn  can  be  transformed  to  a  straight  channel. 
Each  corner  of  the  polygon  is  a  pole  (singularity)  and  the  transformation  is 
not  analytic  at  that  point.  The  method  of  Anderson^  resolved  the  singularity 
problem  by  Integrating  along  a  boundary  which  was  Just  inside  the  mapping  do¬ 
main.  Hence,  errors  are  Incurred  in  mapping  the  boundary.  In  addition,  the 
Anderson  solution  was  such  that  it  could  not  treat  complex  duct  passages  which 
turn  90  degrees  or  more  because  of  multivalues  in  the  wall  coordinates.  The 
Davis  method7,  however,  uses  a  composite  finite-difference  formula  which  is 
valid  everywhere  and  which  treats  the  poles  exactly  by  analytic  integration. 

Therefore,  the  Davis  method  can  integrate  along  the  walls  snd  reduce  the 

8 

errors  associated  with  the  Anderson  method.  Sridhar  and  Davis  have  also 
shown  that  the  new  Davis  method  yields  second  order  accurate  coordinates  and 
metric  coefficients.  In  addition,  the  Davis  method  has  the  flexibility  to 
construct  orthogonal  curvilinear  grids  for  complex  Internal  flow  passages 
which  turn  up  to  180  degrees. 

The  overall  objective  of  the  present  paper  is  to  describe  the  Davis  method 
for  the  calculation  of  orthogonal  curvilinear  grids  suitable  for  Internal  duct 
flows  and  in  particular  focus  on  highly  converging  ducts  which  turn  up  to  180 
degrees.  The  viscous  flow  analysis  developed  by  Anderson^  is  then  applied  to 
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this  orthogonal  curvilinear  grid  to  solve  for  the  turbulent  swirling  compres¬ 
sible  flow  through  complex  small  radial  gas  turbine  passages. 

ANALYSIS 

Curvilinear  Coordinate  Analysis 

The  analysis  on  which  the  viscous  solution  technique  is  based  requires  that 
the  coordinate  system  be  orthogonal  and  that  it  be  a  first  approximation  to 
the  viscous  flow  through  the  duct  since  the  flow  curvature  is  assumed  to  be 
the  same  as  that  of  the  streamwise  coordinate  lines^.  A  two  dimensional  ortho¬ 
gonal  coordinate  system  can  always  be  constructed  from  a  potential  flow  solu¬ 
tion  by  setting  the  normal  coordinate  equal  to  the  stream  function  and  the 
streamwise  coordinate  equal  to  the  velocity  potential.  For  plane  flow,  con¬ 
formal  mapping  techniques  are  ideal  because  it  allows  solution  of  the  inverse 
problem  by  direct  means.  That  is  (x(s,n),  y(s,n))  rather  than  (s(x,y),  n(x,y)) 
can  be  calculated  directly  where  (x,y)  is  the  Cartesian  system  and  (s,n)  is 
the  curvilinear  system  and  where  s  is  the  velocity  potential  and  n  the  stream 
function.  For  many  axlsymmetrlc  ducts,  this  plane  flow  solution  serves  as  a 
sufficiently  good  approximation  to  the  flow  curvature  of  axisyrmnetric  flow. 
However,  for  certain  cases  where  this  approximation  is  insufficient,  a  tech¬ 
nique  has  been  developed  by  Anderson  and  Edwards1^  to  obtain  axlsymmetrlc 
streamline  curvatures  for  use  with  the  coordinate  system  derived  from  plane 
potential  flow.  Thus,  coordinate  grids  based  on  conformal  mapping  have  a  wide 
range  of  applicability  to  the  solution  of  viscous  flow  problems. 

The  mapping  of  an  arbitrary  duct  in  the  (z)  plane  to  a  straight  channel 
in  the  (t)  plane  has  a  special  significance  for  the  formulation  of  the 
viscous  flow  equations.  Thus,  if  t  is  the  complex  potential,  a  Cartesian 
mesh  in  the  (t)  plane  maps  into  an  orthogonal  curvilinear  mesh  in  the  (z) 
plane  in  which  the  coordinates  are  the  potential  lines  and  streamlines  for 
the  lnvlscld  incompressible  flow  through  the  particular  duct  being  analyzed. 

The  coordinate  streamlines  thus  approximate  the  viscous  flow  streamlines  at 
high  Reynolds  numbers.  This  property  of  the  coordinate  grid -is  used  to  sim¬ 
plify  the  equations  of  motion. 

A  two-step  transformation,  shown  in  Fig.  1,  is  adopted.  This  first  step 
is  the  Schwarz-Chrlstoffel  transformation  from  the  duct  (z)  plane  to  the  upper 
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half  (O  plane  which  la  given  by 


j<l  »  ' 


(1) 


This  mapping  has  a  constant  M  which  determines  the  rotation  of  the  duct  rela¬ 
tive  to  the  real  axis.  The  comer  angles  are  denoted  by  and  are  known. 

The  pole  locations  b^  in  the  t,  plane,  however,  are  not  known. 


PLANE  (t  =  t  +  n |) 


Z  PLANE  (Z  =  X  +  iY) 


b1  b2  bNLF 

"■o  "O-o  o  o 


bNLF  +  1  bN 


t  PLANE  (I  =  s  +  in) 


•n  ,n 

'nlf  +  1 

>1 

'nlf 

Fig.  1.  Mapping  of  duct  to  straight  channel. 

The  second  step  of  the  transformation  is  from  the  upper  half  (c)  plane  to 
a  straight  channel  in  the  t  plane  is  given  by 


t .  -  -1-  in  ;  ♦  i 

If  t  is  the  complex  potential,  then 

t  m  g  +  in 


(2) 


(3) 


where  s  is  the  velocity  potential  and  n  is  the  stream  function,  then  construc¬ 
tion  of  a  Cartesian  mesh  in  the  t  plane  represents  a  conformal  mesh  in  the  z 
plane  composed  of  the  stream  function  and  velocity  potential  for  the  plane 


potential  flow  through  the  duct.  The  complex;  conjugate  of  the  potential 
flow  velocity  is 
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Hence,  the  magnitude  of  the  potential  flow  velocity  is 


r.l-SLi 

1  dz 


which  is  the  inverse  of  the  metric  coefficient. 

Equation  (1)  can  be  reduced  to  a  form  involving  only  poles  and  angles  on 
the  duct.  This  form  is  given  by 

r«."  J  (;-bifai/'  (6) 

The  transformation  given  by  Eq.  (6)  is  singular  at  each  pole  bj.  Davis7 
has  developed  a  composite  finite  difference  formula  by  analytically  integrat¬ 
ing  Eq.  (6)  in  the  neighborhood  of  the  poles.  This  formula  is  given  by 

za+.-2«  +  7 -  Wj  &  ) -  — - *  {  Ck>  (7) 


,E|  I 


From  Eq.  (2)  we  have 


C«*r  “ _  v  C«4vz  (V+7  V 


which  may  be  combined  with  Eq.  (7)  to  provide  a  direct  integration  to  the  t 

8 

plane.  These  equations,  as  demonstrated  by  Sridhar  and  Davis  ,  are  second 
order  accurate  and  contain  no  singularities.  Therefore,  the  integration  may 
be  done  along  the  walls  which  contain  the  poles.  Equations  (7)  and  (8)  may 
be  used  to  integrate  along  either  streamlines  or  potentail  lines.  Thus  we 
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and  fron  Eq.  (2) 


Fig.  2.  Asymptotic  Solution  Fig-  3.  Integration  Update 

Absolute  and  uniform  convergence  is  established  when  all  points  satisfy  the 
condition 


|«d-*r|<«  a«) 

The  iteration  formula  given  by  Eq.  (14)  is  valid  for  all  points  except 
v+1 

t^  .  This  point  is  determined  using  the  asymptotic  solution  in  the  following 

manner.  Let  us  define  upstream  points  t  ’  and  t  ’ ,  shown  in  Fig.  4,  by  the 

1  N 

following  relations 

V-V+i 

where  o  is  a  parameter  chosen  to  move  t^'  sufficiently  far  upstream  to  approx¬ 
imate  the  limiting  asymptotic  solution  as  t  Referring  to  Fig.  4,  the 

V  \) 

point  zu  is  determined  with  known  t.'s  by  integrating  along  the  path  (z  ,  to 

N  1  Cl 

A  to  t  ),  Then  the  point  z, '  is  determined  by  Integrating  along  the  path 
N  1 

(z.  to  z  ').  The  point  z  '  is  determined  using  the  asymptotic  solution, 

*1  N 

Eq.  (12).  Hence, 


tr  •  • 
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Zlm  ”  wMi  (18) 


Then  the  point  t  is  9  ' /en  by 
N 


Fig.  4.  Update  for  Corner  Point 

Viscous  Flow  Solution 

6 

The  formulation  of  the  viscous  flow  equations  was  presented  by  Anderson  . 

In  this  formulation  a  parabolic  system  of  equations  is  derived  from  the 

Navier  Stokes  equations  by  assuming  that  the  velocity  component  normal  to 

the  streamwlse  coordinate  (lnvlscid  streamline)  Is  small  compared  to  the 

streamvlse  component  of  velocity.  In  addition  only  the  viscous  stress 

component  normal  to  the  wall  is  retained.  This  method  has  been  shown  by 
6 

Anderson  to  be  numerically  stable  and  capable  of  simultaneously  resolving 
the  lnvlscid  core  flow  and  the  boundary  layer  flow  at  the  walls.  It  has 
also  been  shown  by  Barber,  et  al,11  to  yield  the  same  results  as  vlscous- 
lnvlscld  Interaction  theory  in  which  a  boundary-layer  solution  was  iterated 
with  an  lnvlscid  core  solution;  but  in  contrast  to  interaction  theory,  which 
can  only  treat  thin  boundary  layers,  this  method  can  treat  problems  with 
thin  boundary  layers  up  through  fully  developed  channel  flow.  The  method 
has  been  extended  to  treat  swirling  flows  produced  by  inlet  guide  vanes 
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(see  Barber,  et  al.1*).  In  this  manner,  the  special  properties  of  the 
coordinate  system  are  used  to  simplify  the  equations  of  motion  so  that  the 
flow  field  can  be  calculated  in  a  single  streamwise  pass  rather  than  in  multi¬ 
ple  passes  such  as  used  in  a  viscous-inviscld  interaction  approach. 

The  viscous  flow  equations,  given  below,  are  written  in  an  orthogonal 
streamline  coordinate  system  where  n  is  the  normal  coordinate  (potential 
flow  stream  function)  and  s  is  the  streamwise  coordinate  (potential  flow 
velocity  potential).  The  metric  scale  coefficient  is  the  same  in  both  the  n 
and  s  directions  and  is  equal  to  (1/V)  where  V  is  the  magnitude  of  the  poten¬ 
tial  flow  velocity. 
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Equations  (20)  through  (30),  excluding  Eq.  (22),  fora  a  set  of  eight 
first  order  partial  differential  equations  and  two  algebraic  equations  which 
may  be  used  to  solve  for  ten  unknowns.  The  boundary  conditions  for  this 
problem  are  given  by 


Ug(0,s)«0  <V)(0,t)>0 

U$(0,S)*0  f(0,$)*0 

for  the  inner  wall  and 

Ut(l,s)*0  0»»(  I ,  %y*  0 

U^(lt»)*0  f(l,*)*f(l) 


(31) 


(32) 


for  the  outer  wall. 

In  previous  work,  two  turbulence  models  have  been  Incorporated  into  the 
viscous  flow  analysis  to  provide  closure  of  the  problem.  The  first  is  an 
algebraic  two  layer  eddy  viscosity  model*  with  recent  corrections  for  stream¬ 
line  curvature  and  swirl  developed  by  Anderson  and  Edwards1**.  The  second  is 

12 

a  two  equation  (k,e)  model  developed  by  Chen  with  corrections  for  stream- 

13 

line  curvature  and  swirl  developed  by  Launder,  et  al.  .  The  implementa¬ 
tion  of  these  turbulence  models  is  presented  by  Anderson  and  Edwards1**. 

The  examples  given  in  this  paper  were  calculated  using  the  algebraic  turbu¬ 
lence  model. 

With  the  relationship  between  turbulent  viscosity  and  tha  Man  flow  apecl- 
fied,  Eqs.  (20)  through  (30)  can  ba  solved  by  a  forward  marching  numerical 
integration  scheme.  Equations  (20)  through  (30)  are  first  linearised  by  ex¬ 
panding  all  dependent  variables  in  a  Taylor  series  expansion  in  tha  marching 

2 

direction  (a),  and  terms  of  0  (As  )  are  dropped.  Finite-difference  equations 
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are  then  obtained  using  the  two  point  centered  difference  scheme  of  Keller  ’ 
The  resulting  matrix  equations  are  (10  x  10)  block  tridiagonal  and  are  solved 
by  block  factorization  using  the  method  of  Varah^.  The  numerical  solution  Is 
second  order  accurate  In  the  n  direction,  first  order  in  the  s  direction, 
linearly  stable,  and  has  no  branching  solutions^.  The  As  step  size  is  limited 
not  by  linear  stability  conditions  but  by  the  required  accuracy  in  the  Taylor 
series  expansion  in  s. 

RESULTS  AND  DISCUSSION 

Comparison  of  Coordinate  Calculations 

A  comparison  of  the  coordinate  grid  generation  analyses  of  Anderson  and 
Davis  was  made  by  choosing  a  simple  engine  exhaust  nozzle  and  calculating 
the  coordinates  with  both  methods.  A  geometric  mesh  consisting  of  50  equally 
spaced  streamlines  and  80  potential  lines  was  calculated  using  each  coordin¬ 
ate  analysis.  The  Davis  method  obtained  uniform  and  absolute  convergence 
—4 

with  a  tolerance  of  10  In  7  iterations  and  .he  Anderson  method  obtained 
-3 

convergence  to  10  in  8  Iterations.  The  computational  (CPU)  time  on  a 
UNIVAC  1100/ 81 A  system  was  15  1/2  minutes  for  the  Davis  grid  generator  and 
15  minutes  for  the  Anderson  grid  generator. 

The  two  grid  generators  produced  essentially  identical  results  for  the  wall 
boundaries  as  can  be  seen  In  Fig.  5  which  is  a  comparison  of  the  inner  wall 
coordinates  for  the  exhaust  nozzle  calculated  by  both  methods.  This  was  ex¬ 
pected  since  the  two  methods  are  based  on  the  Schwarz-Chrlstof fel  transforma¬ 
tion.  However,  as  can  be  observed  from  Fig.  6  which  Is  a  comparison  of  the 
metric  coefflclnets  along  the  Inner  wall  using  both  methods,  the  Davis  method 
calculates  a  smoother  distribution  of  metric  coefficients.  This  Improvement 
can  be  attributed  to  the  fact  that  the  Davis  method  treats  the  poles  exactly 
whereas  the  Anderson  method  does  not. 

AGT101  Gas  Turbine 

The  AGT101  gas  turbine,  shorn  In  Fig.  7,  is  a  small  automotive  gas  turbine 
under  development  by  the  Department  of  Energy,  NASA  Lewis  Research  Center,  and 
private  Industry.  Although  it  contains  certain  design  features  which  are 
specifically  tailored  to  the  automotive  gas  turbine  application,  it  represents 
the  complexity  of  flow  situations  found  In  a  broad  class  of  small  gas  turbine 
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engines  which  can  be  addressed  by  computational  fluid  mechanics.  In  particular., 
one  notes  that  the  flow  is  compressible,  turbulent,  swirling,  and  passes 
through  flow  passages  which  turn  up  to  180  degrees.  This  paper  presents  two 
examples  taken  from  this  engine  to  illustrate  the  calculation  procedure. 
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Figure  5.  Comparison  of  Calculated  Figure  6.  Comparison  of  the  Calculated 

Inner  Wall  Coordinates  Inner  Wall  Metric  Coefficients 

AGT101  Turbine  Inlet  Duct 

The  viscous  turbulent  flow  through  the  AGT101  turbine  Inlet  duct,  with 

struts,  was  calculated  using  inlet  flow  conditions  supplied  by  NASA-Lewls 
10 

Research  Center  .  The  computational  mesh  and  geometry  used  to  represent 
the  AGT101  turbine  inlet  duct  in  the  analysis  is  shown  in  Fig.  8.  This  tur¬ 
bine  inlet  duct  is  a  transition  duct  from  the  combustor  exit  plane  to  the 
turbine  inlet  plane  and  contains  three  struts  arranged  circumferentially 
around  the  duct.  The  plane  view  of  these  struts  is  shown  in  Fig.  8.  The 
blunt  stagnation  point  at  the  axis  of  symmetry  is  replaced  by  a  faired 
streamline  to  bypass  the  need  to  solve  stagnation  point  flow  since  the  equa¬ 
tions  are  singular  at  this  point  since  the  metric  coefficient,  1/V,  is 
infinite. 

Initial  flow  conditions  specified  by  NASA  were  uniform  total  temperature 
of  794. 4  degrees  Ranklne  and  uniform  total  pressure  of  3086.78  psf  with  a 
corrected  weight  flow  of  0.3369  Ibm/sec.  These  conditions  are  sufficient 
to  set  up  all  flow  variables  at  the  initial  station  which  satisfy  the  global 
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continuity  equation,  normal  momentum  equation,  and  equation  of  state.  The 
analysis  was  started  downstream  of  the  hub  stagnation  point  to  bypass  the 
stagnation  point  solution.  Turbulent  boundary  layers  were  assumed  and  a  low 
Reynolds  number  algebraic  turbulence  model  was  used^.  It  was  found  that 
the  Reynolds  number  per  inch  was  so  low  that  a  turbulent  boundary  layer  start 
using  a  momentum  thickness  estimated  from  a  stagnation  point  solution  was  not 
possible.  Since  a  laminar  turbulent  transition  model  Is  not  currently  avail¬ 
able,  the  initial  station  was  chosen  further  downstream  and  the  momentum  thick¬ 
ness  Increased.  At  this  initial  station,  the  Reynolds  number  based  on  momen¬ 
tum  thickness  was  400. 


0  40 


Figure  ft.  Computational  Mesh  for  AGT101 
Turbine  Inlet  Duct 


A  geometric  mesh  was  calculated  using  the  Davis  method  consisting  of  50 

equally-spaced  streamlines  and  100  potential  lines.  Uniform  and  absolute 

convergence  of  the  conformal  mapping  solution  was  obtained  to  a  tolerance  of 
-4 

1.5  x  10  in  13  iterations.  The  computational  CPU  time  on  a  UN I VAC  1100/S1A 
operating  system  was  29.5  minutes.  The  computational  mesh  shown  on  Fig.  8, 
consisting  of  99  unevenly  spaced  streamlines  and  100  potential  lines,  was 
obtained  by  linear  interpolation  from  the  50  x  100  uniform  mesh  in  order  to 
provide  adequate  resolution  of  the  flow  in  the  wall  boundary  layers.  In  addi¬ 
tion,  the  computational  mesh  was  distorted  near  the  vail  using  the  Roberts 


P/Pref  (HUB) 


transformation  to  provide  grid  resolution  of  the  boundary  layer. 

The  results  of  the  flow  analysis  of  the  AGT101  turbine  inlet  duct  are 
shown  on  Figs.  9  and  10.  These  figures  show  a  comparison  of  the  calculated 
static  pressure  from  both  the  viscous  and  lnvlscid  solutions  along  the  hub  and 
shroud  walls  with  experimental  data.  The  solid  line  on  Figs.  9  and  10  is  the 
solution  for  the  viscous  flow  and  the  dashed  line  is  the  solution  for  the  in- 
viscid  flow.  From  Figs.  9  and  10,  it  is  observed  that  the  results  agree  quite 
well  with  the  experimental  data.  The  close  agreement  between  the  results  of 
the  viscous  solution  and  the  inviscid  solution  indicate  that  in  this  case  the 
effect  of  blockage  due  to  the  boundary  layer  is  very  slight  except  near  the 
maximum  duct  height.  The  viscous  solution  did  not  predict  separation  in  the 
AGT101  turbine  inlet  duct  for  the  specified  flow  conditions.  The  computa¬ 
tional  CPU  time  was  11.6  minutes  for  the  complete  flow  calculations.  Of  this 

10 

time,  1.2  minutes  was  required  for  the  inviscid  solution  on  a  99  x  100  mesh 
and  10.4  minutes  was  required  for  the  viscous  solution  on  a  254  x  100  mesh. 

-  ADO  CODE  VISCOUS  SOLUTION 

- APPROXIMATE  INVISCID  SOLUTION  Prel  =  21  436  psia 

A  EXPERIMENTAL  DATA 
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Figure  9.  Huh  Wall  Static  Pressure  Figure  10.  Shroud  Wall  Static  Pressure 
Distribution  for  AGT101  Distribution  for  AGT101 

Turbine  Inlet  Duct  Turbine  Inlet  Duct 


ACT101  Turbine  Exhaust  Diffuser 

The  performance  of  the  AGT101  turbine  exhaust  diffuser  (see  Fig.  11)  was 
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measured  on  a  test  stand  in  which  the  turbine  exhaust  was  simulated  using  inlet 
guide  vanes.  These  inlet  guide  vanes  (IGV)  were  a  set  of  16  blades  with  a 
27  deg  circular  arc  camber  which  were  used  to  impart  swirl  to  the  flow.  The 
projection  of  these  inlet  guide  vanes  onto  the  (r,z)  plane  is  shown  on  Fig.  11. 
Axial  flow  enters  the  inlet  guide  vanes  and  leaves  with  a  swirl  angle  of  approx¬ 
imately  27  deg.  This  swirling  flow  enters  the  diffuser  at  the  diffuser  inlet 
station  and  is  turned  radially  outward  to  exhaust  at  the  diffuser  exit  plane. 

The  computational  mesh,  shown  on  Fig.  11,  consists  of  100  streamlines  and 
100  streamwlse  stations  where  the  streamlines  are  concentrated  near  each  wall 
to  provide  grid  resolution  of  the  boundary  layer  calculation.  This  computa¬ 
tional  mesh  was  interpolated  from  a  50  x  100  uniform  mesh.  Computational 

time  on  the  Univac  1100/81A  computer  was  approximately  15  min  to  obtain  a 
—4 

convergence  level  of  10 

Inlet  conditions  provided  by  NASA  consisted  of  uniform  total  pressure  and 
temperature  at  standard  atmospheric  conditions.  A  corrected  weight  flow 
(1.47  lb/sec)  was  provided  to  set  the  inlet  Mach  number.  However,  this  weight 
flow  established  a  Mach  number  at  the  inlet  guide  vane  exit  plane  which  was 
not  consistent  with  the  measured  wall  static  to  total  pressure  ratio.  A  guess 
for  the  actual  weight  flow  (1.74  lb/sec)  was  made  in  an  attempt  to  establish 
the  correct  initial  conditions. 

An  overall  view  of  the  solution  for  the  flow  through  the  exhaust  diffuser 
is  shown  on  Fig.  12  for  the  streamwlse  velocity  distribution  across  the  duct 
at  successive  streamwlse  stations.  The  boundary  layer  growth  on  the  hub  and 
shroud  walls  is  vividly  illustrated.  On  the  hub  wall  the  boundary  layer  grows 
slowly  as  the  flow  is  decelerated  by  the  initial  portion  of  the  turn.  Then 
the  boundary  layer  thickness  decreases  as  it  recovers  from  the  turn.  Finally, 
the  boundary  layer  grows  slowly  as  it  is  decelerated  in  the  radial  diffuser. 

On  the  shroud  wall,  the  boundary  layer  is  initially  accelerated  as  the  flow 
enters  the  turn.  Then  the  boundary  layer  grows  rapidly  as  the  flow  recovers 
from  the  turn  and  continues  to  decelerate  in  the  radial  diffuser.  At  the  exit, 
the  shroud  boundary  layer  is  nearly  separated  and  occupies  almost  one  half 
the  exit  flow. 

A  comparison  of  the  calculated  wall  pressure  distribution  with  the  measured 
pressured  distribution  on  both  the  hub  and  shroud  walls  is  shown  on  Fig.  13. 
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The  agreement  with  experimental  data  la  quite  good  coneiderlng  the  complexity 
of  the  flow  field  and  the  approximations  necessary  for  estimating  weight  flow 
and  inlet  guide  vane  performance  characteristics. 


Fig.  11.  AGT101  Exhaust  Diffuser 


Figure  12.  Streamwlse  Velocity 

Distributions  in  AGT101 
Exhaust  Diffuser 


Figure  13.  Calculated  and  Measured 
Pressure  Distribution  in 
AGT101  Exhaust  Diffuser 
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CONCLUDING  REMARKS 

A  method  Ls  presented  for  combining  an  accurate  orthogonal  curvilinear 
coordinate  generation  procedure  with  a  forward  marching  viscous  flow  analysis. 
In  this  method  properties  of  the  coordinate  system  are  used  to  formulate  the 
equations  of  motion  and  properties  of  the  viscous  flow  field  solution  and  are 
used  to  select  the  distribution  of  the  computational  grid.  The  method  has 
been  successfully  applied  to  calculate  the  viscous  swirling  compressible  flow 
through  complex  radial  gas  turbine  passages  which  turn  up  to  180  degrees  and 
the  calculated  results  compare  favorably  with  the  limited  experimental  data 
which  ls  available. 

ACKNOWLEDGEMENT 

This  work  was  supported  by  the  Department  of  Energy  under  an  interagency 
agreement  with  NASA-Lewis  Research  Center  under  NASA  Contract  DEN3-23S.  The 
technical  monitor  was  K.  J.  McLallin. 


LIST  OP  SYMBOLS 
t 


1 

I 

M 

n 

P 

% 

r 

S 


Complex  potential  (s  +  in) 
T  Temperature 

U  ,  U_,  Ujl  Velocity  components 


V 

Z 

«i 

»*T 

P 

T ns ’  Tnt 

ip 


Metric  coefficient  (1/V) 
Duct  plane  (x  +  iy) 

Wall  angle 
Turbulent  viscosity 
Density 

Stress  components 
Stream  function 


-~V  "  ’  "  1  ~ 

:L-  ^  •  *5f^  ♦  -  * 


1-  ’ 

J 


l  „ 


,  ■  ^  if  "  -  irj.  t 


?v 


JJ 

iVV#  i 


v*%~^*y***f* -  *-**.«****•?  •  'r-* -**•  ~-  •**<**  •  .-’4r?M^fM  A 


524 


REFERENCES 


Sella,  C.  (1968)  Plane  Subcrltlcal  Flow  Past  a  lifting  Airfoil,  Proc.  Roy. 
Soc.  (London),  Vol.  308A. 

Jameson,  A.  (1971)  Transonic  Flow  Calculations  for  Airfoils  and  Bodies  of 
Revolution,  Grumman  Report  390-71-1. 

Garabedian,  P.  and  Korn,  D.  (1971)  Analysis  of  Transonic  Airfoils,  Comm. 

Pure  &  Applied  Math.,  Vol.  24. 

Moretti,  G.  (1976)  Conformal  Mappings  for  Computations  of  Steady,  Three 
Dimensional  Supersonic  Flows,  Num/Lab.  Comp.  Methods  in  Fluid  Mechanics, 

13  ASME. 

Ives,  D.  C.  (1975)  A  Modem  Look  at  Conformal  Mappings  Including  Doubly- 
Connected  Regions,  AIAA  Paper  75-842. 

Anderson,  0.  L.  (1980)  Calculation  of  Internal  Viscous  Flows  in  Axisymmetric 
Ducts  at  Moderate  to  High  Reynolds  Numbers,  Computers  and  Fluids,  Vol.  8, 
pp.  391-411. 

Davis,  R.  T.  (1979)  Numerical  Methods  for  Coordinate  Generation  Based  on 
Schwarz-Christoffel  Transformation,  AIAA  Paper  79-1463,  4th  Computational 
Fluid  Dynamics  Conference. 

Sridhar,  K.  P.  and  Davis,  R.  T.  (1981)  A  Schwarz-Christoffel  Method  for 
Generating  Internal  Flow  Grids,  ASME  1981  Winter  Annual  Meeting,  Symposium 
on  Computers  in  Flow  Predictions  and  Fluid  Dynamics  Experiments. 

Anderson,  0.  L.,  Hankins,  G.  B. ,  and  Edwards,  D.  E.  (1982)  Extension  to  an 
Analysis  of  Turbulent  Swirling  Compressible  Flow  for  Application  to  Axi- 
symraetrlc  Small  Gas  Turbine  Ducts,  NASA  CR-165597,  UTRC  915395-12. 

Anderson,  0.  L.  and  Edwards,  D.  E.  (1981)  Extensions  to  an  Analysis  of 
Turbulent  Swirling  Compressible  Flow  in  Axisymmetric  Ducts,  UTRC  Report 
R81-914 720-18. 

Barber,  T.  J.,  Raghuraman,  P.,  and  Anderson,  0.  (1979)  Evaluation  of  an 
Analysis  for  Axisymmetric  Internal  Flows  in  Turbomachinery  Ducts,  ASME 
Winter  Annual  Meeting,  Flow  in  Primary  Non-Rotating  Passages  in  Turbo- 
machinery. 

Chen,  K-Y.  (1980)  Predictions  of  Channel  and  Boundary  Layer  Flows  with  a 
Low-Reynolds  Number  Two-Equation  Model  of  Turbulence.  AIAA  18th  Aero¬ 
space  Sciences  Meeting.  AIAA-80-0134. 

Launder,  B.  E.,  Pridden,  C.  H. ,  and  Sharma,  B.  I.  (1977)  The  Calculation 
of  Turbulent  Boundary  Layers  on  Spinning  and  Curved  Surfaces.  Trans. 

ASME  J.  of  Fluids  Eng.,  p.  231. 

Keller,  H.  B.  A  New  Difference  Scheme  for  Parab.lic  Problems.  Numerical 
Solution  of  Partial  Differential  Equations  -  II  SYNSPADE  1970.  Academic 
Press,  New  York. 

Keller,  H.  B.  (1968)  Accurate  Difference  Methods  for  Linear  Ordinary  Dif¬ 
ferential  Systems  Subject  to  Linear  Constraints.  SIAM  J. , .Numerical  Analy¬ 
sis,  Vol.  6,  No.  1. 

Varah,  J.  M. < (1972)  On  the  Solution  of  Block  Tridiagonal  Systems  Arising 
from  Certain  Finite  Difference  Equations.  Mathematics  of  Computation, 

Vol.  26,  No.  120. 


-«Y 

'4  "  ,  .*•  *  * 


ad.; 


Published  1902  by  E\ 
NUMERICAL  GRID  GENERATION 
Joe  F.  Thompson,  editor 

N 


er  Science  PvslisnMg  CA^an 


8  8 


TEST  PROBLEMS,  COORDINATE  TRANSFORMATIONS,  AND  TECHNIQUE 
FOR  NONSTEADY  COMPRESSIBLE  FLOW  ANALYSIS 


JON  J.  YAGLA 

Naval  Surface  Weapons  Center,  Dahlgren,  Virginia  22448 


525 


4. 


:v 


v» 

$ 


INTRODUCTION 

_ >This  paper  describes  a  finite  difference  technique  for  solving  problems  in  nonsteady,  two- 

dimensional,  inviscid  flow  of  an  ideal  gas.  The  technique  solves  the  equations  of  gas  dynamics  in 
transformed  coordinates  obtained  by  conformal  mapping  of  the  physical  domain  of  the  problem. 
Irregular  physical  domains  with  curved  or  piecewise-straight  boundaries  are  transformed  onto  rec¬ 
tangles  to  facilitate  the  application  of  boundary  conditions  in  the  finite  difference  calculations. 

The  differential  equations  of  fluid  flow  in  conservation  law  form  are  solved  by  means  of  either  the 
two-step  Lax-Wendroff  or  MacCormack's  finite  difference  method.  An  expedient  means  of  obtain¬ 
ing  coordinate  transformations  by  a  numerical  integration  of  a  Schwarz-Christoffel  type  differential 
equation  has  been  used  for  problems  in  transient  external  aerodynamics.  An  extensive  series  of 
test  problems,  consisting  of  one-dimensional  traveling  shock  waves,  two-dimensional  steady 
Prandtl-Meyer  expansions,  and  oblique  shocks  were  solved  so  that  the  finite  difference  calculations 
could  be  compared  with  exact  mathematical  results.  Nonsteady  Mach  reflections  were  computed 
and  compared  with  approximate  theory  and  experimental  data  to  test  the  technique  for  problems 
that  are  both  fully  two-dimensional  and  nonsteady. 


CONSERVATION  LAW  FORM 

The  differential  equations  of  gas  dynamics  for  nonsteady  flow  of  an  ideal  gas  can  be  written  as 


f  *  &  ,<u>  *  £  «">  *  s  «u>  - 0 


0) 


For  two-dimensional  flow  one  has  3/3z  =  0.  Here,  U,  F,  and  G  are  column  vectors  defined  as  fol¬ 
lows: 
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P*  =  (T-l)  P*  -  jV$  (u2  +  v2)J 
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(4) 


(5) 


In  the  above  equations  u  and  v  are  contravariant  velocity  components  in  the  (x,y)  curvilinear 
coordinate  system.  The  curvilinear  coordinates  are  related  to  the  (f,rj)  Cartesian  coordinates 
through  a  conformal  transformation.  The  starred  quantities  are  the  usual  physical  quantities  mul¬ 
tiplied  by  vT  .  where  y/~g  is  the  Jacobian  of  the  coordinate  transformation.  The  physical 
quantities  p,  E,  and  P  are  the  density,  total  energy  per  unit  volume,  and  pressure,  respectively.  I 
have  called  these  scalar  physical  quantities  multiplied  by  ,/g"  ‘Tensor  densities”  of  the  correspond¬ 
ing  physical  quantities.  Special  properties  of  conformal  mappings,  e.g.  the  Cauchy- Riemann  condi¬ 
tions  and  the  harmonic  property,  have  been  used  to  simplify  the  above  equations. 

Figure  1  shows  three  representations  of  a  curved  duct  in  the  Cartesian  and  curvilinear  coor¬ 
dinate  systems.  Figure  2  shows  the  representation  of  a  fluid  velocity  vector  in  terms  of  physical 
and  contravariant  components  along  the  curvilinear  coordinate  lines.  The  independent  variables 
in  the  technique  are  the  curvilinear  coordinates  (x,y).  The  dependent  variables  of  the  technique 
are  the  contravariant  velocities  u  and  v,  and  the  tensor  densities  of  the  fluid  density,  total  energy 
per  unit  volume,  and  pressure.  Finite  difference  equations  for  solving  these  equations  are  pre¬ 
sented  in  the  following  section. 
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FINITE  DIFFERENCE  EQUATIONS 

The  first  attempt  at  approximating  the  above  differential  equations  with  finite  differences 
failed.  The  two-step  Lax-Wendroff  finite  difference  scheme1  originally  developed  for  Cartesian 
coordinates  was  used  as  a  prototype  method  for  the  conservation  law  form  equations  in  curvi¬ 
linear  coordinates.  The  approach  worked  under  the  trivial  coordinate  transformation,  i.e.  w=z, 
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where  w  =  {  +  irj  and  z  =  x  +  iy.  However,  under  the  nontrivial  coordinate  transformation  w  =  e1  +  z, 
for  a  duct  with  a  curved  wall,  Figure  1 ,  the  method  failed.  Flows  spontaneously  arose  at  interior 
points  of  regions  of  the  flow  field  having  an  initially  uniform  quiescent  state.  The  source  of  the 
error  was  found,  and  could  be  alleviated  through  a  slight  modification  of  the  Cartesian  form  of  the 
finite  difference  equations.2  The  modified  two-step  equations  are 


U?*1 

=  i  j  . 

un 

filM  + 

3 

ifc+. 

♦  VM 

JA 

4  J.k 

l.k 

l.k 

Ji.k  +  1 

ji,k-i  ] 

At 
“  2Ax 

**7+1. k  “ 

*7-. 

!  ,k  ^ 

g^k+1 

(6) 

and 

=  U"  - 

J.k 

(CT*I 
Ax  '  i*«  ‘ 

- 

TO 

)  -  & 
1  Ay 

(7) 

where  J  is  the  Jacobian  of  the  transformation.  For  the  trivial  coordinate  transformation  one  has 
J=l,  and  the  usual  Cartesian  two-step  equations  are  recovered.  Several  test  problems  were  solved 
with  good  results  using  this  “generalized”  two-step  finite  difference  technique. 

The  MacCormack3  difference  equations  for  Cartesian  coordinates  are  defined  by: 
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These  equations  replace  equations  (6)  and  (7)  of  the  Lax-Wendroff  two-step  formulation.  The 
first  step  of  the  method  constructs  approximate  values  for  U"  £ 1 ,  denoted  U”*1 ,  for  each  point 
using  forward  differences  to  approximate  the  spacial  derivatives.  The  approximate  solution  is  then 
used  to  calculate  Fj^1  and  Gj1*1.  The  solution  for  U“  J 1  is  then  computed  with  the  second  equa¬ 
tion  which  uses  backward  differences  obtained  from  the  approximated  functions  F  and  G.  Since 
F(U)  and  G(U)  are  computed  the  same  way  using  either  Lax-Wendroff  or  MacCormack  differenc¬ 
ing,  the  computer  program  changes  required  to  change  technique  are  minimal. 

COORDINATE  TRANSFORMATION 

General  remarks 

Conformal  mapping  was  chosen  as  the  coordinate  transformation  technique.  At  risk  of  repeat¬ 
ing  arguments  of  other  proponents  of  the  technique,  the  following  list  summarizes  the  basic 
strengths  of  conformal  mapping  method  of  coordinate  generation: 

(1)  Conformal  mapping  is  a  “classical”  technique  that  is  highly  developed  for  applications,  and 
has  the  benefit  of  an  extensively  developed  mathematical  theory. 
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(2)  There  exists  an  ample  body  of  literature  with  plenty  of  examples  and  even  a  “catalog.”4 

(3)  Powerful  numerical  methods  for  constructing  transformations  are  available  when  mapping 
by  elementary  functions  cannot  be  accomplished. 

(4)  The  transformed  coordinates  are  orthogonal  to  the  physical  boundaries  and  to  each  other 
everywhere  in  the  domain.  This  facilitates  application  of  boundary  conditions  and  minimizes  com¬ 
putations  elsewhere. 

(5)  The  transformation  has  the  simplest  possible  nontrivial  structure.  This  minimizes  errors  in 
generating  metric  data  and  further  errors  entering  the  solutions  from  finite  difference  terms  in¬ 
volving  metric  quantities. 

(6)  When  used  for  two  coordinates  of  a  problem  with  three  spacial  dimensions,  the  result  is  a 
minimal  amount  of  metric  data  that  must  be  stored  and  used  in  mathematical  operations.  This 
may  be  crucial  for  solving  three-dimensional  problems  with  the  presently  available  computers.  For 
example,  Moretti3  has  used  rotated  conformal  mapping  to  compute  the  axisymmetric  flow  in  noz¬ 
zles  and  around  gun  barrels.  Marconi  and  Salas6  used  conformal  mappings  of  a  succession  of  cross 
sectional  planes  normal  to  the  axis  of  a  fuselage  and  wing  in  a  three-dimensional,  supersonic, 
steady  flow  analysis  of  a  fighter  aircraft.  Moretti7  used  conformal  mappings  in  meridional  planes 
to  map  an  ablated  three-dimensional  reentry  body. 

(7)  The  coordinate  lines  are  well  aligned  with  the  local  velocity  field  because  the  compressible 
flow  problem  is  solved  in  a  coordinate  system  that  is  the  solution  to  an  inviscid  incompressible 
flow  problem  with  the  same  physical  boundaries.  This  can  only  help  to  reduce  numerical  errors. 
(This  can  be  carried  even  further.  Kim,  Thareja,  and  Lewis8  solved  the  three-dimensional  para¬ 
bolized  Navier-Stokes  equations  for  a  blunt  cone  at  large  angle  of  attack  in  supersonic  flow  using 
coordinates  obtained  from  a  method  of  characteristics  solution  to  the  corresponding  inviscid  super¬ 
sonic  flow  problem.) 

(8)  Special  properties  of  the  transformation  can  be  used  to  simplify  the  transformed  equations 
of  gas  dynamics,  thereby  providing  economy  in  the  formulation  of  the  finite  difference  equations 
and  program  execution. 

A  ninth  and  compelling  advantage  of  conformal  mapping  for  some  problems  will  be  presented 
below. 

The  drawbacks  of  using  conformal  mapping  for  coordinate  transformation  are  mainly  lack  of 
coordinate  controls.  One  cannot  specify  arbitrary  coordinate  distribution  functions  in  order  to 
concentrate  coordinate  lines  in  regions  where  flow  properties  are  rapidly  changing.  A  second  limi¬ 
tation  is  that  a  considerable  study  of  the  theory  of  functions  of  a  complex  variable  may  be  re¬ 
quired  for  a  user  to  develop  sufficient  skill  to  effectively  use  the  technique. 

As  previously  stated,  the  physical  coordinate  system  of  the  gas  dynamics  problem  is  taken  as 
the  Cartesian  ({,»))  plane.  The  gas  dynamics  problem  is  solved  mathematically  in  the  transformed 
plane  (x,y).  Points  in  the  physical  (f,r j)  plane  correspond  to  points  in  the  (x,y)  plane  according  to 
the  complex  valued  function  w  **  f(z),  where  w  »  {  +  irj,  z  *  x  +  iy,  and  i  -  ,/T.  The  function 
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f(z)  must  meet  the  requirement  that  the  complex  derivative  f  '(z)  exists  at  every  point  of  the 
domain  of  f(z);  then  f(z)  is  said  to  be  analytic.  For  such  functions  one  has  immediately  available 
the  Cauchy-Riemann  conditions: 

3{/3x  =  3q/3y  and  3{/3y  =  -3ij/3x  , 


the  implicit  function  theorem  which  yields 


3x/3{  *  (3{/3x)/J,  3x/3ij  =  (3t?/3x)/J, 

3y Hi  =  (3f/3y)/J,  3y/3r)  =  <3t}/3y)/J, 

and  four  Laplace  equations  V2{  -  0,  V  2q  *  0,  V  2x  =  0,  and  V2y  =  0.  Here  J  is  the  Jacobian  de¬ 
terminant  3  ({,»})/ 3(x,y).  Along  with  the  Laplace  equations  comes  almost  two  hundred  years  worth 
of  research  on  potential  theory.  One  also  has  available  powerful  numerical  techniques  that  were 
developed  for  grid  generation  by  means  of  Poisson  equations,  as  the  Laplace  equation  is  a  special  case. 

The  metric  tensor  for  a  general  two-dimensional  transformation,  whether  or  not  it  is  a  con¬ 
formal  mapping,  is  taken  from  the  expression  for  arc  length  in  the  transformed  coordinate  system: 
(ds)2  =  (dt)2  +  (dij)2 

•[feMfOV*  Kt? 

*(!!*£  I)  ~ 

The  metric  tensor  is  defined  in  terms  of  the  Einstein  notation 
(ds)2  ■  g|]  dx'dx' 

where  x1  =  x,  x2  =  y,  and  the  off-diagonal  components  are  chosen  so  that  g^  is  symmetric.  The  spec¬ 
ial  properties  of  the  analytic  function  lead  to  the  immediate  result: 


where  8y  is  Kronecker’s  delta.  For  axisymmetric  coordinate  systems  obtained  by  rotating  a  co¬ 
ordinate  system  obtained  by  conformal  mapping,  one  obtains 


where  r  is  the  radial  coordinate.  When  one  examines  the  tensor  form  of  the  conservation  equa¬ 
tions  of  gas  dynamics  as  displayed  in  the  “conservation  law  form,”  the  tremendous  potential  for 
simplification  of  calculations  in  the  transformed  cxK>rdinate  system  is  readily  apparent.  One  of 
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the  goals  of  the  project  was  to  exploit  the  potential  simplifications  of  the  equations  of  gas  dy¬ 
namics  in  tensor  form  to  the  fullest  possible  extent.  To  this  end  curvilinear  densities,  pressures, 
and  energies  (the  “tensor  densities”)  were  defined  which  made  it  possible  to  even  remove  the  ex¬ 
plicit  appearance  of  the  Jacobian  from  the  transformed  conservation  equations.  This  provided  a 
yet  simpler  system  of  equations  to  solve  and  led  to  a  simple  procedure  for  loading  initial  and 
boundary  data  into  the  computer  program. 

The  examples  and  basic  test  problems  of  the  technique  use  the  principle  of  Schwarz-Christoffel 
transformation  to  obtain  transformations  of  piecewise  straight  boundaries  onto  a  straight  line.  In 
this  way  piecewise  straight  physical  boundaries  become  the  lower  coordinate  line  (y  =  0)  in  the 
transformed  plane.  The  Schwarz-Christoffel  transformation  is  based  on  the  fact  that  complex 
transformations  of  the  form  w  =  zB,  where  n  is  a  rational  exponent,  cause  the  physical  plane  image 
of  the  x-axis  to  tum  through  a  finite  angle  at  the  origin.  One  can  successively  apply  this  principle 
to  obtain  any  number  of  finite  turns  of  an  axis  at  discrete  points  by  means  of  the  complex  valued 
differential  equation: 


dw/dz  =  (z-z,)"1  (z-Zj)2.  .  .  .  (z-zm) 


The  function  w  is  called  a  Schwarz-Christoffel  transformation  if  it  maps  a  closed  polygon  onto  a 
straight  line.  One  of  the  early  results  of  the  present  research  was  recognizing  that  this  differential 
equation  could  be  used  in  unsolved  form  to  solve  complicated  aerodynamics  problems.  A  dis¬ 
cussion  of  this  differential  equation  and  its  use  in  unsolved  form  is  presented  in  the  following 
paragraphs.  The  transformation  in  unsolved  form  was  used  to  establish  the  coordinates  that  were 
used  for  calculating  the  “shock  on  shock”  problems  that  are  described  in  a  later  section. 

Attempting  to  obtain  general  solutions  to  the  above  differential  equation  for  more  than  two 
factors  and  exponents  other  than  0,  ±1,  ±1/2,  ±1/3,  and  ±1/4  is  useless.  Solutions  in  terms  of 
elementary  functions,  if  they  exist,  are  unknown.  However,  Anderson9  has  devised  a  numerical 
procedure  for  solving  the  Schwarz-Christoffel  differential  equation  for  up  to  200  turning  points. 
His  work  is  designed  to  provide  coordinate  systems  for  duct  flows.  Woods10  has  generalized  the 
Schwarz-Christoffel  transformation  to  handle  curved  as  well  as  piecewise  straight  boundaries. 
Davis11  has  devised  a  means  of  numerically  integrating  Woods’  transformation  for  almost  arbitrary 
piecewise  smooth  boundaries,  greatly  extending  the  conformal  mapping  technique.  These  recent 
developments  enhance  the  attractiveness  of  the  conformal  mapping  approach  to  coordinate  genera¬ 
tion,  and  increase  the  power  and  utility  of  numerical  methods  that  employ  conformal  mapping  as 
a  means  of  coordinate  generation. 


consideration  for  external  aerodynamics  and  transient  field  calculations 
The  following  paragraphs  describe  a  slightly  different  technique  that  can  be  used  for  grid  gen¬ 
eration  for  solving  problems  in  external  aerodynamics,  heat  conduction,  and  other  field  problems. 
In  external  aerodynamics  one  is  generally  interested  in  computing  the  flow  field  over  a  body.  It 
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is  usually  the  case  that  one  needs  to  determine  the  pressure  and/or  the  velocity  field  along  the 
surface  of  the  body.  In  this  way  the  lift  and  drag  on  the  body  are  computed.  In  other  engineer¬ 
ing  problems,  for  example,  structural  design  or  determining  the  response  of  a  vehicle  to  a  transient 
load,  one  is  required  to  compute  the  force  on  the  body.  Again  the  pressure  distribution  on  the 
surface  is  required.  It  is  usually  the  case  in  external  aerodynamics  work  that  one  is  not  interested 
in  the  details  of  the  flow  field  at  points  that  are  away  from  the  body.  Similar  remarks  hold  for 
some  transient  problems  in  conduction  heat  transfer.  High  speed  transient  heat  loads,  such  as  the 
flow  of  propellant  in  a  gun  barrel  or  impingement  of  rocket  exhaust  on  a  structure,  cause  very 
high,  and  often  damaging  temperatures  near  the  heated  surface.  However,  the  heat  diffuses  rapidly, 
and  the  in-depth,  late  time,  temperature  profiles  and  back  wall  temperature  increases  and  boundary 
conditions  are  of  relatively  little  interest. 

An  inspection  of  the  differential  equations  of  fluid  dynamics  for  the  transformed  coordinates, 
equations  1  through  5,  shows  that  the  coordinate  transformation  quantities  (9{/dx,  etc.,  also 
called  metric  data)  are  the  only  coordinate  transformation  quantities  that  appear  in  the  trans¬ 
formed  differential  equations.  The  quantity  ^g"  ,  the  Jacobian  determinant  of  the  transformation, 
which  appears  in  the  equation  of  state,  is  computed  from  these  same  coordinate  derivatives.  It  is 
especially  significant  that  the  coordinate  transformation  itself  does  not  appear  in  the  differential 
equations  to  be  solved,  only  derivatives  of  the  coordinate  transformation.  This  carries  over  into  the 
finite  difference  equations,  where  again  only  coordinate  derivatives  are  required.  One  thus  realizes 
that  once  the  initial  data  and  boundary  conditions  have  been  specified,  then  the  finite  difference 
calculations  of  the  flow  field  can  be  carried  out  to  arbitrarily  large  times  without  ever  making  re¬ 
course  to  the  coordinate  transformation  per  se,  only  coordinate  derivatives  are  used. 

The  only  time  one  requires  the  coordinate  transformation  itself  is  when  points  of  the  com¬ 
putational  space  have  to  be  associated  with  points  of  physical  space.  This  is  done  in  establishing 
the  initial  data,  possibly  in  application  of  boundary  conditions  for  special  problems,  and  when 
transforming  the  solution  back  into  physical  space.  For  example,  in  calculating  nonsteady  ex¬ 
ternal  flow,  the  initial  data  are  usually  some  initially  uniform  or  quiescent  stream.  The  boundary 
conditions  for  inviscid  flow  over  any  body  are  that  the  flow  is  parallel  to  the  body,  which  is  true 
in  any  coordinate  system  and  can  be  formulated  and  implemented  in  the  finite  difference  calcula¬ 
tion  independent  of  the  details  of  the  particular  coordinate  transformation.  The  no-slip  condition 
for  viscous  flow  is  even  easier. 

SCHWARZ-CHRISTOFFEL  TRANSFORMATION 

The  Schwarz-Christoffel  differential  equation  maps  straight  lines  onto  piecewise  straight  bound¬ 
aries,  or  vice-versa.  The  transformation  is  of  the  form  w  ■  f(z)  where  w  is  the  solution  to  the 
complex  valued  ordinary  differential  equation  (10).  The  quantities  dt/dx  and  dq/dx  which  appear 
in  the  transformed  differential  equations  of  gas  dynamics  are  the  real  and  imaginary'  parts  of  f  (z) 
respectively  equations  (I)  through  (5).  The  remaining  coordinate  derivatives  9|/dy  and  dq/3 y  are 
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just  -9t j/dx  and  3f/9x  according  to  the  Cauchy-Riemann  conditions.  The  significance  is  that  once 
f'(z)  is  specified,  one  needs  only  to  take  the  real  and  imaginary  parts  of  f  ’(z)  to  completely  de¬ 
termine  the  differential  and  finite  difference  equations  of  motion.  An  explicit  representation  of 
f(z)  is  not  required.  Numerical  values  for  the  coordinate  derivatives  are  readily  computed  from  the 
expression  for  f '(z)  by  FORTRAN  statements  without  ever  having  to  obtain  explicit  formulae  for 
t(x,y)  or  q(x,y).  For  external  aerodynamics  calculations  one  only  needs  a  correspondence  be¬ 
tween  physical  boundary  points  and  node  points  along  the  image  of  the  boundary  in  the  com¬ 
putational  domain.  An  expeditious  means  for  developing  the  required  correspondence  is  described 
below. 

A  further  important  property  of  f  '(z)  follows  from  interpreting  f'(z)  as  a  magnification  and 
rotation  of  an  infinitesimal  line  element  under  the  mapping,  that  is, 

^  *  dz  =  f  (z)  =  |  exp  [i  arg  f‘(z)|  . 


The  first  factor  on  the  right  is  the  magnification,  the  second  factor  is  the  rotation.  Taking  further 
absolute  values, 

mod  (Aw)  =  I  f'(z)  I  mod  (Az) 


Because  the  transformation  is  analytic,  the  value  of  f  ’  is  independent  of  the  direction  of  Az.  Thus 
every  infinitesimal  line  element  of  length  6  passing  through  the  point  (x,y)  is  strained  by  the  same 
factor  and  rotated  through  the  same  angle  in  passing  to  the  ({,»})  plane.  Also  the  mapping  is  con¬ 
formal,  i.e.,  the  angle  of  intersection  of  infinitesimal  line  elements  is  preserved  under  the  trans¬ 
formation. 

By  letting  Az  *  Ax,  and  then  iAy,  and  using  the  orthogonality  property  of  the  transformation, 
there  results 


AA,  =  I  f'(z)  l2  (mod  Ax) (mod  iAy)  *  |f’(*)ls  AAl  , 

where  AAW  is  the  area  in  the  w  plane  corresponding  to  the  area  element  AA,  in  the  z  plane.  Use 
of  the  analyticity  of  the  transformation,  or  equivalently  the  Cauchy-Riemann  equations,  yields 

AAw1 


where  J  denotes  the  Jacobian  determinant  B((,r/)/d(x,y).  Now  the  physical  density  of  a  continuum 
of  unit  thickness  can  be  defined  by 


is  the  mass  per  unit  area  when  measured  in  units  of  the  z  (curvilinear)  plane.  When  "tensor  densities” 
are  used  as  dependent  variables,  the  explicit  appearance  of  the  Jacobian  determinant  of  the  trans¬ 
formation  is  removed  from  the  flow  equations  so  that  it  appears  only  in  the  equation  of  state. 

NUMERICAL  INTEGRATION  OF  SCHWARZ-CHRISTOFFEL  DIFFERENTIAL  EQUATION 

Because  of  the  difficulty  in  carrying  out  the  integration  of  equation  (10),  a  numerical  technique 
is  required  to  obtain  the  transformation.  Equation  (10)  represents  a  line  integral  in  the  complex 
z  plane.  In  principle,  this  integral  could  be  evaluated  along  lines  of  constant  x  and  constant  y 
to  construct  the  w  plane  images  of  the  (x,y)  coordinate  lines.  Alternatively,  one  can  view  equa¬ 
tion  (10)  as  a  first  order  differential  equation  for  f(z)  and  use  an  appropriate  numerical  procedure. 
The  latter  approach,  which  consists  of  a  generalization  of  the  Runge-Kutta  method  to  the  complex 
plane,  is  used  here. 

To  construct  the  equations  for  transforming  a  piecewise  straight  boundary  such  as  shown  by 
Figure  3  onto  a  straight  line,  the  numerical  integration  proceeds  from  a  point  on  the  x  axis,  such 
as  point  A  on  Figure  3,  sufficiently  far  from  the  first  turning  point  x, .  The  Runge-Kutta  scheme 
is  then  used  to  integrate  up  to  x,.  As  the  singular  point  z,  is  approached,  the  integral  remains 
finite.  This  can  be  seen  from  the  form  of  equation  (10).  In  a  small  region  near  the  point  z., 
the  factors  involving  z2,  z](  etc.  in  equation  (10)  are  nearly  constant,  while  the  integrand  of 
equation  (10)  changes  drastically  on  account  of  z  being  near  z,.  It  is  known  that  the  integral  of 
the  first  factor  is  well  behaved  for  k(  1  1,  and  is  of  the  form: 

/(z  -  x,)k|  dz  =  j—~  (z  -  x,  l'"*1  .  (11) 

Therefore,  although  the  differential  equation  (10)  is  singular  at  the  points  z,,  z2,  and  z3,  the  solu¬ 
tion  remains  regular  at  the  turning  points.  After  the  integration  of  equation  (10)  has  been  ac¬ 
complished  up  to  z,,  with  perhaps  equation  (11)  having  been  used  near  z, ,  the  integration  then 

proceeds  from  z,  to  z2  along  the  x  axis  in  a  similar  fashion.  An  alternate  procedure  is  to  integrate 
along  a  line  z  =  x  +  ie,  where  e  is  a  very  small  number.  Then  no  singular  points  are  encountered. 
This  hueristic  procedure  is  justified  on  the  basis  of  the  accuracy  obtained  in  a  variety  of  sample 
problems. 

Determination  of  the  curvilinear  coordinates  away  from  the  x  axis  with  the  numerical  scheme 
is  straightforward,  as  no  singular  points  are  encountered.  The  construction  of  the  transformation 
of  coordinates  for  points  not  on  the  x  axis  is  carried  out  as  follows.  For  example,  from  point  A 
on  Figure  3,  one  integrates  equation  (10)  numerically  along  a  line  of  constant  x  (dx  *  0).  The 
value  of  f(A)  serves  as  the  constant  of  integration.  The  integration  is  carried  out  from  A  to  B. 

The  point  B  corresponds  to  the  top  of  the  computational  mesh.  Values  of  w  along  this  line  then 
serve  as  initial  data  (constants  of  integration)  for  computing  the  image  lines  of  coordinates  corres¬ 


ponding  to  lines  of  constant  y.  Starting  from  initial  values  taken  along  the  line  1(A),  ffB),  the 
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Z  PLANE 

Fig.  3.  Numerical  integration  of  Schwarz-Christoffel  differential  equation 

numerical  Runge-Kutta  scheme  is  then  used  to  construct  curvilinear  lines  such  as  f(C),  f(D).  For 
these  lines  the  numerical  integration  scheme  uses  dz  =  dx,  i.e.,  no  imaginary  component,  to  con¬ 
struct  coordinate  lines  that  are  images  of  the  lines  of  constant  y.  An  analogous  procedure  is  then 
used  for  constructing  images  of  lines  of  constant  x  to  complete  the  transformation. 

The  numerical  method  consists  of  a  fourth  order  accurate  Runge-Kutta  scheme  that  has  been 
generalized  to  the  case  of  complex  variables.  For  a  real  valued  first  order  differential  equation  of 
the  form  y  =  f(x),  the  Runge-Kutta  equations  can  be  reduced  to: 

x  =  f(x) 

x,  =  xQ  +  Ax 

y,  -  y0  +  Ax  {f(x0)+  4f  (x„  +  Ax/2)  +  f(x,)  }/6 

Generalizing  to  line  integrals  in  the  complex  plane,  for  the  differential  equation  w  =  f(z), 
x  *  f(z) 


w,  =  w„  +  Az  ( f (Zq )  +  4f (zQ  +  Az/2)  +  f(z,))/6 

Solutions  are  obtained  by  successive  applications  of  the  above  formula  along  lines  in  the  complex 
plane.  A  simple  computer  program  for  the  calculations  is  contained  in  Figure  4.  Several  problems 
have  been  worked  out  with  the  computer  program  to  test  accuracy  and  suitability  of  the  technique. ,J 
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Fig.  4.  Computer  program  for  fourth  order  Runge-Kutta  integration  of  Schwarz-Christoffel 
differential  equation 


The  Runge-Kutta  technique  provides  for  fourth  order  accurate  location  of  boundaries.  Since  the 
metric  quantities  were  evaluated  exactly  from  the  real  and  imaginary  parts  of  f '(*),  we  have  arrived  at 
a  quasi-numerical  method  of  coordinate  generation  for  piecewise  straight  boundaries,  which  is  the 
ninth  compelling  reason  for  using  conformal  mapping  which  was  promised  earlier: 

(9)  The  technique  provides  exact  metric  data  and  fourth  order  accurate  locations  of  the  boundary 
and  coordinate  lines  away  from  the  boundary. 

This  is  in  contrast  to  most  elliptic  methods  that  locate  the  boundaries  exactly  but  provide  coordinate 
lines  and  metric  data  to  second  order  accuracy.  Since  it  is  the  metric  data  that  appear  in  almost  every 
term  of  the  governing  equations  of  fluid  dynamics,  and  never  the  precise  location  of  the  boundary  or 
any  coordinate  line,  the  present  method  is  superior  in  this  regard  to  other  methods  that  employ  only 
approxim.it.  metric  data. 

TEST  PROBLEMS 

The  preceding  sections  presented  the  differential  equations  of  two-dimensional  compressible 
flow  in  conservation  law  form  and  two  finite  difference  approximations  of  second  order  accuracy 
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to  the  differential  equations.  The  differential  and  difference  equations  are  valid  for  any  coor¬ 
dinate  system  obtained  by  conformal  mapping.  A  coordinate  generation  scheme  based  on  the 
Schwarz-Christoffel  differential  equation  that  provides  exact  metric  data  and  fourth  order  accurate 
locations  of  transformed  boundaries  has  been  described.  This  chapter  presents  a  series  of  test 
problems  and  results  for  standard  compressible  flow  phenomena.  Additional  results  and  a  more 
comprehensive  explanation  of  the  test  problems  can  be  found  in  reference  1 3. 

This  chapter  presents  results  from  calculations  of  standard  compressible  flow  phenomena,  and 
compares  the  calculations  with  exact  theory  and  experimental  data.  The  first  calculations  are  for 
constant  speed  shocks  and  the  reflection  of  a  constant  speed  shock  from  a  solid  boundary  at  nor¬ 
mal  incidence.  The  second  set  of  calculations  is  for  oblique  shock  reflections  and  Prandtl-Meyer 
expansions.  The  constant  speed  shock  calculations  provide  an  elementary  test  of  the  technique 
for  computing  nonlinear  and  transient  phenomena  in  one  space  dimension.  The  oblique  shocks 
and  Prandtl-Meyer  expansions  provide  elementary  tests  of  the  technique  for  computing  steady  flow 
in  two  space  dimensions  in  curvilinear  coordinates.  Collectively,  these  problems  are  the  most 
basic  compressible  flow  phenomena,  and  therefore  provide  in  essential  test  of  any  numerical  tech¬ 
nique  for  compressible  flow.  The  first  set  of  test  problems  demonstrates  the  ability  of  the  theory 
to  solve  transient  flow  fields;  the  second  set  of  calculations  shows  the  ability  of  the  technique  to 
solve  fully  two-dimensional  problems  with  continuous  and  discontinuous  solutions.  A  method  of 
characteristics  for  steady  two-dimensional  flow  in  coordinate  systems  generated  by  conformal  map¬ 
pings  was  developed  as  a  further  means  of  testing  the  finite  difference  technique.  As  a  final  test 
the  results  of  transient  Mach  reflection  calculations  are  presented  to  demonstrate  the  capability 
for  solving  more  general  problems  of  two-dimensional,  nonsteady,  compressible  flow. 

The  constant  speed  shock  provides  an  essential  test  for  nonsteady  compressible  flow  calcu¬ 
lations  and  provides  a  very  basic  test  for  the  computer  program.  For  the  trivial  transformation 
w  =  z,  the  (x,y)  curvilinear  coordinate  system  degenerates  into  a  Cartesian  system  identical  to 
({.»»)•  Under  this  transformation  the  program  for  solving  curvilinear  problems  can  be  used  for 
solving  two-dimensional  problems  in  Cartesian  coordinates.  Calculations  with  this  transformation 
completely  exercise  the  computer  program,  although  many  of  the  variables  and  coefficients  of  the 
transformation  quantities  are  zero  or  one.  However,  for  a  program  to  be  successful  under  more 
complicated  transformations,  it  is  necessary  that  it  provide  correct  results  for  the  trivial  trans¬ 
formation.  The  results  of  constant  speed  shock  calculations  are  presented  in  Figures  5  and  6  and 
are  compared  with  exact  theory  and  calculations  of  the  same  problem  using  other  techniques.  A 
4  by  100  grid  was  used.  The  exact  values  were  obtained  from  the  Rankine-Hugoniot  equations. 

The  most  basic  two-dimensional,  inviscid,  steady,  compressible  flows  are  the  oblique  shock  and 
the  Prandtl-Meyer  expansion.  If  the  flow  is  turned  through  an  angle  such  that  the  flow  is  com¬ 
pressed,  as  shown  in  Figure  7,  then  an  oblique  shock  is  formed.  If  the  flow  is  turned  through  an 
angle  such  that  the  flow  is  expanded,  then  a  fan  of  expansion  characteristics  can  be  used  to  de¬ 
scribe  the  process,  as  shown  in  Figure  7.  The  flows  downstream  of  the  shock  and  expansion  waves 
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The  transformed  x  axis  is  shown  by  the  heavy  line  in  Figure  8.  Other  lines  of  constant  x  and  y 
are  also  shown  in  Figure  8 .  The  physical  problem  is  in  the  w  plane,  the  line  =  0,  for  x  >  0, 
being  the  z  plane  image  of  the  surface  of  the  wedge.  The  incident  flow  is  a  parallel  stream,  paral¬ 
lel  to  and  above  the  line  w  =  ;*|17/l8  exp  (il7ir/18)  on  Figure  8.  Transformations  for  other  turn¬ 
ing  angles  are  readily  computed.  For  example,  the  above  formula  with  n  =  35/36  produces  a  five 
degree  compression,  and  n  =  37/36  produces  a  five  degree  expansion.  The  solutions  shown  in 
Figure  7  were  computed  with  a  20  by  20  grid.  The  pressure  profile  on  an  inclined  surface  using 
MacCormack  differencing  is  shown  by  Figure  9. 

OBLiQUE  SHOCK 
90  X  SO  OHIO 


Fig.  9.  Surface  pressure  on  a  3.59  degree  wedge 

High  quality  experimental  data  have  only  recently  become  available  for  oblique  shock  reflec¬ 
tions.14  The  experimental  data  show  that  real  gas  effects  are  of  considerable  importance  to  the 
structure  of  the  shock  reflections,  particularly  for  strong  shocks  and  large  turning  angles.  One 
would  not  therefore  expect  to  obtain  particularly  good  agreement  between  the  above  experiments 
and  calculations  unless  very  general  equations  of  state  were  employed.  Finite  difference  calcula¬ 
tions  can,  however,  provide  very  good  agreement  with  experimental15  data,  when  real  gas  effects 
are  taken  into  account. 

There  are  two  basic  types  of  transient  shock  reflections,  regular  reflection  and  Mach  reflections. 
Regular  shock  reflections  are  somewhat  like  acoustic  or  optical  reflections,  except  the  angle  of  in¬ 
cidence  does  not  equal  the  angle  of  reflection  and  the  reflected  pressure  does  not  vary  linearly  with 
the  incident  pressure.  The  Mach  reflection  patterns  consist  of  three  distinct  shocks. 

The  following  paragraphs  describe  computer  calculations  of  Mach  reflections  in  curvilinear  co¬ 
ordinates.  The  technique  used  for  the  Mach  reflections  is  essentially  the  same  as  used  for  the 
oblique  shock  steady  flow  calculations  of  the  previous  section;  however,  the  program  was  not  run 
until  steady  state  conditions  were  attained.  The  Mach  reflection  calculations  presented  below  were 
carried  out  for  shocks  of  various  strengths  encountering  a  ten  degree  wedge.  The  coordinate  sys¬ 
tem  for  the  calculations  was  essentially  the  same  as  shown  by  Figure  8.  The  incident  shock  was 
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caused  to  travel  normal  to  the  line  w  =  x17,ia  exp(il7ir/18)  by  continuously  resetting  the  values 
along  the  entire  line  x  =  -3.5  to  the  desired  upstream  values  obtained  from  the  Rankine-Hugoniot 
equations  for  the  desired  shock  strength. 

A  very  simple  approximate  theory  exists  for  computing  the  overpressure  behind  a  traveling 
Mach  stem.  Simple  reasoning  leads  one  to  the  conclusion  that  if  the  Mach  stem  is  to  travel  normal 
to  the  reflecting  surface  and  still  remain  attached  to  the  incident  wave,  then  its  speed  must  be 
approximately  the  speed  of  the  incident  wave  divided  by  the  cosine  of  the  wedge  angle.  Then,  if 
the  slip  stream  attached  to  the  triple  point  is  assumed  to  travel  parallel  to  the  reflecting  surface, 
and  all  shocks  are  assumed  to  be  straight,  a  complete  set  of  formulae  can  be  worked  out  for  cal¬ 
culating  the  geometry  of  the  Mach  stem  and  the  flow  field  behind  each  shock  of  the  system. 14 
The  data  points  enclosed  by  squares  on  Figure  10  were  computed  with  this  method.  The  upper 
portion  of  the  curve  on  Figure  10  shows  Bertrand’s17  experimental  data  points  for  strong  shocks 
enclosed  by  triangles. 


Fig.  10.  Finite  difference  calculations  compared  with  other  sources  of  data 

Ben-Dor  and  Glass18  have  provided  density  contours  and  other  data  for  shock  Mach  numbers  in 
the  range  of  two  to  eight,  and  a  series  of  wedge  angles  of  two  to  sixty  degrees.  These  data  would 
logically  form  the  basis  for  further  comparisons  between  theory  and  experiment  with  real  gas  effects. 
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Computer  calculations  of  a  nonsteady  Mach  reflection  on  a  ten-degree  wedge  were  compared 
with  the  experimental  data  obtained  by  Dewey.19  The  experimental  data  were  obtained  from  a 
study  of  the  motion  of  a  number  of  fluid  elements,  in  the  purest  Lagrangian  sense,  using  a  unique 
smoke  tracer  particle  technique  in  a  shock  tube.  Further,  the  experimenter  used  the  experimental 
density  field  behind  the  Mach  reflection  to  compute  the  pressure  field,  and  confirmed  the  pressure 
field  with  direct  measuring  electronic  instruments.  Although  the  comparison  with  Dewey’s  data 
should  not  be  considered  to  be  as  basic  as  the  comparisons  with  exact  mathematical  theory  as 
described  above,  the  experiments  provide  an  interesting  test  case.  The  test  problem  fully  exercises 
both  the  transient  and  two-dimensional  aspects  of  the  technique.  The  results  are  also  interesting 
because  the  incident  shock  Mach  number  is  1.15  and  the  pressure  ratio  is  1.378.  The  shock  is 
therefore  neither  weak  nor  strong,  and  provides  a  test  case  for  an  intermediate  strength  regime 
where  other  experimental  data  seems  to  be  totally  lacking. 

A  20  by  20  computing  grid  was  used  for  the  calculations.  The  results  of  the  computer  cal¬ 
culations  were  output  at  t  =  400  microseconds  for  comparison  with  Dewey’s  results.  This  time 
compares  to  Dewey’s  time  of  240  microseconds.  This  is  because  Dewey  measured  time  from  the 
time  of  arrival  of  the  shock  at  the  wedge.  The  present  calculations  have  the  time  equal  to  zero  at 
the  start  of  the  calculations,  the  shock  being  upstream  of  the  wedge.  The  computer  calculations 
required  42,300„  words  of  memory  and  28  seconds  of  execution  time  on  the  NSWC  CDC  6700 
computer. 

The  computed  data  were  compared  with  the  experimental  data  by  calculating  the  averages  of 
the  data  points  in  each  of  the  three  regions.  The  data  fields  consisted  of  1 54  theoretical  points. 
The  averages  over  the  individual  regions  and  the  difference  between  the  theoretical  and  experi¬ 
mental  values,  expressed  in  percent,  are  shown  in  Figure  11.  The  pressures  agreed  to  0.7,  0.0,  and 
1.4  percent,  and  the  densities  to  0.8,  0.0,  and  1.5  percent  in  regions  I,  II,  and  III,  respectively. 
Also,  the  average  of  the  percentage  differences  was  found  to  be  0.73  percent. 


AVtftAOt  DM  FCMNCC  •  %.7% 


Fig.  1 1 .  Summary  of  results  of  mach  reflection  calculations 
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Finally,  a  method  of  characteristics  for  two-dimensional,  steady,  supersonic  flow  was  devel¬ 
oped  for  the  equations  of  gas  dynamics  in  coordinate  systems  obtained  by  conformal  mapping.13 
At  the  expense  of  slightly  more  complicated  compatibility  equations,  one  has  a  very  simple 
boundary  treatment  that  applies  for  all  problems,  rather  than  very  specific,  case  dependent  bound¬ 
ary  treatments  as  in  rectangular  coordinates.  This  provides  a  natural  and  aesthetically  pleasing 
test  technique  for  finite  difference  calculations  in  coordinates  obtained  by  conformal  mapping,  as 
the  method  of  characteristics  is  known  to  be  very  accurate,  and  the  same  coordinates  can  be  used 
for  the  test  problem  and  baseline  problem.  The  results  of  a  curvilinear  coordinates  method  of 
characteristics  calculation  for  the  flow  field  in  an  exponentially  divergent  duct  of  Figure  1  is 
shown  in  Figure  1 2. 


Fig.  1 2.  Wave  diagram  for  characteristics  in  transformed  duct 


APPLICATION  TO  SHOCIC-ON-SHOCK  PROBLEM 

A  problem  of  a  blast  wave  interacting  with  a  wing  in  supersonic  flight  is  sketched  in  Figure  1 3 
for  a  symmetrical  double  wedge  airfoil.  The  initial  flow  field  consists  of  an  oblique  shock  attached 
to  the  leading  edge,  a  Prandtl-Meyer  expansion  centered  at  mid-chord,  and  an  oblique  shock  re¬ 
compression  at  the  trailing  edge  as  shown  in  Figure  1 3  (a).  The  wave  system  created  when  a  blast 
wave  intercepts  the  supersonic  airfoil  is  sketched  in  Figure  13(b).  The  shock  ABCD  is  the  oblique 


shock  during  interaction  with  the  blast  wave.  The  shock  GCEF  is  the  incident  shock  discontinuity, 
having  GC  as  an  undisturbed  portion.  The  segment  EF  is  the  Mach  stem,  with  the  triple  point  E. 
The  shock  EBH  is  the  reflected  portion  of  the  Mach  reflection.  The  entire  shock  structure,  with 
the  exception  of  GCD,  is  composed  of  curved  segments.  The  flow  consists  of  three  distinct  tem¬ 
poral  periods:  a  steady  period  prior  to  intercept;  a  nonsteady  period  while  the  blast  wave  diffracts 
over  the  wing  section  and  the  flow  adjusts  to  the  new  free  stream  velocity,  pressure,  and  density; 
and  a  final  steady  state  that  is  attained  asymptotically  after  the  wing  is  well  into  the  blast  wave. 
Exact  analysis  is  clearly  impossible. 

The  Schwarz-Christoffel  differential  equation  for  the  transformation  for  a  particular  wing  was 
taken  as 


(z  +  Sf  (z  -  5)* 

where  a  *  .039897.  The  computer  program  of  Figure  4  can  be  used  to  generate  the  image  of  the 
wing  under  the  coordinate  transformation.  The  flow  field  solution  only  requires  that  equation  (12) 
be  loaded  into  the  compressible  flow  program. 

Figure  14  shows  the  .esults  of  the  calculation  for  the  flow  over  the  wing.  The  coordinates 
({,«})  are  Cartesian  coordinates  traveling  at  the  speed  of  the  wing.  The  body  fixed  curvilinear  co¬ 
ordinates  (x,y)  are  shown.  The  approximate  space-time  trajectory  of  the  incident  shock  wave 
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Fig.  14.  Stream  tube  wave  diagram  for  shock  interaction  on  wing 


along  a  small  stream  tube  containing  the  x  (y  =  0)  coordinate  line  is  shown.  The  figure  is  actually 
a  wave  diagram  in  transformed  coordinates  for  an  infinitesimal  stream  tube  which  travels  along  the 
incident  stream  to  the  forward  stagnation  point,  then  along  the  wing.  Initially,  ahead  of  the  wing 
the  flow  velocity  in  the  stream  tube  is  U  =  8.02  X  1 04  cm/s  and  the  pressure  is  one  bar.  The 
oblique  shock  compression  attached  to  the  leading  edge  causes  the  pressure  to  jump  to  1.23  bar 
and  the  velocity  to  drop  to  7.49  X  104  cm/s.  The  Prandtl-Meyer  expansion  causes  the  pressure  to 
drop  and  the  velocity  to  increase.  The  trajectory  of  the  incident  blast  wave  is  shown  as  a  heavy 
line  beginning  at  t/At  =  100  and  x/Ax  *  0.  Initially  the  wave  travels  at  speed  7.87  X  104  cm/s 
relative  to  the  incident  stream  and  15.82  X  104  cm/s  relative  to  the  wing.  Upon  arrival  at  the 
wing,  the  blast  wave  speeds  up  due  to  the  compression  of  fluid  by  the  wing.  The  increase  in  speed 
is  evident  on  the  wave  diagram. 
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INTRODUCTION 

A  new  generation  of  propellers  with  eight  to  ten  blades  operating  at  tran¬ 
sonic  flight  speeds  Is  now  under  development 7*  ’ *  ^These  propeller  blades  are 
typically  highly  swept  and  twisted  with  small  aspect  ratios  and  supersonic  tip 
speeds,  A  three-dimensional  finite-volume  computational  code  that  accounts  for 
cascade  effects,  hub-induced  flow  and  nonlinear  transonic  effects  Is  highly 
desirable.  An  effort  to  develop  such  a  code  has  been  undertaken  by  the -present Q 
author;  the  results  will  be  reported  elsewhere. 

The  present  paper  discusses  the  author's  experience  In  mesh  generation  for 
this  complex  configuration.  What  Is  reported  here  Is  not  new  methodology  but 
some  practical  considerations  for  a  specific  problem.  However,  the  experience 
gained  here  Is  valuable  to  the  developers  of  basic  methodologies  In  general¬ 
ising  their  methods  to  accommodate  these  practical  considerations,  particularly 
for  three-dimensional  geometries.  C"  ' — - — — _ 

In  general,  moat  of  the  three-dimensional  mesh  generation  schemes  are  the 

outgrowths  of  two-dimensional  schemes.  Hence,  with  the  exception  of  very  few 
4 

works,  one  of  the  dimensions,  e.g.,  the  spanwlse  dimension  for  a  wing,  la  less 
emphasised.  One  would  divide  the  three-dimensional  space  Into  two-dimensional 
sheets  on  which  more  exotic  two-dimensional  body-fitted  meshes  are  generated. 

The  detail  of  the  geometry  In  the  third  dimension,  e.g.,  the  wing  tip,  Is 
sacrificed.  This  bias  toward  two-dlmenslonallty  Is  somewhat  related  to  the 
usual  requirement  of  mapping  three-dimensional  space  continuously  to  a  cubical 
computational  domain  (I,  J,  K),  a  requirement  for  the  ease  of  formulating  a 
d 1 sere tl ted  approximation  of  the  governing  partial  differential  aquation.  If 
a  practical  numerical  method  that  does  not  require  continuous  mapping  could  be 
found,  the  generation  of  an  unbiased  three-dimensional  mesh  can  be  made  easy. 

The  present  work  Is  no  exception  to  the  common  practice.  However,  even  with 
this  two-dlaenslonally  biased  approach,  the  experleuce  in  this  work  shows  that 
further  difficulties  arise  from  assembling  seemingly  reasonable  two-dimensional 
meshes  to  form  a  three-dimensional  mesh  system.  Also,  the  interdependency 
between  the  mesh  system,  the  numerical  method  and  the  physics  of  the  flow 
under  consideration  is  emphasised. 


■-A. 
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SLICING  THREE-DIMENSIONAL  SPACE 

Th«  flow  field  around  a  rotating  propeller  with  an  axisyametric  hub  la 
periodic  In  the  azimuthal  direction.  The  period  la  determined  by  the  nuaber 
of  bladea.  It  Is  natural  to  divide  the  computational  apace  into  cylindrical- 
type  aurfaces.  On  theae  surfaces,  two-dimensional  meshes  which  map  the  domain 
to  a  rectangular  computational  space  are  generated.  The  nodal  points  with  the 
same  coordinates  In  these  two-dimensional  computational  spaces  are  connected 
to  give  the  three-dimensional  network. 

Let  (x,r, 0)  be  the  polar  cylindrical  coordinates  with  the  axis  along  the 
axis  of  rotation  of  the  propeller  as  has  been  dons  In  the  mesh  generation  for 
an  airplane.^  A  small-radius  aeml-lnflnlta  cylinder  Is  attached  to  the  nose 
of  the  hub.  The  function  of  this  cylinder  Is  to  avoid  the  mesh  singularity 
that  Inevitably  appears  in  a  mesh  system  around  a  finite  three-dimensional 
body.  The  cylinder  la  so  small  that  it  does  not  Interfere  with  the  flow  around 
the  propeller-hub  combination  In  an  lnvlacid  flow  calculation. 

The  resulting  cylinder-hub  combination  la  then  sheared  to  a  constant-radius 
cylinder  by  a  simple  shearing  transformation  In  (x,r)  space  as  shown  In 
Figure  1. 


Pig.  1.  Cylindrical-type  surfaces  and  augmentation  of  blades 
8R-1  Propeller,  8  Blades 
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To  ensure  that  a  similar  topological  structure,  l.e.,  a  cascade  configura¬ 
tion,  can  be  given  on  each  of  the  cylindrical  surfaces,  a  fictitious  "blade'' 
extending  to  Infinity  Is  attached  to  the  tip  of  each  blade.  Two  considerations 
are  important  In  this  augmentation  of  the  blade.  If  one  continues  the  rate  of 
twist  of  the  blade  beyond  the  tip  so  that  the  chord  of  the  "blade"  le  approxi¬ 
mately  aligned  with  the  undisturbed  flow,  a  cascade  of  plates  facing  the  flight 
direction  will  be  formed  a  large  distance  from  the  propeller.  It  Is  Impossible 
to  generate  a  cascade  mesh  compatible  to  that  of  the  Inboard  cylinder.  Hence, 
the  rate  of  twist  beyond  the  tip  Is  reduced  so  that  at  the  outer  boundary,  the 
twist  angle  reaches  a  reasonable  limiting  value. 

The  second  consideration  Is  the  chord  length  distribution  of  the  attached 
fictitious  blade.  As  the  radial  distance  r  Increases,  the  distance  between  the 
blades  Increases  linearly.  Clven  the  sane  number  of  mesh  lines  bet  wen  blades, 
the  mesh  spacing  In  the  blade-to-blade  direction  Increases  accordingly. 

If  the  same  chord  length  at  the  tip  is  maintained  for  the  fictitious  part 
beyond  the  tip,  the  mesh  aspect  ratio  becomes  exceedingly  large  toward  the 
outer  boundary.  This  property  of  the  mesh  may  cause  some  numerical  difficulty. 
To  avoid  this  problem,  the  chord  of  the  "blade"  le  flared  out,  approaching 
linear  growth  as  It  approaches  the  outer  cylindrical  boundary,  as  shown  in 
Figure  1. 

Having  accomplished  the  augmentation  of  the  blade-hub  combination,  the 
exterior  of  the  sheared  constant-radius  hub  Is  divided  Into  a  aeries  of 
cylinders.  The  Intersection  of  these  cylinders  with  the  sheared  blades  Is 
obtained  through  Interpolation.  A  two-dimensional  mesh  will  be  generated  on 
these  cylinders  and  sheared  back  to  the  physical  space. 

TVO-DIHENSXOHAL  CASCADE  MESHES 

Two-dimensional  meshes  which  map  the  physical  space  continuously  to  the  con- 
putetlonal  space  are  generally  classified  into  three  main  categorises  O-type, 
C-type  and  H-type  meshes.  The  so-called  O-type  mesh  maps  the  exterior  of  a 
body  to  a  ring-shaped  computational  domain  on  which  a  branch  cut  Is  defined. 

For  a  C-type  mesh,  a  branch  cut  ts  defined  In  the  physical  space,  generally 
along  the  wake  trajectory.  The  resulting  singly  connected  physical  domain  can 
be  mapped  to  a  rectangular  strip  In  the  computational  domain.  These  two  types 
of  meshes  have  one  family  of  nosh  lines  wrapping  around  the  leading  edge  of  the 
airfoil.  Ho  singularity  of  transformation  Is  presented  at  the  leading  edge. 

The  singularity  of  the  transformation  at  the  trailing  edge  is  Ignored,  since  a 
special  treatment  of  the  flow  there  Is  often  required  to  satisfy  the  Kutte 
condition. 
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The  H-type  mesh  aaps  the  exterior  of  >n  object  to  an  Infinite  apace  with 
the  Image  of  the  object  as  an  Internal  branch  cut*  At  the  leading  edge,  a 
■aooth  contour  la  napped  to  two  sides  of  the  branch  cut,  giving  a  square-root 
singularity  of  the  t ransforaatlon  there.  The  H-type  aesh  Is  therefore  con¬ 
sidered  a  grid  ayBtea  not  suitable  for  potential  flow  calculations.  However, 
recent  work  has  shown  that  the  singularity  resulting  froa  the  aesh  transform¬ 
ation  can  be  removed  In  the  numerical  computations  If  the  correct  singular 
behavior  can  be  embedded  In  the  basis  function  for  solution  projections.^ 

In  terms  of  computational  efficiency,  the  0-type  aesh  is  rated  most  effi¬ 
cient,  and  the  C-type  and  H-type  meshea  are  considered  less  efficient  In  that 
order.  This  rating  Is  based  on  the  efficiency  for  a  two-dimensional  object. 
Another  consideration  In  selecting  one  of  these  aeshes  is  their  ability  to  be 
aaseabled  to  describe  a  fairly  complex  geometry  In  three  dimensions.  While 
the  efficiency  of  the  meshea  can  be  easily  defined  as  the  ratio  of  the  number 
of  points  on  the  solid  surface  to  that  of  the  total  number,  the  latter  Is  hard 
to  quantify.  The  choice  Is  probably  related  to  various  aspect  ratios  of  the 
dimensions  of  the  object. 

In  the  following,  we  describe  our  experience  with  these  types  of  meshes. 
This  experience  may  shed  soae  light  on  the  quantification  of  the  flexibility 
of  different  types  of  meshes. 

General  requirements  for  cascade  meshea 

There  are  a  number  of  requirements  for  cascade  meshes,  some  of  them  essen¬ 
tial  to  the  cascade  configuration  and  some  of  them  essential  for  forming  a 
three-dimensional  aesh.  These  requirements  are  listed  below: 

(1)  For  all  apanwlse  configurations,  the  blade  surface  must  be  on  mesh 
lines  with  the  same  configuration  In  the  computational  space,  l.e., 
one  type  of  mesh  must  be  used  consistently  at  all  spamrlse  stations. 

(2)  The  mesh  Index  at  the  trailing  edge  must  be  the  same  for  all  meshes  at 
different  apanwlse  stations,  so  that  when  they  are  connected,  a  clean 
trailing  edge  In  the  third  dimension  can  be  defined. 

(3)  Because  of  the  periodicity,  only  flow  around  one  blade  can  be  computed. 
The  periodic  boundary  condition  can  be  easily  applied  numerically.  If 
the  aesh  Is  periodic. 

(4)  The  finite-volume  numerical  method  for  computing  potential  flo^  re¬ 
quires  that  the  assumed  vortax  wake  be  placed  on  a  mesh  surface.  For  a 
propeller,  the  vortex  wake  is  assumed  to  leave  the  trailing  edge  at 
Its  bisection  angle  and  to  follow  asymptotically  a  helical  trajectory 
along  the  direction  of  the  local  undisturbed  flow. 
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C-type  and  O-type  meshes 

The  O-type  or  C-type  meshes  for  s  cascade  configuration  can  be  generated  by 

various  methods,  such  as  solving  an  elliptic  equation^  or  using  electro- 
8  9 

static  analogy.  *  The  method  of  electrostatic  analogy  for  generating  a 
C-type  mesh  has  been  experimented  with  in  the  present  work.  These  meshes  have 
been  used  successfully  in  two-dimensional  computations.  Tor  three-dimensional 
calculations,  they  present  some  difficulties  unforeseeable  from  the  two- 
dimensional  test  calculations. 

first  of  all,  the  upstream  distance  covered  by  an  orthogonal  or  near- 
orthogonal  C-type  or  O-type  mesh  is  of  the  order  of  the  blade-to-blade 
distance.  For  0- type  meshes,  this  is  also  true  for  the  downstream  direction. 
For  an  advanced  turboprop  with  eight  to  ten  blades,  the  blade-to-blade 
distance  near  the  hub  is  less  than  a  chord  length.  The  meshes  will  not  be 
able  to  cover  the  entire  hub  geometry  when  they  are  assembled  for  the 
three-dimensional  configuration.  The  hub-induced  flow  cannot  be  accurately 
computed  and  the  upstream  far  field  condition  is  applied  too  dose  to  the 
blade.  Some  stretching  of  the  mesh  upstream  can  be  performed,  but  excessive 
stretching  can  result  in  an  extremely  skewed  mesh  that  nay  cause  difficulties 
in  numerical  solution. 

Furthermore,  the  blade-to-blade  arrangement  varies  substantially  along  the 
span  because  of  the  high  twist.  If  the  trailing  edge  indices  are  required  to 
be  constants  along  the  span,  the  resulting  meshes  will  have  fairly  high 
densities  on  the  upper  surface  and  low  densities  on  the  lower  surface  for  the 
outboard  stations  and  vice  versa  for  the  Inboard  stations.  One  can  attempt  to 
choose  a  set  of  trailing  edge  indices  so  that  tbs  best  compromise  can  be 
reached  for  practical  applications.  Our  experience  shows  that  the  results  are 
marginal  at  best,  as  shown  in  Figures  2  and  3. 

When  theae  C-type  meshes  are  actually  applied  to  potential  flow  calcula¬ 
tions,  another  difficulty  arises.  At  the  spanwlse  station  off  the  blade  tip, 
C-type  meshes  are  generated  around  the  fictitious  interior  boundary  (the  camber 
line).  The  mesh  lines  approaching  this  interior  boundary  from  above,  having  a 
higher  mesh  density,  do  not  coincide  with  those  approaching  from  below.  The 
ratio  of  the  mesh  density  can  be  as^ large  as  5,  and  it  is  particularly  severe 
right  off  the  blade  tip  because  the  fictitious  blade  does  not  have  a  chance  to 
“untwist.''  To  compute  the  flow  across  this  fictitious  boundary,  interpolation 
of  the  velocity  potential  is  required.  For  a  high-speed  propeller,  the  local 
flow  there  is  supersonic,  and  attempting  to  interpolate  the  velocity  potential 
between  two  sets  of. data  points  with  large  differences  in  density  results  In 


Fig.  3.  C-type  tuucidt  aeah 
SR-1  Prop* liar,  8  Blade* 
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unde aired  disturbances  In  tha  auparsonlc  region.  The  convarganca  of  Che 
Iterative  scheaa  la  severely  affected  by  tbla  operation. 

H-type  nash 

Tha  extrema  complexity  of  tha  geometry ,  tha  numerical  scheme  chosen  to 
solve  the  specific  problem  and  the  physics  of  the  flow  force  us  to  look  for  a 
better  mesh  system.  The  H-type  mesh  deserves  a  closer  look  for  this  specific 
configuration  for  the  following  reasons: 

(1)  Because  of  its  Inefficiency,  the  space  covered  by  the  mesh  can  be 
extended  arbitrarily  upstraem  and  downstream  from  the  blade  providing 
sufficient  distance  to  cover  tha  hub  geometry  and  to  apply  the  far 
field  boundary  conditions. 

(2)  The  blade  la  mapped  to  an  Interior  branch  cut  In  the  transformed  space 
In  which  the  division  Into  discrete  meshes  naturally  gives  continuous 
mesh  lines  on  the  fictitious  part  of  the  blade. 

(3)  A  shearing  transformation  will  be  required  to  align  the  mesh  lines  on 
the  periodic  boundary.  For  the  type  of  propeller  under  consideration, 
It  was  estimated  that  the  minimum  angle  between  two  families  of  mesh 
lines  will  be  In  the  neighborhood  of  35  degrees,  which,  from  our 
experience  with  the  finite-volume  calculation.  Is  acceptable. 

(4)  Because  of  tha  ease  of  generating  an  q-type  mash  by  a  combination  of 
elmple  conformal  transformations  and  a  series  of  shearing  transforma¬ 
tions,  tha  distribution  of  the  mash  density  can  be  fairly  easily 
modified  to  enhance  the  nuaerlcal  solution. 


For  the  range  of  blade  twists  considered  for  the  high-speed  propeller,  the 
following  simple  procedure  has  provided  useful  results. 

(1)  Consider  the  leading  edge  curvature,  k,  of  an  Isolated  blade.  The 
following  complex  transformation,  with  the  origin  at  the  leading  edge 
of  the  blade,  maps  the  branch  cut  along  tha  positive  axis  In  £  space 
to  a  parabola  In  the  physical  space,  s,  with  a  curvature  k  at  the 
origin: 


s 


1C1/2 
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A  set  of  Cartesian  coordinate  lines  In  £  space  Is  napped  to  a 
streamllne/potantlal-llna  system  In  the  physical  space,  and  a  basic 
H-type  mesh  Is  established  around  an  Isolated,  seml-lnflnlta  parabolic 
boundary. 
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(2)  To  obtain  a  blade-fittad  coordlnata  system,  the  parabola  la  sored  to 
the  blade  surface  by  a  aleple  ahearlng  trao* format Ion.  Thla  (hearing 
also  moves  the  mesh  points  outside  the  parabola  In  a  continuous  way* 

(3)  The  mesh  system  around  an  laolated  blade  la  now  manipulated  to  satlafy 
the  periodic  requirements  for  a  cascade  configuration.  For  the  range 
of  twist  angles  and  the  blade-to-blade  distance  required,  simple 
shearing  transformations  produce  computationally  acceptable  results. 

The  periodic  boundaries  are  defined  far  upstream  by  choosing  two 
points  with  the  same  longitudinal  location,  z,  and  with  a  difference 
of  2tr/N  In  the  aslmuthal  angle,  where  N  la  the  number  of  blades.  The 
mesh  lines  passing  through  these  two  points  and  extending  to  down¬ 
stream  Infinity  are  not  straight  lines;  they  are  straightened  out  by 
the  ahearlng  transformations. 

(4)  The  mesh  lines  In  the  blade-to-blade  direction  do  not  satisfy  the 
periodic  conditions.  They  are  now  sheared  by  a  cosine  shearing  function 
that  moves  the  points  on  the  upper  and  lower  boundaries  toward  each 
other.  This  shearing  procedure  creates  a  fairly  nonorthogonal  meah 
near  the  periodic  boundary  whii -  preserving  near  orthogonality  on  the 
blade  surface. 

(5)  Further  minor  ahearlng  transformations  are  performed,  mainly  to  avoid 
an  extreme  mesh  aspect  ratio  In  the  far  field  downstream  and  near  tha 
periodic  boundaries.  These  shearing  transformations  are  Implemented 
to  enhance  the  stability  of  the  numerical  calculation  after  the  pre¬ 
liminary  calculations  have  been  performed  using  the  mesh  obtained  In 
steps  (1)  through  (4). 

Samples  of  msahes  produced  by  the  procedure  described  above  are  shown  In 
Figures  4  through  7. 

CONCLUSIONS 

The  present  paper  discusses  an  experience  In  generating  a  computational 
mesh  for  a  rotating  propeller.  The  problem  is  somewhat  unique  in  that  several 
characteristic  length  scales  are  Involved,  namely  the  chord  of  the  blade,  tha 
length  of  the  blade,  the  length  of  the  hub  and  the  blade-to-blade  distance. 
These  length  scales  of  considerable  disparity  coupled  with  other  nondlmsnslonal 
quantities,  such  as  the  twist  angle,  create  a  geometrical  complexity  beyond 
the  capability  of  a  general  mesh  generation  algorithm.  An  ad  hoc  mesh 
generation  scheme  must  be  developed. 


558 


Mg,  7.  H-type  cascade  aash 
St-1  Propeller,  8  Blades 
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The  usual  practice  of  dividing  the  thrss-dlnsnsionsl  apace  into  two- 
dlaenalonal  surfaces  on  which  tvo-dlnsnslonal  aeahea  will  ha  generated  la 
followed.  It  la  found  that  the  popular  O-type  and  C-type  noshes,  seealngly 
attractive  fro*  ezperlencea  In  two-dlaeaalonal  couputatlona,  praaent  a  one 
difficulties  In  the  three-d Inane Iona 1  cowputatlon.  The  H-type  neah,  coaaonly 
conaldered  an  Inefficient  neah  aystea,  la  thought  to  have  wore  flexibility  for 
thla  particular  prohlen.  A  nonorthogonal  H-type  neah  la  generated  by  ualng  a 
very  alnple  eouplex-varlabla  tranafornatlon  followed  by  a  aerlee  of  ahearing 
tranafornatlona.  Thla  type  of  neah  ha a  been  need  aucceaafully  In  the  mnaerlcal 
conputatlon  of  txanaonlc  flow  around  a  rotating  propeller  ualng  the  flnlte- 
voluae  algorltha. 

The  propertlea  of  the  raaultlng  neah  are  atrongly  Influenced  by  the 
numerical  nethod  used,  aa  well  aa  the  flow  physics  involved.  The  neah  ayatea. 
the  nuaarlcal  nethod  and  the  physlea  Involved  are  integral  parte  of  thla 
conplex  prohlen. 

ACOOHLKDGMnm 

This  work  la  supported  by  NASA  lewis  Research  Center  under  Contract 
Ho.  HAS 3-22148.  The  author  acknowledges  the  useful  discussions  regarding  this 
work  with  Lawrence  Bober  of  Lewis  Besearch  Center. 

RKTKXXHCX8 

1.  Hlkkelson,  D.  C..  Blaha,  B.  J«,  Mitchell,  G.  A.,  and  tflkete,  J.  B.  (1977) 
Design  and  Fsrfomancs  of  Bnargy  Efficient  Propellers  for  Mach  0.8  Cruise, 
RASA  TM  X-73612. 

2.  Bober,  L.  J.,  and  Mitchell,  G.  A.  (1980)  Suanery  of  Advanced  Methods  for 
Predicting  High  Speed  Propeller  Perfomaace,  BABA  TN  81409. 

3.  Jou,  V.  H.  (1982)  Finite  Volant  Calculation  of  Three-Dlnenalonal  Flow 
Around  a  Propeller,  To  be  presented  at  A1AA/A8MM  3rd  Joint  Theraopbyslca 
Fluid,  Fla  ana  and  Heat  Transfer  Conference,  St.  Louis,  June. 

4.  Rlssl,  A.,  and  Erlkoaoe,  L.  1.  (1981)  Traaoflalte  Merit  Generation  and 
Danpad  Baler  Equation  Algorltha  for  Transonic  Flow  Around  Wing-Body 
Configuration,  AXAA  Conpetatloual  Fluid  Dynaaica  Conference,  Pnlo  Alto. 


M “^'It*' vaf> jKwp^  - iv>-*  -,-.-#«%vn-.***v.-  -a.  * 


561 


5.  Caughey,  D.  A.,  And  Jimiod,  A.  (1979)  Recant  Progress  In  Finite  Volume 
Calculations  for  Wing-Fusalage  Combinations ,  AIAA  Paper  79-1513. 

6.  Huynh,  H.,  and  Jou,  W.  H.  (1982)  Singularity  Enbeddlng  Mat hod  In  Potential 
Flow  Calculation,  To  he  published  In  AIAA/ ASMS  3rd  Joint  Thernophyslca , 
Fluid,  Plaana  and  Heat  Transfer  Conference,  St.  Louie,  June. 

7.  Sorenson,  R.  L.,  and  Stager,  J.  L.  (1980)  Ruuarlcal  Generation  of  TWo- 
Dlnenalonal  Grids  by  the  Dae  of  Poisson  Equations  with  Grid  Control  at 
BounSrrlas,  Numerical  Grid  Generation  Technique  NASA  Conference  Publication 
2166,  pp.  449-A61. 

8.  Adancsyk,  J.  J.  (1980)  An  Electrostatic  Analog  for  Generating  Ceacade 
Grids,  Hunerleal  Grid  Generation  Technique  NASA  Conference  Publication 
2166,  pp.  129-162. 

9.  Jou,  V.  H.  (1981)  Calculation  of  Transonic  Potential  Flow  Over  Cascades, 
Flow  lasearch  Report  Ho.  182. 


\^JO 


AD  P000990 

Ccpyright  1982  by  Elsevier  Science  Publishing  Company,  Inc. 
NUMERICAL  GRID  GENERATION 
Joe  r.  Thompson,  editor 


FAST  GENERATION  OF  THREE-DIMENSIONAL  COMPUTATIONAL 
BOUNDARY-CONFORMING  PERIODIC  GRIDS  OF  C-TYPE 


DJORDJE  S.  DULIKRAVICH* 

Universities  Space  Research  Association 
Columbia,  Maryland  21044 


563 


ABSTRACT 

A  fast  computer  program,  GRID3C,  has  been  developed  to  generate  multilevel 
three-dimensional,  C-type,  periodic,  boundary  conforming  grids  for  the  calcu¬ 
lation  of  realistic  turbomachinery  and  propeller  flow  fields.  The  technique 
is  based  on  two  analytic  functions  that  conformally  map  a  cascade  of  semi¬ 
infinite  slits  to  a  cascade  of  doubly  Infinite  strips  on  different  Riemann 
sheets.  Up  to  four  consecutively  refined  three-dimensional  grids  can  be  auto¬ 
matically  generated  and  permanently  stored  on  four  different  computer  tapes. 
Grid  nonorthogonality  is  introduced  by  a  separate  coordinate  shearing  and 
stretching  performed  In  each  of  three  coordinate  directions.  The  grids  can  be 
easily  clustered  closer  to  the  blade  surface,  the  trailing  and  leading  edges 
and  the  hub  or  shroud  regions  by  changing  appropriate  input  parameters.  Hub 
and  duct  (or  outer  free  boundary)  can  have  different  axisynmetric  shapes.  A 
vortex  sheet  of  arbitrary  thickness  emanating  smoothly  from  the  blade  trailing 
edge  is  generated  automatically  by  GRI03C.  Blade  cross-sectional  shape,  chord 
length,  twist  angle,  sweep  angle,  and  dihedral  angle  can  vary  in  an  arbitrary 
smooth  fashion  in  the  spanwise  direction.  Input  coordinates  must  be  Cartesian, 
while  the  output  grid  coordinates  can  be  Cartesian  or  cylindrical. 


INTRODUCTION 

When  numerically  solving  partial  differential  equations  governing  the  flow 
of  fluid  through  realistically  shaped  configurations,  exact  boundary  condi¬ 
tions  must  be  applied  at  correct  locations.  This  is  especially  important  when 
calculating  Internal  flows  and  flows  that  are  governed  by  nonlinear  partial 
differential  equations.  Seemingly  negligible  alterations  of  geometrical  shape 
or  flow  conditions  at  the  boundary  can  drastically  change  the  basic  features 
of  the  flow  field,  for  example,  choking  an  originally  unchoked  flow  or  chang¬ 
ing  a  shock-free  flow  into  a  shocked  flow*.  The  most  economical  and  accu- 
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rate  way  to  numerically  apply  exact  boundary  conditions  on  solid  boundaries  Is 
to  generate  and  use  a  computational  grid  that  conforms  to  these  surfaces  (fig. 
1).  Recent  numerical  techniques  do  not  require  orthogonal  grids  because 
they  use  locally  Isoparametric  formulation  when  numerically  determining  deri¬ 
vatives  of  geometric  and  flow  variables.  A  widely  accepted  procedure  for  ac¬ 
celerating  an  iterative  solution  process  of  the  flow  equations  and  for  resol¬ 
ving  or  capturing  high  flow  gradients  is  to  perform  calculations  on  a  sequence 
of  several  successively  refined  grids.  The  multigrid  technique^  usually 
requires  four  to  six  such  grids.  For  realistic  threedimensional  configura¬ 
tions  the  number  of  grid  points  to  be  generated  Is  prohibitively  large  even 
for  Inviscid  flow  calculations.  Computational  grids  for  such  configurations 
should  be  easy  to  regenerate  If  shock  waves  and  vortex  sheets  are  to  be  better 
resolved  or  If  the  configuration  of  the  solid  boundaries  changes  with  time. 

An  H-type  grid  (fig.  1)  provides  excellent  resolution  of  the  flow  field  at 
upstream  and  downstream  Infinity.  It  Is  also  the  simplest  grid  to  generate. 

At  the  same  time,  H-type  grid  does  not  provide  for  an  accurate  treatment  of 
rounded  leading  and  trailing  edges  and  wastes  points  In  the  flow  domains  away 
from  the  boundaries.  An  0-type  grid  represents  the  other  extreme.  It  gives  a 
very  poor  resolution  at  Infinities4,  thus  creating  a  problem  when  Cauchy- 
type  boundary  conditions  must  be  enforced  at  the  supersonic  Inflow  boundary 
(fig.  2).  A  grid  of  the  O-type  also  does  not  provide  desirable  resolution  In 
the  vicinity  of  the  vortex  sheet.  An  open  trailing  edge  simulation  of  the 
boundary  layer  displacement  thickness  effect  cannot  be  readily  Incorporated. 
Nevertheless,  an  0-type  grid  provides  for  accurate  discretization  of  arbitrar¬ 
ily  blunt  leading  and  trailing  edges  and  requires  a  minimum  number  of  grid 
points.  A  combination  of  an  0-type  grid  In  the  upstream  region  and  an  H-type 
grid  In  the  downstream  region  creates  a  C-type  grid.  This  type  of  grid  pro¬ 
vides  for  a  good  treatment  of  all  boundary  and  periodicity  conditions  In¬ 
cluding  wake  treatment  and  supersonic  exit  flow,  although  It  lacks  an  adequate 
resolution  at  upstream  Infinity  (fig.  1). 

In  turbomachinery  and  rotorcraft  flow  field  calculations  the  flow  field  Is 
periodic  and  a  geometrically  periodic  grid  provides  for  a  simple  and  accurate 
way  to  enforce  the  flow  periodicity.  The  simplest  and  fastest  way  to  generate 
nonorthogonal  periodic  grids  Is  to  avoid  time-consuming  techniques  based  on 
the  numerical  solution  of  sets  of  partial  differential  equations  whenever  pos¬ 
sible.  Instead,  a  basic  knowledge  of  complex  variables  and  conformal  mapping 
can  be  used  together  with  a  few  additional  nonorthogonal  coordinate  shearings 
and  stretchings.  A  three-dleenslonal,  periodic,  0-type  grid  generator  code 
was  already  de»  ’oped4  by  •-  ig  this  technique,  which  guarantees  that  the 
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grid  lines  of  the  same  family  do  not  Intersect  because  the  basis  of  the  tech¬ 
nique  Is  conformal  mapping.  Another  view  of  a  three-dimensional,  periodic 
0-type  grid  Is  presented  In  figure  3. 

SHEARING  AND  STRETCHING  IN  PHYSICAL  SPACE 

Conformal  mapping  can  be  applied  only  to  two-dimensional  plane  surface 
problems.  A  general  procedure  for  creating  such  planes  can  be  best  described 
in  the  case  of  a  rotor  mounted  on  a  hub  shaped  like  a  doubly  infinite  circular 
cylinder  and  confined  inside  a  doubly  Infinite  circular-cylinder-shaped  duct. 
The  Intermediate  doubly  Infinite  circular-cylinder-shaped  surfaces  Intersec¬ 
ting  the  blades  can  be  viewed  as  planes  when  expressed  in  terms  of  (x.re)  co¬ 
ordinates.  A  standard  procedure  for  creating  three-dimensional  blade  shapes 
is  to  specify  local  airfoil  shapes  on  a  number  of  input  planes  that  are  or¬ 
thogonal  to  a  straight  radial  line.  This  radial  line  (z  axis  in  fig.  4)  is 
called  a  stacking  axis,  and  local  blade  sweep  ard  dihedral  angles  are  measured 
from  that  line  (fig.  1).  Input  planes  are  defined  by  z  *  constant.  Inter¬ 
mediate  cylindrical  surfaces,  which  we  seek  for  the  next  step  in  this  grid 
generation  procedure  are  defined  by  r  «  constant.  To  obtain  an  Intersection 
contour  between  the  blade  surface  and  r  -  constant  cylindrical  surfaces,  a 
spline  fitting  and  Interpolation  procedure  is  used  along  the  blade.  Input 
airfoil  (x^y^)  coordinates  on  z  »  constant  planes  are  transformed  into 
cylindrical  coordinates 


X 

-  x, 

(l) 

e 

-  arc  tan(y^ /Z| ) 

(2) 

r 

-  (y?*  z2)1'2 

(3) 

Cylindrical  coordinates  {x,re)  are  interpolated  at  r  -  constant  spanwlse  loca¬ 
tions,  thus  defining  blade  cross  sections  on  r  .  constant  cylindrical  surfaces. 

On  the  other  hand,  realistically  shaped  hubs  and  ducts  are  not  doubly  in¬ 
finite  circular  cylinders  but  axisymnetrlc  surfaces.  Therefore,  the  Inter¬ 
mediate  surfaces  are  also  axisymnetric  and  not  cylindrical.  Nevertheless,  the 
same  grid  generation  technique  can  be  used  if  a  simple  nonorthogonal  shearing 
(or  normalization)  and  stretching  of  the  radial  coordinate  (fig.  3)  is  per¬ 
formed.  Nonorthogonal  (unidirectional)  shearing  of  the  r  coordinate  converts 
the  axlsymmetric  surfaces  Into  cylindrical  surfaces  defined  by  R  »  constant. 

Let  subscripts  H,T,  and  D  designate  R  -  constant  surfaces  corresponding  to 
hub.blade  tip,  and  duct  (or  outer  free  boundary)  location,  respectively.  Also 
let  the  normalized  radial  coordinate  be  defined  as 
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r  (Xi)  -  rH(x,) 

F^x-Tr-T-fx:]- 


(4) 


The  radial  coordinate  in  the  hub-to-tip  region  is  stretched  and  sheared  with 
the  following  function 


R  =  Rh  +  (Rt  -  Rh)((R/Rt)  +  A  sin(2»  R/Rt))  (5) 

The  following  value  was  obtained  from  experience 

Rh  «  N/50.0  (6) 

The  stretching  parameter.  A,  gives  best  results  if 

0.12  >  A  >  0.0  (7) 

When  A  *  0,  the  cylindrical  cutting  surfaces  R  »  constant  are  equidistantly 
spaced  from  hub  to  tip.  Let  the  normalized,  sheared  radial  coordinate  in  the 
region  between  the  blade  tip  and  the  duct  (or  outer  radial  boundary)  surface 
be 

R  .  (R  -  Rt)/(R0-  Rt)  (8) 

The  stretching  function  for  the  tip-to-duct  domain  is  chosen  to  be 

R  =  1.0  +  (Rh  -  q)R  +  q  RZ  (9) 

This  function  must  have  the  same  slope,  q,  at  the  location  R  .  1  as  the 
stretching  function  in  the  domain  between  the  hub  and  the  tip  (eq.  5). 

q  -  (1  ♦  A) ( 1  -  RH)/RT  (10) 

Combining  the  two  stretching  functions  (eqs.  5  and  9)  provides  for  a  smooth 
and  continuous  transformation  from  the  physical  r  coordinate  into  the  sheared 
R  coordinate  (fig.  4).  For  a  stator  or  rotor  with  no  tip  clearance,  equation 
9  is  not  needed. 

Frequently,  the  input  points  are  not  clustered  in  the  same  regions  on  each 
input  plane.  Moreover,  the  number  of  input  points  defining  the  blade  cross 
section  on  each  input  plane  can  vary  from  one  input  plane  to  the  next.  To 
accurately  determine  intersection  contours  between  the  blade  surface  and  the 
axisymmetrlc  surfaces,  the  corresponding  input  points  must  be  located  at  the 
same  percentage  of  the  blade  chord  length  on  each  input  plane.  Implicitly, 
this  means  that  the  number  of  Input  points  must  be  the  same  on  all  input 
planes.  Therefore,  these  input  points  must  be  appropriately  redistributed  on 
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each  Input  plane.  This  redistribution  can  be  performed  with  respect  to  the 
input  airfoil  contour  coordinate  defined  as 

s  -  [(Xi  -  x^)2  *  (yi  -  yi_1)2]1/2  (11) 

Then  the  input  Cartesian  coordinates  can  be  expressed  in  terms  of  the  input 
airfoil  contour  coordinates.  Coordinate  s  is  measured  clockwise  around  the 
input  airfoil  contour,  starting  and  ending  at  the  trailing  edge  point.  As  it 
was  stated  earlier,  the  number  of  contour  points  on  the  pressure  surface  must 
be  the  same  as  the  number  of  contour  points  on  the  suction  surface.  For  non- 
symmetric  airfoils  the  lengths  of  these  two  contour  lines  are  generally  not 
the  same.  Let  ITS  denote  the  trailing  edge  point  on  the  suction  side  and  ITP 
denote  the  trailing  edge  point  on  the  pressure  side  of  the  input  airfoil. 

Also,  let  LE  denote  the  leading  edge,  that  is,  the  point  that  is  farthest  from 
the  trailing  edge.  The  normalized  surface  coordinate  is  defined  as 


SLE  "  SITP 


The  redestribution  of  input  points  Is  performed  with  the  following  stretching 
function 

S  .  (1  -  S)SB  ♦  5[1  -  (1  -  S)B]  (13) 

where  the  exponent  B  should  satisfy 

1.4  >  B  >  1.0  (14) 

When  B  »  1  the  points  are  equidlstantly  spaced  along  the  airfoil  contour.  The 
points  along  the  pressure  surface  are  redistributed  by  using  the  formula 

S  .  §(sLE  -  s | Tp )  (15) 

and  the  points  along  the  suction  surface  are  redistributed  by  using  the  formula 

S  -  §(sIT<:  -  s.F)  ♦  (s.  ,  -  s. Tn )  (16) 


This  redistribution  of  Input  coordinates  x  and  y  is  performed  with  a  cubic 
spline  fitting  applied  in  the  s  direction.  Interpolation  is  performed  at  S 
locations.  Spline  fitting  and  interpolation  are  also  used  with  respect  to  the 
R  coordinate  in  order  to  find  the  points  on  Intersection  contours  between  the 
blade  surface  and  the  Intermediate  axi symmetric  surfaces.  Locations  of  those 
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points  in  the  physical  space  will  not  be  altered  with  the  subsequent  mapping¬ 
remapping  procedure. 

The  exact  shape  of  the  wake  of  arbitrary  thickness  is  not  known  a  priori. 
To  eliminate  the  need  for  specifying  the  location  of  the  wake  In  the  prepara¬ 
tion  of  the  input,  the  shape  of  the  wake  centerline  is  automatically  generated 
by  using  the  simple  polynomial  expression 


y  - 

a(x  -xJE)3  ♦  b(x  -  xT£)2  +  c(x  -  xTE)  +  yJE 

(17) 

Here  the 

trailing  edge  point  coordinates  are 

XTE 

“  <XITP  +  XITS^/2 

(18) 

and 

yTE 

-  (yITP  +  yns,/2 

(19) 

The  point  where  the  wake  centerline  intersects  the  downstream-infinity  cutoff 
boundary  is  defined  with  the  subscript  EX.  Let  c  be  the  average  slope  of  the 
pressure  and  suction  surfaces  of  the  airfoil  at  the  trailing  edge  ,  and  let  d 
be  the  slope  of  the  expected  flow  angle  at  the  exit  boundary.  Then  the  con¬ 
stants  a  and  b  in  equation  17  are 

a  -  [xw(c  +  d)  -  2  yw]/x3  (20) 

and 

b  -  [3yw  -  xw  (2c  ♦  d)]/x*  (21) 

where 

xw  *  xEX  ~  XTE  (22> 

and 

yw  *  yEX  ‘  yTE  *23) 

Wake  surface  grid  points  are  redistributed  (stretched)  with  the  formula 
x*  -  (x  -  xTE)/xw  -  n  sin(*(x  -  xTE)/xw)  (24) 

The  stretching  exponent,  n,  is  determined  from  the  continuity  of  the  slope  of 
the  stretching  functions  at  the  trailing  edge  (eqs.  13,  15,  16,  22,  and  24) 

n  -  1.05(1.0  -  B/2xw)/« 


(25) 
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If  the  wake  has  a  finite  thickness,  that  Is,  If  the  blade  trailing  edge  Is 
open,  coordinates  of  the  points  on  the  upper  and  lower  surfaces  of  the  wake 
are  determined  by  adding  and  subtracting  the  trailing  edge  half  thickness. 

The  axial  coordinate  of  the  upper  surface  of  the  wake  Is  determined  from  the 
formula 

xU  -  x  ♦  (XITS-  xitp)/2  (26) 

and  that  of  the  lower  surface  of  the  wake  by  the  formula 

x  *  x  —  (xjjj*  X|jp)/2  (27) 

with  similar  expressions  for  the  y  coordinate.  Superscripts  u  and  1  designate 
the  upper  and  lower  surfaces  of  the  wake,  respectively. 

CONFORMAL  MAPPING  AND  REMAPPING 

The  conformal  mapping  portion  of  the  present  procedure  for  generating 
three-dimensional,  periodic  C-type  grids  was  originally  used  by  Sockol  to 
generate  orthogonal,  two-dimensional,  cascade  C-type  grids.  If  the  blades  are 
straight,  semi  Infinite  twisted  plates  of  zero  thickness,  their  Intersections 
with  circular  cylinders  generates  doubly  Infinite  cascades  of  semi-infinite 
straight  slits  on  each  of  the  (x,Re)  planes  (fig.  5).  Each  of  these  R  -  con¬ 
stant  planes  can  be  defined  In  terms  of  complex  variables 

w  -  x  +  IRe  (28) 

The  goal  Is  to  generate  a  boundary-conforming,  periodic  C-type  grid  on  each  of 
the  planes.  This  task  Is  accomplished  by  conformally  mapping  the  w  plane  via 
an  Intermediate  "circle"  complex  plane  (fig.  6) 

v  -  «  ♦  In  (29) 

Into  the  Interior  of  a  "doubly  Infinite  strip"  plane  (fig.  7) 

u  -  X  ♦  IV  (30) 

Uniform  grid  In  the  u  plane  Is  then  conformally  remapped  Into  the  w  plane, 
thus  generating  the  desired  C-type  grid.  As  shown  by  Sockol4  a  single  ana¬ 
lytic  function 
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w  -  W|_E  ♦  eiB  -£-(28  sin  8  +  2  cos  8  ln(2  cos  b)) 

+  e~i6(ln  v  -  iw  )  -  2  cos  s  In  (1  -  v)  (31) 

where  N  Is  the  number  of  blades  and  8  is  the  local  stagger  angle  on  the  R  ■ 
constant  surface,  conformally  maps  the  Interior  of  the  unit  circle  In  the  v 
plane  to  the  interior  of  a  periodic  strip  enveloping  a  semi-infinite  slit  in 
the  w  plane.  The  center  of  the  circle  (v  «  0)  maps  into  upstream  infinity  in 
the  w  plane  and  the  point  v  -  -1  maps  into  downstream  infinity  in  the  w  plane. 
The  zero-thickness  slit  between  the  points  v  -  0  and  v  -  -1  maps  into  the  up¬ 
per  and  lower  periodic  boundary  of  a  periodic  strip  in  the  w  plane.  The 
circle  in  the  v  plane  maps  into  a  semi-infinite  straight  slit  in  the  w  plane. 
A  doubly  infinite  cascade  of  semi-infinite  straight  slits  in  the  w  plane  is 
thus  created  by  conformally  mapping  a  doubly  infinite  cascade  of  Riemann 
sheets  (v  planes)  that  are  interconnected  through  the  slits  between  the  points 
v  -  0  and  v  -  -1.  Sockol4  used  a  simple  analytic  function 

v  -  tanh(u2/2)  (32) 

to  conformally  map  the  interior  of  a  doubly  infinite  straight  strip  in  the  u 
plane  into  the  interior  of  a  unit  circle  in  the  v  plane.  The  lower  strip 
boundary  (Y  -  -Iw  12)  in  the  u  plane  maps  into  the  circle  in  the  v  plane. 
The  upper  strip  boundary  (Y  «  0)  maps  into  a  zero-thickness  slit  between  the 
points  v  -  0  and  v  -  -1.  Axial  infinities  (X  =  *»)  map  into  a  single  point 
(v  »  -1).  The  origin  (X  -  0; Y  »  0)  in  the  u  plane  maps  into  the  origin  (v  - 
0)  in  the  v  plane. 

Realistically  shaped  blade  airfoils  are  not  straight  semi-infinite  lines 
of  zero  thickness.  A  C-type  grid  generated  with  the  use  of  equations  31  and 
32  alone  wilt  not  conform  to  the  actual  airfoil  cascade  shapes  on  R  -  constant 
surfaces.  To  generate  a  C-type  grid  that  conforms  to  the  shape  of  the  airfoil 
and  wake  ,  several  nonorthogonal  coordinate  shearings  and  stretchings  are  used. 
Airfoil  surface  points  are  conformally  mapped  from  the  w  plane  via  the  v 
plane  into  the  u  plane.  As  a  result,  the  circle  in  the  v  plane  becomes  de¬ 
formed  (fig.  7),  and  the  corresponding  lower  wall  in  the  u  plane  becomes  an 
irregular  line  (fig.  8).  The  inverse  of  equation  31  cannot  be  analytically 
obtained  for  staggered  cascades.  Therefore,  a  Newton-Raphson  procedure  is 
used  to  iteratively  evaluate  on  a  polnt-by-point  basis  the  pairs  of  (e,n) 
coordinates  corresponding  to  the  given  pairs  of  (x,Re)  coordinates.  By  using 
an  analytic  inverse  of  equation  32,  that  is. 
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1  +  M  1/2 

u  -  [In  (}—£)]  (33) 

the  deformed  circle  is  conformally  mapped  from  the  v  plane  into  the  u 
plane. 

SHEARING  AND  STRETCHING  IN  COtfUTATIONAL  SPACE 

It  should  be  pointed  out  that  with  the  Increase  in  stagger  angle  in  the  w 
plane  the  image  of  the  leading  edge  point  shifts  along  the  deformed  circle  in 
the  v  plane  and  along  the  deformed  lower  boundary  in  the  u  plane.  To  in¬ 
sure  that  the  corresponding  points  along  the  periodic  boundaries  in  the  w 
plane  have  the  coamon  values  of  x  coordinate,  their  Images  in  the  u  plane  are 
placed  symmetrically  along  the  Y  -  0  line  (fig.  9).  At  the  same  time  these 
periodic  points  are  distributed  with  a  simple  stretching  function 


XU  -  XU  -  e  sin(Z«  XU/(X^JS  -  xJTp))  (34) 

Superscript  U  denotes  the  upper  wall  (Y  «  0)  of  the  u  plane  and  superscript 
L  denotes  the  lower  Irregular  boundary  of  the  u  plane.  The  stretching 
coefficient  e  Is  determined  from  experience  as 

e  .  0.18  -  0.05  ln(2R«/Nt)  (35) 

where  t  is  the  local  blade  chord.  The  periodic  grid  points  located  in  the 
wake  region  are  redistributed  by  using  the  expression 

XU  *  XU  -  f  s1n(2*(iXiU-  xJTS)/(xJ^xxp-  XjTS) )  (36) 

where  MAXXP  denotes  the  last  point  on  the  upper  surface  of  the  wake.  The 
stretching  coefficient,  f.  Is  determined  also  from  the  experience  as 

0.10  >  f  >  0.05  (37) 


Because  only  a  finite  length  of  the  wake  is  conformally  mapped  from  the  w 
plane  into  the  u  plane,  the  deformed  strip  in  the  u  plane  has  a  finite 
length.  The  shape  of  the  end  wall  boundaries  in  the  u  plane  are  determined  so 
that  they  meet  the  lower  boundary  of  the  strip  in  the  u  plane  almost  orthogo¬ 
nally  (fig.  8).  Consequently,  grid  orthogonality  Is  well  preserved  at  the 
wake.  Coordinates  of  the  grid  points  inside  the  strip  in  the  u  plane  are  de¬ 
termined  from 
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Y  .  YL((Y/YL)  +  g  s1n(wY/YL)) 

(38) 

and 

X  -  XU  ♦  (XL  -  XU)  ((Y/YL)  ♦  C  s1n(«Y/YL)) 

(39) 

where 

0.30  >  C  >  0.15 

(40) 

g  -  C  (1.0  -1.0/cosh  h) 

(41) 

h  -  5  (XU/X^xxp  ) 

(42) 

Stretching  coefficients  C,  g,  and  h  are  determined  from  experience  and  from 
the  condition  that  C-type  grid  lines  In  the  w  plane  closely  follow  the  wake 
contour.  Larger  values  of  C  generate  grids  suitable  for  viscous  flow  calcula¬ 
tions,  because  grid  layers  are  positioned  closer  to  the  blade  and  wake 
surface. 

The  resulting  two-dimensional  nonorthogonal  periodic  grid  In  the  u  plane 
Is  conformally  mapped  back  into  the  w  plane  on  a  polnt-by-polnt  basis.  Final¬ 
ly,  determination  of  the  physical  r  coordinates  of  the  grid  points  on  the 
(x,Re)  planes  Is  obtained  by  reshearing  the  R  coordinate  (eqs.  4,  5,  8,  and  9) 
and  fitting  It  with  respect  to  the  x  coordinate  with  a  cubic  spline. 

RESULTS 

On  the  basis  of  the  preceding  analysis,  a  computer  program  6RID3C  was  de¬ 
veloped  and  tested**.  Program  GR1D3C  consists  of  1150  card  statements  and 
requires  approximately  500  K  of  computer  memory.  Because  of  the  analytical 
character  of  most  of  the  transformations  used,  GRI03C  Is  very  fast.  To  gener¬ 
ate  and  permanently  store  x,y,z  coordinates  of  a  typical  four-level  grid  se¬ 
quence  consisting  of  (33*8*6), (63*13*11), (123*23*21), (243*43*41)  grid  points, 
respectively,  GRI03C  requires  between  three  and  four  minutes  of  CPU  time  on  an 
IBM  370/3033  computer.  The  Newton-Raphson  Iterative  polnt-by-polnt  mapping 
procedure  of  the  airfoil  and  wake  contour  from  the  w  plane  Into  the  v  plane 
consumes  most  of  the  computer  time.  But  this  procedure  needs  to  be  performed 
only  once  on  each  axlsymmetrlc  surface. 

Input  to  GRID3C  must  be  provided  In  the  x,y,z  coordinate  system,  while  the 
output  grid  coordinates  can  be  computed  In  the  x,y,z  or  x,r,e  coordinate 
system.  6RID3C  can  automatically  generate  up  to  four  successively  refined 
three-dimensional  grids  and  store  them  on  four  separate  tapes.  Computational 
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grids  for  the  blades  with  closed  trailing  edge  (fig.  10)  and  for  the  blades 
with  open  trailing  edge  (fig.  11)  can  be  generated  with  GR1D3C  code.  For  re¬ 
petitive  runs  with  different  numbers  of  blades  or  different  blade  setting  an¬ 
gles,  only  one  Input  parameter  needs  to  be  changed  in  the  input  deck.  Clus¬ 
tering  of  grid  points  closer  to  the  leading  and  trailing  edges  and  closer  to 
the  blade  and  vortex  sheet  surface  (fig.  12)  can  be  easily  achieved  by  varying 
coordinate  stretching  parameters  A,  B,  and  C.  Grid  nonorthogonality  is  almost 
entirely  removed  from  the  airfoil  and  wake  surface.  Nevertheless,  grid  nonor¬ 
thogonality  can  become  intolerable  if  this  grid  generation  technique  is  ap¬ 
plied  to  closely  spaced,  highly  staggered  and  cambered  blades.  Nonorthogo¬ 
nality  can  become  excessive  in  the  leading  edge  region  of  any  blade  if  the  end 
point  of  the  semi-infinite  slit  in  the  w  plane  is  not  positioned  approximately 
midway  between  the  leading  edge  and  Its  center  of  curvature. 

An  unsatisfactory  grid  resolution  Inherent  to  the  C-type  grids  can  be  ob¬ 
served  in  figure  13.  This  figure  shows  a  rectangular  wing  -  cylindrical  fuse¬ 
lage  combination  and  two  computational  grid  surfaces:  one  corresponding  to  the 
surface  of  the  fuselage  and  the  other  being  an  intermediate  surface  located 
between  the  hub  and  the  wing  tip.  Note  that  the  wing  extension  beyond  the  tip 
has  linearly  increasing  cord  length.  The  GRI3C  code  automatically  calculates 
wing  (or  blade)  chord  lengths  at  the  off-tip  locations  based  on  the  constraint 
that  gap-to-chord  ratio  at  the  tip  should  be  retained  at  all  outer  spanwise 
locations.  Key  elements  of  a  three-dimensional  C-type  grid  generated  by  the 
GRID3C  code  for  an  advanced,  eight-blade,  transonic,  NASA  propeller  is 
presented  in  figures  14  and  15  with  Intersection  contours  between  a  blade  and 
the  axisymmetrlc  sur-  faces  shown.  Note  the  large  twist,  sweep,  and  taper 
variations  and  the  fact  that  the  propeller  hub  is  axisymmetrlc. 

With  minor  modifications  GRID3C  can  be  used  for  generating  computational 
grids  applicable  to  a  midmounted  wing-body  combination  or  a  finned  missile  in 
free  air  or  Inside  a  wind  tunnel  having  axisymmetrlc  walls. 
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O-TYPE  GRID 


H-TYPE  GRID 


C-TYPE  GRID 


Figure  1.  -  Three  basic  types  of  two-dimensional,  conforming,  computational 


Figure  2.  -  Axisymmetric  view  of  a  three-dimensional,  0-type,  periodic  bound 
ary  conforming  grid  for  NASA  eight-blade  transonic  prop  fan.  Shown  are  the 
hub  surface  grid  and  three  neighboring  blades  with  their  surface  grids. 
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Figure  4.  -  Spanwise  input  planes  (stations)  perpendicular  to  the  stacking  (z) 
axis.  Physical  x,y,z  coordinate  system  rotates  with  the  blaoe. 


Figure  5.  -  Radial  coordinate  nonorthogonal  sheering  concept. 


Figure  6.  -  Two-dimensional  cascade  of  semi-infinite  staggered  slots  of  zero 
thickness  with  an  indication  of  a  cascade  of  realistically  shaped  airfoils  and 
their  wakes. 


Figure  7.  -  Intermediate  ("circle")  plane  used  in  conformal  mapping  sequence. 
Deformed  circle  corresponds  to  the  realistic  airfoil  shape. 


V 


Figure  8.  -  "Strip"  plane  obtained  by  conformally  mapping  "circle"  plane. 
Upper  boundary  corresponds  to  periodic  boundaries,  and  lower  boundary  to  air¬ 
foil  shape. 
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Figure  9.  -  Nonorthogonal  coordinate  shearing  and  stretching  concept  applied 
to  X  (eqs.  34,  36,  and  39)  and  Y  (eq.  38)  coordinates  results  in  a  desired 
rectangular  computational  surface. 


Figure  10.  -  An  example  of  a  two-dimensional  (x,Re)  surface  discretized  with  a 
coarse,  C-type,  periodic  grid. 


figure  11.  -  Two-dimensional  (x,Re),  C-type,  periodic,  boundary  conforming 
grid  for  a  cascade  of  blades  with  open  trailing  edges. 


Figure  12.  -  Elements  of  a  three-dimensional,  C-type,  periodic  grid  generated 
by  GRID3C  code  for  a  geometry  consisting  of  a  rectangular  unswept  wing  attach¬ 
ed  to  a  circular  cylinder.  Note  deterlorat Ing  grid  quality  in  the  far  up¬ 
stream  region.  Only  every  fourth  cylindrical  surface  is  shown. 
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GRID  GENERATION  FOR  MULTIELEMENT  AIRFOILS* 
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INTRODUCTION 

Conformal  mapping  provides  an  effective  means  of  generating  suitable  grids 
for  use  in  the  numerical  solution  of  many  two-dimensional  flow  problems. 

There  are  numerous  examples  of  its  uae  for  problems  involving  single-element 

airfoils,  including  the  well-known  finite-difference  transonic  flow  codes  of 

12  3 

Garabedian  and  Korn  and  Jameson  .  The  present  author  has  found  con¬ 
formal  mapping  to  be  especially  useful  in  computing  compressible  potential 
flow  using  an  integral-equation  (or  field-panel)  approach  similar  to  that  used 
by  Wu  and  Thompson4,  Luu  and  Coulmy  ,  and  others.  In  this  approach,  a 
body  la  analysed  in  an  equivalent  inviacld,  incompressible  flow  with  distrib¬ 
uted  singularities  in  the  external  field.  The  distribution  of  the  singulari¬ 
ties  is  determined  in  an  iterative  manner,  using  the  fully  nonlinear  field 
equation,  the  computed  flow  field,  and  the  appropriate  solid-body  boundary 
conditions.  Application  of  a  conformal  mapping  to  this  problem  simply  modif¬ 
ies  the  magnitudes  of  the  singularity  strengths  and  the  boundary  conditions, 
without  changing  the  general  fora  of  either.  The  regular  spacing  in  the 
transformed  plane  allows  the  application  of  very  efficient  numerical  proced¬ 
ures  which  make  effective  use  of  the  fast  Fourier  transform  algorithm.  For 
example,  using  the  grid  transformations  shown  in  figure  1,  accurate  subsonic 
compressible  flaw  solutions  for  single -element  airfoil  cases  have  been 
obtained  in  less  than  two  seconds  of  CPU  time  on  an  IBM  370  computing  system. 

Conformal  mapping  has  also  been  used  for  problems  involving  two-element 
airfoils.  For  example,  the  finite-difference  transonic  flow  code  developed  by 
Grossman  and  Volpe*  makes  uae  of  a  mapping,  developed  by  Ives7,  in  which 
the  region  outside  two  airfoil  elements  is  transformed  to  the  annular  region 
between  two  concentric  circles.  In  that  case,  however,  it  was  necessary  to 
apply  noneonformal  shearing  transformations  to  the  resulting  grids,  in  order 
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to  obtain  sultabla  point  spacing  distributions.  Thin  illuatrataa  tha  unfor¬ 
tunate  fact  that  conforaal  Mapping  methods  do  not  allow  tha  degree  of  control 
over  grid  point  spacing  offered  by  some  other  Methods,  such  as  the  differen- 

a 

tial  equation  Methods  of  Thonpeon  . 

Conforaal  Mapping  has  not  yet  been  used  to  generate  gride  for  flow  problem 

involving  general  multielement  airfoils  with  More  than  two  eleaents  (at  least, 

not  to  the  author's  knowledge).  This  devalopnent  has  been  hindered  by  the 

absence  of  any  suitable  conforaal  napping  Methods  for  general  nultieleaent 

airfoils.  However,  the  recent  developnent  of  such  Methods  by  the  present 
9  10 

author  and  by  Harrington  should  result  in  the  increased  use  of  con- 
fomal  napping  for  nultlelenent  airfoil  problems.  __  1  A 

This  paper  describes  recently-developed^ techniques  applicable  to  cases 
involving  general  Multielement  airfoils  having  any  nuaber  of  airfoil  elanents. 
Bach  technique  can  be  considered  as  a  purely  geoawtrlc  construction  or,  equiv¬ 
alently,  as  a  network  of  streanlinee  and  potential-lines  of  an  auxiliary 
potential-flow  solution.  The  nonuniqueness  of  auch  solutions  ensures  the 
existence  of  a  wide  variety  of  conforMal  grid  types,  each  having  different 
point-spacing  characteristics.  A  chronicle  is  given  of  tha  search  for  tha 
type  of  grid  Most  suitable  for  solving  the  invlscld  compressible  flow  equa¬ 
tions  using  a  distributed-source  field-panel  approach.  Examples  are  shown  for 
grids  Involving  up  to  four  airfoil  elements. 


Pig.  1.  Typical  conformal  grid  for  a  s ingle-element  airfoil. 

(a)  Circle  plane. 

(b)  Physical  plane. 
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CONFOBMAL  MAPPING  OF  MOLTIELBCHJT  AIRFOILS 

A  prerequisite  Cor  the  development  of  conformal  grid  generation  techniques 

for  multielement  sirfoils  is  the  existence  of  a  method  for  transforming  the 

multiple  airfoil  elements  to  a  system  of  bodies  having  much  simpler  geometry. 

g 

Such  a  method  has  been  developed  by  the  present  author  .  This  method  makes 
use  of  a  succession  of  comparatively  simple  single-body  transformations  to 
solve  the  more  difficult  multiple-body  problem.  In  the  first  step,  a  succes¬ 
sion  of  inverse  Xarman-Treffts  mappings  is  applied.  Each  of  these  mappings 
removes  a  single  corner  (or  a  pair  of  corners  in  some  cases)  from  a  single 
body,  and  also  causes  smaller  perturbations  to  the  shapes  of  the  other  bod¬ 
ies.  At  the  end  of  this  step,  there  are  no  corners  and,  in  most  cases,  all 
bodies  are  quasi-circular  in  shape.  The  next  step  is  an  Iterated  sequence  of 
mappings,  each  of  which  maps  a  single  body  to  a  perfect  circle,  and  also 
causes  small  perturbations  to  the  other  bodies.  At  the  end  of  each  iteration 
of  this  sequence,  the  final  body  is  perfectly  circular  and  the  other  bodies 
are  more  nearly  circular  than  at  the  end  of  the  previous  iteration.  Itera¬ 
tions  proceed  until  all  bodies  are  sufficiently  close  to  perfect  circles  and 
the  derivative  of  the  mapping  function  converges  to  within  a  sufficiently 
small  tolerance.  Because  of  the  rapid  decay  with  distance  of  the  effects  of 


(•) 


Fig.  2.  Transformation  of  a  four-element  airfoil  into  four  circles. 

(a)  Physical  geometry. 

(b)  Geometry  after  four  corner-removing  mappings. 

(c)  Geometry  after  four  circle  mappings. 


these  mappings,  the  entire  procedure  converges  extremely  quickly.  Three  to 
five  iterations  are  usually  sufficient  to  give  four-digit  accuracy.  The 
entire  procedure  usually  requires  less  than  three  CPU  seconds  on  an  IBM  370 
computer.  This  process  is  illustrated  in  figure  2,  which  shews  a  four-element 
airfoil,  the  geometry  after  the  removal  of  all  corners,  and  the  geometry  after 
only  one  iteration  of  the  circle  mappings.  An  extension  of  this  procedure  to 
allow  airfoils  with  open  trailing  edges  to  be  included  is  described  in  ref¬ 
erence  11. 

GRIDS  USING  A  STRING  MAPPING 

One  straightforward  grid  generation  procedure  for  multielement  airfoils 

involves  stringing  the  airfoil  elements  together  into  a  single  effective  body, 

0 

in  a  manner  reminiscent  of  Thompson's  treatment  of  multielement  airfoils  . 

In  this  approach,  it  is  not  necessary  to  use  a  conformal  mapping  method  for 
multielement  airfoils,  although  the  geoswtric  problems  are  simplified  somewhat 
if  the  bodies  have  been  previously  transformed  to  circles.  This  grid  genera¬ 
tion  procedure  requires  the  following  stepst  1)  String  the  bodies  together 
into  a  single  body  and  order  the  points  in  a  continuous  array  around  the  per¬ 
imeter  of  the  effective  body.  2)  Apply  the  Karman-Treffts  transformation  suc¬ 
cessively  to  remove  the  resulting  corners  in  the  effective  body.  3)  Transform 
the  resulting  body  into  a  perfect  circle.  4)  Set  up  the  grid  in  the  circle 
plane.  5)  Perform  the  transformations  in  reverse  order,  bringing  the  grid 
points  back  to  the  multiple-circle  plane  and  finally  back  to  the  physical 
plane.  The  steps  in  this  process  are  illustrated  in  figure  3  for  a  three- 
element  airfoil  caae.  For  step  3,  s  very  robust  circle  mapping  method  is  nec¬ 
essary,  since  the  shapes  to  be  trsnsformed  are  too  complicated  for  more  lim¬ 
ited  methods.  A  comparison  of  two  alternative  circle  mapping  methods  is  given 
in  reference  12. 

Grids  produced  by  this  technique  for  two-  and  three-element  airfoil  cases 
are  illustrated  in  figure  4.  These  grids  are  very  similar  to  single-element 
grids,  such  as  the  one  illustrated  in  figure  1  and  the  flow  calculation  tech¬ 
nique  of  reference  3  can  be  directly  applied.  Point  density  in  these  grids  is 
suitably  high  near  the  leading  edge  of  the  forward  element  and  the  trailing 
edge  of  the  aft  element,  but  there  are  undesirable  sparse  areas  between  the 
airfoil  elements.  Although  these  sparse  areas  may  not  cause  serious  errors  in 
some  calculations,  they  clearly  limit  the  general  applicability  of  this  grid 
generation  technique. 


"String  mapping"  for  a  three-element  airfoil. 

(a)  Physical  geometry. 

(b)  Geometry  in  multiple-circle  plane. 

(c)  Single  body  produced  by  stringing  circles  together 

(d)  Geometry  after  corner-removing  mappings. 

(e)  Unit  circle. 
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Grids  generated  using  the  string  mapping 

(a)  Teo-element  airfoil. 

(b)  Three-element  airfoil. 
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GRIDS  USING  STREWLINE/POTKNTIAL-LINE  NETWORKS 

The  grids  described  above  were  derived  using  purely  geometric  conformal 
constructions.  Other  types  of  grids  can  be  derived  fro*  networks  of  stream¬ 
lines  and  potential-lines  from  auxiliary  potential-flow  solutions.  These 
grids  are  conformal  as  a  result  of  the  fact  that  the  complex  potential 
(#  *  ♦  +  iif  where  $  and  are  the  scalar  potential  and  stream  function)  and 
the  complex  velocity  are  analytic  functions  of  each  other.  In  fact,  any 
conformal  grid  can  be  considered  to  be  a  potential/stream-function  network 
(♦-♦  grid  for  short)  for  some  potential  flow,  in  this  context,  the  grids 
described  in  the  above  section  can  be  derived  from  a  flow  with  a  point  vortex 
at  the  center  of  the  circle  in  the  transformed  plane.  The  nonuniqueness  of 
the  potential-flow  problem  for  given  geometry  ensures  that  a  wide  variety  of 
types  of  conformal  grid  can  be  constructed. 

The  development  of  a  <t>-4>  grid  generation  capability  for  multielement 
airfoils  (using  the  present  author's  conformal  mapping  procedures)  requires  a 
method  for  computing  the  flow  around  the  multiple  circles,  with  constant 
stream  function  on  each  circle.  Such  a  method  is  described  in  reference  9  and 
briefly  below. 

Any  incompressible  potential  flow  solution  can  be  represented  by  a  linear 
combination  of  simpler  fundamental  solutions.  In  the  present  method,  there 
are  two  noncirculatory  fundamental  solutions  and  a  number  of  circulatory  solu¬ 
tions  equal  to  the  number  of  circles.  Each  noncirculatory  solution  has  unit 
freestream  and  xero  circulation  about  each  circle.  The  two  solutions  have 
different  angles  of  attack  of  the  freestream  flow.  Each  circulatory  solution 
has  xero  freestream,  unit  circulation  about  one  circle,  and  xero  circulation 
about  all  other  circles.  The  two  noncirculatory  solutions  and  one  of  the 
circulatory  solutions  for  a  three-circle  case  are  illustrated  in  figure  5. 

The  calculation  of  each  noncirculatory  flow  solution  Involves  finding  an 
infinite  sequence  of  reflected  point  doublet  singularities  within  the  cir¬ 
cles.  Bach  circulatory  flow  solution  Involves  finding  a  similar  infinite 
sequence  of  point  vortex  singularities.  The  result  of  each  flow  solution  is  a 
aeries  expansion  for  the  complex  velocity  as  a  function  of  complex  coordin¬ 
ate.  This  is  easily  converted  to  a  series  for  the  complex  potential  having 
the  following  formi 
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Fig.  5.  Nonuniqueness  of  potential-flow  solutions. 

(a)  Noncirculatory  flow  with  freestream  it  a  »  0*. 

(b)  Noncirculatory  flow  with  freestream  at  a  •  90*. 

(c)  Circulatory  flow  with  stagnant  freestream. 

where  t  is  the  complex  coordinate  of  the  point  at  which  the  flow  is  to  be 
computed,  Cub  ia  the  complex  coordinate  of  the  center  of  the  circle  having 
index  NB,  NBDS  is  the  total  number  of  circles,  and  the  series  coefficients 
(a^)  are  generally  complex. 

The  calculation  procedure  for  each  point  in  a  grid  consists  of 
solving  equation  (1)  for  the  complex  coordinate  corresponding  to  the  specified 
value  of  the  complex  potential  in  the  multiple-circle  plane,  followed  by  a 
transformation  to  determine  the  complex  coordinate  in  the  physical  plane.  The 
solution  of  equation  (1)  is  accomplished  by  a  Newton  iteration  procedure  for 
nonlinear  complex  equations.  Having  solved  equation  (1)  on  the  boundaries  of 
a  region  of  the  flow,  the  solution  in  the  interior  can  often  be  obtained  more 
efficiently  using  a  fast  Laplace  solver. 

f-ij)  grids  for  streaming  flows 

The  moat  common  flow  solutions  used  for  producing  grids  are  prob¬ 
ably  the  standard  streaming  flows,  with  uniform  freestream  and  smooth  flow  off 
the  trailing  edge  of  each  airfoil  element.  These  can  be  obtained  by  combining 
all  the  fundamental  flows  described  in  the  previous  section.  The  combination 
constants  for  the  noncirculatory  fundamental  flows  depend  only  on  the  flow 
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angle  of  attack.  The  combination  constants  for  the  circulatory  solutions  are 
found  by  imposing  the  Kutta  condition  at  the  trailing  edge  of  each  airfoil 
element.  In  the  multiple-circle  plane,  this  requires  specifying  zero  tangen¬ 
tial  velocity  component  at  the  images  of  the  trailing-edge  points  and  solving 
the  resulting  set  of  linear  equations. 

The  point  spacing  in  the  physical  plane  of  a  4>— grid  is  Inversely  pro¬ 
portional  to  the  local  flow  speed.  Consequently,  a  grid  around  a  body  which 
causes  only  a  small  perturbation  to  a  uniform  flow  should  have  nearly  uniform 
spacing.  This  is  illustrated  in  figure  6(a),  which  shows  a  grid  for  a  single- 
element  airfoil  at  a  small  angle  of  attack.  Flow  solutions  with  extensive  low- 
speed  regions  have  extensive  sparse  areas.  This  is  illustrated  in  figure 
6(b),  which  shows  a  grid  around  two  circles,  with  large  sparse  areas  near  the 
leading-  and  trailing-edge  stagnation  points. 

These  grids  are  divided  into  a  number  of  segments,  separated  by  the  stagna¬ 
tion  streamlines.  Within  each  segment,  increments  of  stream  function  and 
potential  are  constant,  resulting  in  a  rectangular  grid  in  the  $-4  plane. 

A  logarithmic  mapping  transforms  the  rectangular  region  into  an  annular  one 
similar  to  figure  1(a).  The  efficient  flow  calculation  techniques  of  refer¬ 
ence  3  can  then  be  used  to  find  the  Influence  of  each  region  at  points  in  all 
the  regions. 

For  the  present  application,  these  grids  have  several  drawbacks.  First, 
the  sparse  areas  near  the  leading  edges  would  give  inadequate  definition  of 
the  rapidly-varying  field-source  density.  Second,  the  uniformly-spaced  areas 
far  from  the  bodies  would  reduce  the  solution  efficiency  by  adding  unnecessary 
points.  Third,  the  flow  calculation  procedure  of  reference  3  is  most  effic¬ 
ient  if  0-type  grids  can  be  used. 


(•) 
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Fig.  6.  Grids  derived  from  potential-flow 

(a)  Single-element  airfoil. 

(b)  Two  circles. 


solutions  for  streaming  flows. 
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gride  for  circulatory  fundamental  flows 

0-type  grids  can  be  obtained  from  networks  if  flow  solutions  having 
circulation  but  no  freestrean  are  used.  The  point  vortex  solution  for  single¬ 
element  case8>  mentioned  earlier!  is  an  example  of  such  an  application.  The 
simplest  multielement  flow  solutions  having  circulation  but  no  freestream  are 
the  circulatory  fundamental  flow  solutions,  having  unit  circulation  about  one 
body  and  zero  circulation  about  all  others.  Like  the  grids  for 
streaming  flows,  these  grids  are  divided  into  a  number  of  segments  by  the 
stagnation  streamlines.  In  each  segment,  the  increments  in  stream  function 
and  potential  are  constant  and  the  flow  calculation  procedure  is  identical  to 
that  for  a  grid  for  a  streaming  flow. 

Examples  of  circulatory  $-i|)  grids  are  shown  in  figure  7  for  two-  and 
three-element  airfoil  cases.  In  general,  the  point  distribution  around  the 
circulatory  body  is  very  desirable,  with  high  point  density  near  the  leading 
and  trailing  edges  and  lower  point  density  near  mid-chord.  The  noncirculatory 
bodies  have  high  point  density  near  the  leading  and  trailing  edgeB,  but  they 
have  far  too  low  point  density  near  the  stagnation  points  on  the  upper  and 
lower  surfaces.  Grids  of  this  type  would  probably  only  be  suitable  for  cases 
in  which  the  expected  flow  solution  is  rapidly  varying  on  just  one  of  the  air¬ 
foil  elements. 

it-H)  grids  for  more  general  flows 

The  most  undesirable  features  of  the  grids  discussed  above  are  the 
sparse  areas  associated  with  stagnation  points  on  the  bodies.  In  many  cases. 


rig.  7.  Grids  derived  from  potential-flow  solution  for  circulatory  funda¬ 
mental  flows. 

(a)  Two-element  airfoil. 

(b)  Three-element  airfoil. 
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however,  it  la  possible  to  eliminate  stagnation  points  entirely  or  move  them 
so  far  from  the  bodies  as  to  be  inconsequential.  One  strategy  for  accomplish¬ 
ing  this  is  to  cooMpe  circulatory  fundamental  flows,  alternate  the  sign  of 
the  circulation  on  adjacent  bodies,  and  adjust  the  magnitudes  to  make  the 
total  circulation  equal  zero.  Examples  of  portions  of  grids  of  this  type  are 
illustrated  in  figure  8.  The  most  obvious  feature  of  these  grids  is  their 
extremely  high  point  density  in  the  areas  between  the  bodies  which,  for  a 
given  total  number  of  points  causes  sparse  areas  elsewhere.  Another  feature 
is  that  each  grid  is  divided  into  a  number  of  segments,  within  each  of  which 
the  streamlines  circulate  around  a  single  body.  The  dividing  streamlines 
between  the  segments  extend  to  infinity  in  both  directions.  Both  of  these 
features  are  undesirable  for  the  present  flow  computation  procedure,  prompting 
the  search  for  still  further  types  of  conformal  grids. 

One  way  of  eliminating  the  infinite  extent  of  the  grid  and  also  changing 
the  point  distribution  is  to  allow  the  total  circulation  to  be  nonzero.  At 
some  distance  from  the  bodies,  the  streamlines  will  then  circulate  around  all 
tha  bodies  and  the  grid  can  be  truncated  at  any  one  of  these  Btreamlines. 
Spacing  problems  still  remain,  however,  and  can  even  become  more  serious  as 
new  stagnation  points  arise  in  the  flow. 

More  control  of  tha  spacing  can  be  obtained  by  Introducing  fictitious 
bodies  or  singularities  into  the  flow  (out  of  the  range  covered  by  the  grid). 

If  a  new  body  surrounds  all  the  other  bodies  and  contains  the  entire  flow  in 
its  interior,  control  is  also  achieved  over  the  extent  of  the  grid.  This  has 


rig.  8.  Grids  derived  from  potential-flow  solutions  for  more  general  flows 
(zero  total  circulation). 
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been  implemented  by  adding  a  larger  circle  around  the  original  bodies  in  the 
nultiple-circle  plane.  Calculation  procedures  for  the  auxiliary  potential 
flow  are  only  slightly  modified  by  this  addition,  requiring  the  series  for  the 
complex  potential  to  include  positive  as  well  as  negative  powers  of  %he  com¬ 
plex  coordinate.  An  example  of  a  portion  of  a  grid  generated  in  this  manner 
is  shown  in  figure  9.  This  is  a  big  improvement  over  the  previous  grids*  the 
point  spacing  is  more  appropriate  and  the  grid  extent  is  now  finite. 

Plow  calculations  using  any  of  the  grids  discussed  in  this  section 
encounter  difficulties  not  found  when  any  of  the  previous  grids  are  used.  The 
efficient  flow  calculation  procedures  of  reference  3  can  still  be  used  to  find 
the  influence  of  the  singularities  within  any  given  grid  segment  at  points 
within  that  same  segment,  but  they  can  no  longer  be  used  directly  to  find  the 
influence  at  points  outside  the  given  segment.  This  is  because  the  segment 
boundaries  now  represent  folds  in  a  Riemann  surface,  rather  than  just  discon¬ 
tinuities  in  point  spacing.  Another  way  of  expressing  this  is  to  note  that 
the  stream  function  is  not  a  monotonic  function  of  distance  along  any  line 
crossing  the  dividing  streamlines  and,  as  a  result,  two  or  more  pointB  in  dif¬ 
ferent  segments  of  a  grid  can  have  identical  values  of  the  complex  potential. 


Pig.  9.  Grid  derived  from  a  potential-flow  solution  for  a  more  general  flow 
(nonsero  circulation  and  fictitious  body). 
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These  grids  can  still  be  vary  useful,  especially  in  a  field-panel  method,  but 
aeans  of  conaunication  between  the  segaents  aust  be  developed.  These  tech¬ 
niques  could  be  very  siailar  to  the  flow  segmentation  techniques  described  by 
Wu13,  et  al.  Given  the  influence  of  a  segment  on  its  boundaries,  the  influ¬ 
ence  at  exterior  points  can  be  computed  using  either  boundary  singularities  or 
a  fast  Laplace  solver  (perhaps  with  the  aid  of  additional  transforaations) . 

The  details  of  these  segment  communication  techniques  have  yet  to  be  worked 
out. 

SEOIENTED  GRIDS  WITH  SPECIFIED  BOUNDARIES 

A  greater  degree  of  grid  control  can  be  achieved  by  directly  specifying  the 
shapes  of  the  region  boundaries,  rather  than  using  whatever  shapes  the  divid¬ 
ing  streamlines  of  a  flow  solution  may  form.  In  order  to  force  the  boundaries 
to  be  streamlines  of  the  flow,  it  is  necessary  to  distribute  vortex  singular¬ 
ities  on  the  boundaries,  ttie  distribution  of  these  singularities  could  be 
computed  using  a  boundary-integral-equation  technique  siailar  to  the  panel 
methods  for  aerodynamic  analysis  developed  by  Hess14  and  others.  A  more 
efficient  computational  approach  makes  further  use  of  conforaal  mapping.  In 
this  approach,  each  segment  of  the  grid  is  dealt  with  Independently  of  the 
other  segments.  The  region  between  a  single  eleaent  of  the  multielement  air¬ 
foil  system  and  the  boundary  surrounding  it  is  transformed  to  the  annular 
region  between  two  concentric  circles.  A  polar  grid  in  each  annular  segment 
is  constructed  and  transformed  back  to  the  physical  plane.  The  resulting  grid 
is  equivalent  to  the  4>h)i  grid  which  would  be'coaputed  using  the  vortex 
singularity  approach. 

The  process  of  transforming  a  given  region  to  an  annulus  is  very  similar  to 
the  method  for  transforming  a  multielement  airfoil  to  a  system  of  multiple 
circles.  The  first  step  is  to  apply  a  sequence  of  inverse  Karman-Treffts  map¬ 
pings,  each  of  which  removes  a  single  corner  from  one  of  the  boundaries.  (If 
the  boundary  specification  is  performed  in  the  multiple-circle  plane,  only  the 
outer  boundary  will  have  any  corners.)  The  next  step  is  to  apply  an  Iterated 
sequence  of  mappings,  each  of  which  maps  either  the  inner  or  the  outer  bound¬ 
ary  to  a  perfect  circle.  In  order  to  avoid  the  necessity  of  applying  an 
interior  napping  to  the  outer  boundary  and  an  exterior  mapping  to  the  inner 
boundary,  an  inversion  napping  is  performed  after  each  circle  mapping.  At  the 
end  of  a  small  number  of  Iterations  (typically  three  or  four) ,  both  inner  and 
outer  boundaries  are  sufficiently  close  to  circular  and  the  derivative  of  the 
mapping  function  converges  to  within  a  small  tolerance.  Since  these  circles 


Fig.  10.  Transformation  to  an  annular  region. 

(a)  Original  geometry. 

(b)  Geometry  after  four  corner-removing  mappings. 

(c)  Geometry  after  c-j  c' -ole  mappings  and  two  inversions. 


Fig.  11.  Boundary  construction  for  a  segmented  grid. 

may  not  be  concentric,  it  is  necessary  to  perform  a  final  linear  fractional 
mapping.  The  steps  of  this  transformation  procedure  are  illustrated  in  figure 
10  for  one  of  the  segments  of  the  three-circle  case  shown  in  figure  11.  An 
alternative  approach  to  the  annular  mapping  problem  has  been  described  by 

7 

Ives  .  Since  his  method  is  noniterative  (except  for  the  single-body  map¬ 
pings)  it  is  perhaps  more  efficient.  However,  the  present  method  can  use 
simpler  functions  and  the  overall  procedure  is  only  slightly  more  expensive 
than  computing  two  independent  single-body  mappings. 
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Grids  produced  by  chls  technique  for  two-  and  three-element  cases  are  shown 
in  figure  12.  In  each  case,  a  simple  construction  of  straight  lines  and/or 
circular  arcs  in  the  multiple-circle  plane  was  used  to  define  the  region 
boundaries.  Point  spacing  around  each  airfoil  element  is  similar  to  the  spac¬ 
ing  around  the  single-element  airfoil  of  figure  1,  with  high  point  density  at 
leading  and  trailing  edges  and  no  glaring  sparse  areas  on  the  airfoil  sur¬ 
faces.  Possible  drawbacks  of  these  grids  include  the  presence  of  sparse  areas 
near  the  corners  of  the  outer  boundaries  and  the  necessity  to  locate  bound¬ 
aries  too  near  the  airfoil  surfaces.  (Moving  the  boundaries  too  far  away 
produces  sparse  spacing  on  the  airfoil  surfaces.) 


Pig.  12.  Grids  generated  using  the  annular  mapping. 

(a)  Two-element  airfoil. 

(b)  Three-element  airfoil. 


HYBRID  GRIDS 

Improved  grids  can  be  obtained  by  combining  the  method  described  above  with 
the  string  mapping  Illustrated  earlier  (figures  3  and  4).  Instead  of  specify¬ 
ing  the  region  boundaries  arbitrarily,  use  can  be  made  of  curves  generated 
using  the  string  mapping.  Region  boundaries  can  be  constructed  using  any  of 
the  curves  surrounding  all  airfoil  elements,  together  with  sets  of  curves 
which  run  between  the  airfoil  elements .  In  this  way,  two  of  the  four  corners 
(and  their  corresponding  sparse  areas)  on  the  outer  boundaries  of  the  grid 
segments  associated  with  the  forward  and  aft  airfoil  elements  are  eliminated. 
It  is  also  possible  to  extend  the  grid  as  far  from  the  airfoil  system  as 
desired,  by  using  a  portion  of  the  string  grid  directly  In  this  region. 

Grids  produced  by  thla  technique  for  two-,  three-  and  four-element  cases 
are  illustrated  in  figure  13.  These  grids  retain  the  desirable  features  of 
ths  grids  of  figure  12,  while  eliminating  most  of  their  drawbacks. 
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Fig.  13.  Hybrid  grids  generated  using  both  annular  and  string  mappings . 

(a)  Two-element  airfoil. 

(b)  Three-element  airfoil. 

(c;  Pour-element  airfoil. 

C0MCLD8I0H8 

A  chronicle  has  been  given  of  the  search  for  the  type  of  conformal  grid 
most  suitable  for  use  in  computing  the  inviscld  compressible  flow  around 
multielement  airfoils  using  a  distributed-source  field-panel  approach. 

Although  many  of  the  grlda  were  deemed  not  suitable  for  this  application,  they 
were  included  in  order  to  illustrate  the  great  diversity  of  types  of  conformal 
grid  which  can  be  constructed.  The  final  grids,  for  the  most  part,  have 


S'.'.**’-  S'- 


desirable  point  distributions  around  each  airfoil  element,  of  a  form  to  which 
the  efficient  flow  analysis  techniques  developed  earlier  can  be  readily 
applied.  They  are  possibly  close  to  the  best  which  can  be  derived  without 
sacrificing  the  conformality  properties. 


ACKNOWLEDGMENT 

The  author  has  benefitted  considerably  from  numerous  discussions  of  confor¬ 
mal  napping  and  grid-generation  techniques  with  his  colleague  at  Douglas 
Aircraft  Company,  Dr.  R.  W.  Clark. 


REFERENCES 


1.  Garabedian,  P.  and  Korn,  D.  (1971)  Coon.  P.  a  Appl.  Math,  XXIV. 

2.  Jameson,  A.  (1971)  Grunaan  Report  390-71-1. 

3.  Halsey,  D.  (1981)  Proceed,  of  the  Symposium  on  Numerical  Boundary  Condi¬ 
tion  Procedures,  NASA  CP-2201,  pp.  61-71. 

4.  Wu,  J.C.  and  Thompson,  J.P.  (1973)  Computers  and  Fluids,  1,  2, 
pp.  197-215. 

5.  Luu,  T.S.  and  Coulmy,  G.  (1977)  Coatputers  and  Fluids,  5,  4,  pp.  261-275. 

6.  Grossman,  B.  and  Volpe,  G.  (1977)  Office  of  Naval  Research  Report 
ONR-CR215-241-1. 

7.  Ives,  D.C.  (1975)  AIAA  Paper  75-842. 

8.  Thompson,  J.F.  (1978)  Lecture  Series  in  Computational  Fluid  Dynamics. 

Von  Karman  Inst,  for  Fluid  Dynamics,  Belgium. 

9.  Halsey,  N.D,  (1979)  AIAA  Paper  No.  79-0271,  also  AIAA  J. ,  17,  12. 

10.  Harrington,  A.  To  appear  in  Journal  d'Analyse  Mathematique. 

11.  Halsey,  N.D.  (1980)  AIAA  Paper  No.  80-0069. 

12.  Halsey,  N.D.  To  appear  in  AIAA  J. 

13.  Wu,  J.C. ,  Spring,  A.H. ,  and  Sankar,  N.L.  (1975)  Lecture  Notes  in  Physics 
-  Proceedings  of  the  Fourth  International  Conference  on  Numerical  Methods 
in  Fluid  Dynamics,  35,  pp.  452-457. 

14.  Bess,  J.L.  (1975)  Computer  Methods  in  Applied  Mechanics  and  Engineering, 
5,  pp.  145-196. 


-  —  ■  . <■  -  '■'Arm#'..  -■>  r?c-'--r-  :  ■ 

AD  P00099  2 

Copyright  1982  by  Elaovior  Scitnca  ^uoxiaoing  weap«uy ,  tut., 
NUMERICAL  GRID  GENERATION 
Jo«  f.  Thompson,  editor 


CONFORMAL  MAPPINGS  ONTO  MULTIPLY  CONNECTED  REGIONS  WITH 
SPECIFIED  BOUNDARY  SHAPES 


A  PRELIMINARY  DISCUSSION  OF  COMPUTER  IMPLEMENTATION 


601 


ANDREW  HARRINGTON 

School  of  Mathematics,  Georgia  Institute  of  Technology,  Atlanta,  Georgia  30332 


.^TRODUCT^ 

We -describe- a  method  of  calculating  conformal  mappings  of  any  given  finitely 
connected  region  onto  a  region  with  arbitrarily  specified  boundary  shapes.  If 
the  specified  shapes  are  rectangles,  then  this  method  can  be  used  to  generate 
conformal  grids  which  should  be  useful  for  numerical  solution  of  many  partial 
differential  equations,  for  example  in  calculating  the  airflow  past  an  airflow 
witlj^flaps  or  the  flow  of  cooling  water  past  fuel  pins  in  a  nuclear  reactor. 

Thta  ■anthsw*'  has  proved  that  there  exists  a  conformal  mapping  of  any  given 
finitely  connected  region  onto  a  region  with  arbitrarily  specified  boundary 
shapes.  The  construction  in  the  proof  has  been  adapted  for  computer  implemen¬ 
tation.  Some  examples  have  been  worked  to  determine  the  region  bounded  by 
circles  which  is  the  image  of  a  given  region  in  the  extended  complex  plane 
under  a  conformal  mapping  taking  <?  to  00 .  Mappings  have  also  been  calculated 
of  the  form  indicated  by  figure  libelow^  A  region  whose  outer  boundary  is  a 


/r 


Fig.  1.  Conformal  mapping  onto  a  region  bounded  by  rectaugles. 

fCj)-A3  •  I-!.*.3.*, 
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rectangle  la  mapped  conformally  to  a  region  with  all  rectangular  boundaries, 
and  the  vertices  of  the  outer  boundaries  correspond.  Mappings  onto  regions 
bounded  by  rectangles  should  be  of  considerable  use  In  grid  generation  for 
numerical  solution  of  partial  differential  equations.  Grids  have  been  calcu¬ 
lated  for  one  simple  example.  <  - 

Conformal  transformations  are  particularly  useful  when  calculating  fluid 
flow  from  the  Navier-Stokes  equations.  In  many  formulations  of  these  equations 
there  is  a  system  of  linked  partial  differential  equations  in  which  the 
highest  order  part  of  each  differential  operator  is  the  Laplacian.  If  a  grid 
Is  generated  based  on  a  nonconformal  transformation  to  a  computational  domeln, 
then  the  transformed  equations  become  more  complicated.  The  Laplacian, 
however,  is  invariant  under  conformal  transformation,  so  the  second  order 
part  of  the  equations  remains  simple,  saving  considerable  calculation.  ThuB 
conformal  transformations  have  long  been  used  for  fluid  flow  problems  in 
simply  or  doubly  connected  regions,  where  a  variety  of  known  conformal  mapping 
techniques  are  applicable.  Multiply  connected  regions  also  arise  in  flow 
problems.  Examples  are  airflow  past  an  airfoil  with  flaps  and  flow  of  cooling 
water  past  fuel  pins  in  a  nuclear  reactor.  Conformal  grids  have  not  been 
used  generally  for  such  problems  because  of  a  lack  of  appropriate  mapping 
techniques.  The  method  we  describe  is  applicable  to  these  problems. 

The  paper  is  organized  in  the  following  manner:  We  discuss  the  theoretical 
formulation  for  the  mappings  between  regions  containing  "  in  51,  and  then 
our  present  numerical  formulations  and  some  possible  improvements  ir  52. 

In  §3  we  dlscuas  the  differences  in  these  formulations  when  we  consider 
mappings  between  regions  with  outet  rectangular  boundaries.  In  S4  we  discuss 
further  possible  improvements,  and  end  in  §5  with  data  about  some  specific 
examples  worked  out  on  the  computer. 

5 1 .  THEORETICAL  FORMULATION 

The  method  involves  matching  potentials.  Suppose  D  is  an  n-tuply  connected 
region  containing  °»  in  the  extended  complex  plane.  We  shall  call  a  multiple 
valved  function  a  (complex)  potential  on  D  if 

1)  l p  is  analytic  in  D  and  continuous  in  the  closure  of  D,  except 
i p(z)  m  -log(z)  +  0(l/z)  near  ®. 

2)  Re(iji)  is  constant  on  each  component  of  the  botxidary  of  D.  We  call 
these  constants  the  boundary  potentials. 

Associated  with  each  such  potential  is  a  charge  distribution  p($)  on  the 
boundary  B  of  D  such  that 


,HWWW|H  •"*’'«Bf«Wfc  •>•*•; v  *>  ■"•♦WaK 


<f>(z)  -  /  p <(J>)  log($-z)  J d<t>  j  . 

B 

*  *  * 

Suppose  i|<q  Is  a  potential  on  the  region  Dq.  Let  b1>b2,”*bn  be  the  boundary 
potentials  and  let  be  the  total  charges  on  the  components  of  the 

boundary. 

Now  suppose  we  are  given  n  simple  closed  curves  r2,r2>*»*r  .  Let 

M  -  (M  ,M  , • • *M  )  e  C°  and  R  -  (R. ,R..***R  )  £  Kn,  with  each  R4  >  0.  Let 
l  l  n  i-  i  n  j 

B^(M,R)  «  tRjz  +  Mjiz  £  r^},  a  shape  similar  to  F^ .  For  an  open  set  of  valves 
in  t°  *  *n  the  sets  Bj(M,R),  j  •  l,2,***n,  are  the  boundary  components  of  an 
n-tuply  connected  domain  containing  °°,  D(M,R).  Let  i|i(z)  -  i(i(z;M,R)  be  the 
complex  potential  for  the  domain  D(M,R)  with  total  charges  tl1>R2,**"<,n  on  the 
boundaries . 

For  some  (M,R)  with  M  -  0  and  R  -  1  suppose  there  is  a  conformal  mapping 
n  n 

f  of  Dq  onto  D(M,R)  with  f(z)  -  cz  +  0(1)  near  “,  c  >  0.  Then 

(2)  i|Iq(z)  ■  ♦( f(*))  +  log  c. 

Suppose  ty^(z)  “  0  for  z  «  z^  e  Dq,  J  “  1,2, •••n-1.  The  points  z^  are  the 
critical  points  of  the  potential  i|(q.  Now  f'(z^)  jt  0,  and  4,q(zj)  “ 
i|i(f  (z^))f '  (tj)  so  i p  must  have  critical  points  at  f(z^),  J  »  1,2, •••n-1.  The 
maxlmue  number  of  critical  points  that  any  complex  potential  can  have  off  of 


its  boundaries  is  n-1,  so  the  points  w^  «  f(Zj),  J  “  1.2, •••n-1,  are  all  the 
critical  points  of  ip  in  D(M,R). 

Let  us  collect  the  conditions  we  have  on  t|>(z;M,R).  Let  b  be  the  Jth 

A  J 

boundary  potential  for  t|)(*;M,R).  Then  from  (2)  b  -  b,  +  log  c  for  J  “ 

A  j  J 

l,2,**‘n.  We  take  b  ■  b  +  log  c  to  define  c.  Then  we  have,  for  some  or- 
n  n 

dering  of  the  critical  points  w^  of  ifi: 

(3)  4>(wj)  -  ♦q(Zj)  -  log  c 

bJ  '  bJ  -  log  c  j  -  1,2,— n-1 


j  -  1.2,* 


This  3(n-l)  real  equations.  We  have  3(n-l)  real  parameters  free  in  (M,R) 

since  we  have  fixed  and  R  .  This  author  has  proved  with  a  homotopy  argument 
n  n 

that,  even  if  we  do  not  start  off  knowing  a  conformal  mapping  of  Dq  onto 
some  D(M,R),  there  is  an  (M,R)  solving  these  equations  such  that 

(4)  4>(w)  -  -  log  c 

implicitly  defines  a  conformal  mapping  w  «  f(z). 
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§2.  NUMERICAL  FORMULATION 

Our  initial  objective  was  to  rapidly  write  programs  that  demonstrate  the 
feasibility  of  implementing  the  theory  just  described.  Since  accomplishing 
that,  numerous  improvements  and  extensions  suggested  themselves.  In  a  subse¬ 
quent  paper  we  shall  report  on  the  implementation  of  the  latter  ideas.  In 
this  paper  we  will  describe  the  ideas  behind  our  first  approach,  aome  of  the 
further  ideas  generated,  and  some  of  the  numerical  results  of  our  initial 
approach. 

Given  a  domain  Dg  and  shapes  we  can  break  the  problem  into  six  steps: 

(1)  choose  charges  q^,  (ii)  approximate  <J*q,  (iii)  calculate  critical  points 
2^,  potentials  ^(z^)  and  boundary  potentials  b^ ,  (iv)  devise  a  subroutine 
to  calculate  the  corresponding  quantities  for  D(M,R),  (v)  use  this  subroutine 
with  a  nonlinear  equation  solver  to  find  a  domain,  D(M,R),  conformally  equiva¬ 
lent  to  Dq,  and  (vi)  solve  t)i(w)  “  i^q(z)  -  log  c  to  find  the  conformal  mapping 
and/or  its  Inverse. 

So  far  we  have  bypassed  step  (ii)  by  first  choosing  as  a  discrete  sum 
i|(q(z)  »  -  £  aj  log(z-zj)  and  choosing  a^’s  and  b^'s  80  tg  *8  the  potential 
for  an  n-tuply  connected  domain.  For  example  with  l|ig(z)  log(zi-2)  - 

log(z-l)  and  boundary  potentials  -  log  2  and  -  log  25/8  on  the  left  and 
right  boundary  components  we  get  a  domain  Dq  illustrated  in  Figure  2.  For  a 
more  general  domain  Dq,  vJJq  may  be  calculated  in  the  same  manner  that  we  cal¬ 
culate  l|i(z;M,R),  de  crlbed  next. 


Figure  2.  Domain  with  potential  -  j  log(r+2)  -  y  log(z-l) 
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We  approximate  ip  by  a  variant  of  Symm's  method.  We  approximate  a  boundary 
charge  distribution  p($)  and  then  approximate  the  Integral  i|f(z)  - 
-/  p(<j>)  log(<)>-z)  | d<t> |  .  For  simplicity  we  took  all  boundaries  to  have  the  same 
shape  T  and  use  related  N  dimensional  approximation  spaces  to  approximate  on 
each  boundary  component  Suppose  T  has  arc  length  parameterization 

Y(o)  and  Y  has  period  N,  the  length  of  F.  Let  Yn  "  Y(»)  for  each  integer  m. 
First  we  construct  an  approximation  space  of  functions  on  T  with  basis 
{e  }  ,  where  each  basis  element  has  support  in  a  neighborhood  of  Y_  end  has 

Integral  1.  Initially  we  take  N-4.  Later  we  shall  increase  It.  Next  define 
the  corresponding  approximation  space  of  functions  with  basis  j— 1  * 


where  e 


.  (R.(Y(°))  +  M.)  »  e  (Y(o)),  a  real,  and  e  (♦)  -  0  for  *  i  B.  . 
mj  j  j  Rj  m  ^  N  n  * 

the  function  approximating  P  to  be  P (<J>)  m  7  I  a  e  ($) ,  wher« 

m-1  J-l  *3 


We  take  the 


the  constants  will  be  chosen  shortly  to  satisfy  a  linear  system  of  equa¬ 
tions.  Let  $( z)  »  -/  p <<J>)  log($-z)|d$|  be  the  corresponding  approximation  to 

jg 

the  potential. 

Let  <|>  -  R  Y  +  M,,  m  «  1,2,***N,  j  *  l,2,"**n,  be  the  points  on  the  bo»s»- 

®J  J  *  J 

daries  Bj  corresponding  to  the  points  YB  on  F .  The  conditions  determining 

*\» 

the  approximate  charge  density  p  are  that  there  are  constants  b^ ,  J  ■  1 ,2 ,  • • -n 
such  that 


“mj  qJ 


j  -  1,2, "-a 


Re 


1,2, • • *N,  J  -  1,2,* 


The  first  equation  says  that  the  total  charge  on  Bj  is  q^,  as  with  p.  We 
cannot  ensure  that  Re  ^  is  constant  on  all  of  B^ ,  but  only  that  It  has  the 
same  valve  at  N  points  $  ,  m  -  1,2,***H.  This  gives  (N+l)n  equations  in  the 

eJ 

(N+l)n  unknowns  q^.b^.  The  equations  and  variables  can  easily  be  reduced 
in  number  to  (N-l)n  by  replacing  the  second  set  of  equations  by 
Be(^(4»j)  “  -  0,  m  -  1,2, •••H-l,  j  -  l,2,»**n  and  eliminating  the 

variables  a^  by  solving  the  first  equations  for  them  and  substituting  into 

the  second  set  of  equations.  The  linear  syst«  becomes 
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N-l  n 

(6)  ^1  A  C(C!»j8t'CmjNt)  "  (CNjst'CNjNt)  ]  anj 

nt“l  j“i 

N 

'  (Sjst~CNjNt)qj 


where 


s  »  1,2, •••N-l, 
t  “  1,2, • • *n 


(7)  V’!  e  (0»)log|^t-(f|id$|, 

BJ 


the  real  part  of  the  potential  at  $  due  to  the  charge  density  e  .  In  our 

st  mj 

calculations  of  the  numbers  C  ,  we  consider  two  cases,  where  the  point  and 

mjst  r 

the  charge  density  lie  1)  on  the  same  boundary  component  and  2)  on  different 
components. 

Case  1).  Here  j  «  t.  We  may  map  back  to  T  and  use  the  fact  that  e^  has 

integral  1  to  calculate  C  «  -/  e  (4)log|Y  -y| Idyl  -  log  R  .  Thus  the 

mjsj  p  m  a  j 

difference  C  .  -C  is  independent  of  M,R,  and  j.  We  put  the  unknowns  a  .  in 
mjsj  mJNj  r  mj 

an  (N-l)n  dimensional  vector  whose  (nrt-(N-l)  j-l))th  entry  is  a  .  and  similarly 

mj 

order  the  equations.  The  matrix  of  the  linear  system  has  (N-l)  *  th-1)  blocks 
on  the  main  diagonal  which  are  identical  and  are  independent  of  M  and  R.  We 
can  evaluate  this  (N-l)  *  (N-l)  block  once  accurately  without  worrying  much 
about  cost. 

Case  2).  Now  1  4  t.  In  this  case  C  .  is  strongly  dependent  on  M  and  R. 

m j  s  t 

so  it  must  be  repeatedly  calculated,  so  we  would  like  to  do  it  cheaply.  We 
are  helped  by  the  fact  that  the  charge  density  e,,^  has  support  just  on  a 
neighborhood  of  on  >  and  lies  on  a  different  boundary  component,  so 
the  Interval  of  integration  is  short  and  the  derivatives  of  log($-<j>  )  will 
be  much  smaller  in  general  than  when  ^  and  $st.  lie  on  the  same  boundary 
component.  We  should  be  able  to  use  a  relatively  low  order  approximation. 

In  practice  thus  far  we  have  used  the  lowest  order  approximation, 

C  *»,  -log  |  $  -4  I.  We  will  have  a  discussion  of  errors  and  possible 

Bj  1C 

improvements  later  in  S3. 

The  linear  systsm  is  solved  directly  with  a  canned  subroutine  to  calculate 
the  The  boundary  potentials  are  determined  using  the  calculated  valves 

of  the  a  ,'a  and  C  .  'a.  We  also  need  to  find  the  critical  points  and 

mj  mjat 

potentials  at  the  critical  points.  The  critical  points  all  lie  away  from  the 
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boundaries  so  we  use  a  low  order  approximation  of 

-  F  7a  log($  -z)  and  i|i'(z)  't  a  / (4>  -z) .  We  use  Newton's 

—  mj  nij  ~  m3  m3 

method  to  determine  the  critical  points.  Thus  for  a  given  domain  D(MtR)  we 
could  approximate  the  boundary  potentials  and  potentials  at  critical  points. 

We  used  a  canned  nonlinear  equation  solver  to  find  the  right  valve  of  (M,R) 
so  the  potentials  match  those  associated  with  Dq.  The  nonlinear  equation 
solver  efficiently  employed  a  secant  method  so  that  after  some  initial  calcu¬ 
lations  only  one  time-consuming  function  evaluation  was  needed  at  each  step. 

If  the  initial  guess  was  bad,  however,  the  secant  solver  had  a  hard  time, 

2 

so  a  nonlinear  equation  solver  like  the  one  used  by  Trefethen  to  find 
Schwarz-Christoffel  parameters  would  probably  be  better.  He  used  a  solver 
which  started  with  the  method  of  steepest  descent  before  the  secant  method 
became  effective. 

The  closeness  of  the  valve  of  (M  ,R  )  calculated  by  the  nonlinear  equation 
solver  to  some  (M*,R*)  such  that  Dq  is  conformally  equivalent  to  D(M*,R*) 
depends  on  the  accuracy  of  our  approximation  of  lj)  and  Improves  as  N  increases. 
The  cost  of  calculating  the  approximation  to  also  increases  dramatically 
as  N  increases.  We  have  first  used  a  value  of  4  for  N  to  cheaply  get  a  fair 
approximation  to  (M*,R*)and  used  this  approximation  to  (M*,R*)  as  an  initial 
guess  when  calculating  with  a  doubled  valve  of  N(and  halved  mesh  size  on  B) . 
This  doubling  procedure  can  be  repeated  to  further  improve  the  accuracy  of 
As  we  halve  the  mesh  size  on  B  the  quadrature  formulas  we  have  used  also  im¬ 
prove  in  accuracy. 

§3.  REGIONS  WHOSE  OUTER  BOUNDARIES  ARE  RECTANGLES 

The  final  step  of  calculating  the  conformal  mapping  has  been  carried  out 
so  far  only  for  a  problem  with  a  slightly  different  formulation.  A  given  do¬ 
main  Dq  bounded  by  an  outer  rectangle  and  n  inner  boundaries  is  to  be  mapped 
onto  a  region  D  bounded  by  an  outer  rectangle  and  n  squares  on  the  inside. 

We  require  that  the  vertices  of  the  outer  rectangles  correspond.  The  potentials, 
parameters  and  conditions  in  this  situation  are  slightly  different  from  before. 

We  can  avoid  calculating  a  charge  density  on  the  outer  boundary  by  expres¬ 
sing  our  potentials  in  terms  of  the  elliptic  functions  sn(z;k)  which  are 
meromorphlc  and  doubly  periodic  in  z  for  each  valve  of  the  parameter  k, 

0  <  k  <  1,  and  are  defined  by 
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We  denote  the  smallest  real  and  Imaginary  periods  of  sn(z;k)  by  4K(k)  and 
21K' (k) .  For  simplicity  we  consider  only  domains  D  whose  outer  rectangle 
has  vertices  0,  K,  K'l,  and  K+K'i  for  some  k,  0  <  k<  1.  This  means  we 
allow  outer  rectangles  of  all  proportions,  since  K'/K  goes  through  all 
positive  real  values  for  0  <  k  <  1. 

We  take  our  complex  potentials  ! p  in  this  situation  to  be  multiple  valved 
analytic  functions  on  D,  continuous  on  the  closure  of  D,  with  constant  real 
part  on  each  boundary  compontent,  and  with  t|)(iK')  -  0.  With  this  definition 
ip  may  be  represented  in  terms  of  a  charge  distribution  on  just  the  inner 
boindary  components, 

(8)  ip  (z)  -  -/  P (<f>)  log(A(z,<t>,k))  |  d$| 
and 

(9)  A(z,$,k)  -  — 

sn2(z;k)-sn2(<f>;k) 

We  could  have  used  an  integral  representation  for  l|/(z)  involving  a  charge 
distribution  on  all  the  boundaries,  but  the  elliptic  functions  are  easy  to 
calculate  and  avoiding  approximating  a  charge  distribution  on  the  outer 
boundary  considerably  reduces  the  size  of  the  linear  system  to  be  solved  to 
approximate  the  charge  density. 

The  potential  was  formulated  by  considering  a  doubly  periodic  domain  re¬ 
lated  to  D,  as  illustrated  in  figure  3.  The  figure  shows  a  period  module 


Fig.  3.  Period  module  for  the  doubly  periodic  region  derived  from  the  shaded 
region  D. 


for  the  periodic  domain  derived  from  the  shaded  region  D.  There  is  also  a 
doubly  periodic  distribution  of  charges  to  generate  the  potential.  The 


»  ' '  'A-av.. 
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boundary  components  are  labeled  with  total  charges  shoving  hov  opposite  charges 

are  placed  In  the  reflections  of  D  across  the  real  and  imaginary  axes.  The 

charge  distribution  with  periods  2K  and  2K'  determines  a  potential  with 

2 

the  same  periods,  which  are  the  periods  of  sn  (z;k).  The  symmetries  of  the 
charge  distribution  ensure  that  ReiJj(z)  is  constant  on  the  outer  rectangular 
boundary  of  D.  The  pole  of  sn(z;k)  at  iK'  ensures  that  lii(iK')  “  0,  (using 
the  principal  branch  of  the  logarithm). 

The  possible  image  domains  are  now  denoted  D(M,R,k)  where  k  is  the  elliptic 
parameter  determining  the  outer  boundary  and  M  and  R  give  the  positions  and 
magnifications  of  the  n  inner  boundary  components  in  the  same  way  we  did  be¬ 
fore.  Thus  we  have  3n+l  real  parameters.  We  will  also  have  3n+l  real  condi¬ 
tions  relating  potentials  on  Dq  and  some  conformally  equivalent  D(M,  R,k). 

We  choose  positive  total  charges  q^  for  the  inner  boundary  components  of 
so  the  corresponding  potential  i) on  has  n-1  distinct  critical  points  in  D^. 
We  set  i|j(w)  ”  *|<(w;M,R,k)  to  be  the  potential  on  D(M,R,k)  with  the  same 
total  boundary  charges.  All  the  potentials  are  normalized  to  be  0  in  the 
upper  left  hand  corner  of  their  domains,  and  thus  the  outer  boundary  potential 
is  0.  In  order  for  the  equation  lfiQ(z)  “  <Kv)  to  implicitly  determine  a  con¬ 
formal  mapping  of  DQ  onto  D(M,R,k)  with  outer  vertices  corresponding,  we  must 
have  that  the  Imaginary  part  of  the  potentials  at  the  other  three  outer  ver¬ 
tices,  the  real  part  of  the  potential  on  the  n  inner  boundaries,  and  the  com¬ 
plex  potentials  at  the  n-1  critical  points  all  correspond  for  the  two  poten¬ 
tials.  This  gives  us  the  3n+l  real  conditions  for  a  nonlinear  equation  solver. 

The  numerical  formulation  of  this  problem  parallels  that  of  the  first 
problem.  At  one  point  we  need  to  do  a  little  extra  work.  Analogous  to  the 

quantity  C  .  we  need  to  calculate 
n  mj  at 

(10)  Dmj8t  ’  "  /  emj($)  log|A($,$st>k) | |d$| 

Bj 

Again  we  consider  the  two  cases  j»t  and  J^t. 


1)  J»t.  We  rewrite 


D  4  . 
mjsj 


($)1°8 


M$,$8i,j) 

—  $sj 


Cmjsj’ 


Generally  the  only  singularity  of  log|6($,$aj ,k) j  for  $  near  the  support  of  e^ 

is  at  4  .  We  have  cancelled  out  this  singularity  in  the  integrand  and 

sj 

introduced  the  quantity  C  .  .  from  (7),  which  as  we  have  said  in  §2,  need 

mjaj 

only  be  calculated  once.  The  removal  of  the  nearby  singularity  in  the  inte- 
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grand  allows  us  to  make  a  simpler  approximation  of  the  Integral, 
we  have  used  the  simplest  approximation. 


D  .  .  -log 
mjsj  - 


**m1’*.1’k> 


-  C 


mjsj 


Again 


for  amta,  and  the  quotient  is  replaced  by  the  analytically  calculated  limit  of 

„,,k)/($-$  )  as  <(>  -*  <p  if  m-s. 

sj  sj  sj 

2)  j^t.  Generally  in  this  case  all  of  the  singularities  of  log  A($»<t>st>k) 

are  far  from  the  small  interval  of  support  of  e  .  ,  so  a  fairly  simple  quadra- 

J  ^ 

ture  formula  can  be  used.  Again  we  used  the  simplest  approximation, 

D  a*  -log|A($  ,$  ,k)|.  This  was  probably  a  place  we  introduced  a  large 

Dj  8 1  in  J  8 1  1 

part  of  our  error.  In  future  versions  we  should  analyze  the  errors  more  com¬ 
pletely  and,  at  least  when  we  have  located  M, R,  and  k  quite  closely,  we  should 
Improve  the  approximation  in  our  quadrature. 

Another  possible  major  source  of  error  is  our  approximation  space  for  the 
potential.  We  shall  now  discuss  some  possible  spaces  and  their  relation  to 
possible  quadrature  formulas.  We  start  with  only  a  few  widely  spaced  nodes 
on  each  boundary  component  so  approximations  with  a  high  degree  of  smooth¬ 
ness  do  not  seem  appropriate.  Away  from  any  corners  on  the  boundaries,  piece- 
wise  linear  functions  of  arc  length  seem  sufficient  to  approximate  the  charge 

density.  Thus  the  basis  element  e  will  have  support  from  y  ,  to  y  and 

o  m-i  btX 

e  (Y(O))  -  1  -  lm-<J I ,  m-1  <  O  <  mfl. 

SI 

When  rhe  number  of  nodes  Increases  it  may  be  appropriate  to  switch  to  a  higher 
degree  spline  approximation,  say  with  cubic  splines.  In  the  examples  we  worked 
out  we  used  a  compromise,  piecewise  quadratic  function  of  arc  length. 

So  far  we  have  used  the  same  approximation  at  the  corners  of  the  squares, 
also.  In  fact  the  charge  densities  will  be  singular  there.  Using  appropriate 
singular  basis  elements  in  the  approximations  should  give  a  considerable  Im¬ 
provement.  For  Instance  suppose  we  translate  a  corner  on  an  inner  square  to 

2/3 

the  origin.  We  can  remove  the  corner  by  the  conformal  transformation  w  •  z  . 
If  the  corresponding  charge  densities  In  the  z-plane  and  w-plane  are  p(z) 

and  p*(w),  then  p(z)  »  p*(w)  ||^|  -  p*(z2^3)  •  2/3 1 *-1^3 1 . 

The  new  density  P*  will  not  have  a  singularity  at  the  origin.  We  can 
approximate  p*  with  the  same  kinds  of  functions  discussed  above  for  smooth 
boundaries.  For  instance,  if  we  are  using  piecewise  linear  functions  and 
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2  2/3  “1/3 

yQ  Is  a  corner,  then  eg(Y<o))  *  -j  (1-c  '  )|o  |,  -1  <_  a  _<  1.  In  this  case 

the  integrals  can  be  evaluated  exactly.  We  still  need  quadrature  for¬ 
mulas  for  the  integrals  D  .  .  however.  Since  all  the  integrals  involve 

mj8t 

weight  functions  e  ,  of  known  form,  quadrature  formulas  of  Gauss  type  suggest 
mj 

themselves.  The  proper  weights  need  only  be  calculated  once. 

Once  the  proper  values  of  M,R,  and  k  are  determined  so  that  Dq  in  the  z- 
plane  and  D  «  D(M,R,k)  in  the  w-plane  are  conformally  equivalent,  the  last 
step  is  to  calculate  the  conformal  mapping.  We  can  easily  generate  a  grid  of 
points  w^  in  the  domain  D  bounded  by  rectangles.  We  would  like  to  calculate 
the  corresponding  points  z^  in  Dq  which  satisfy  1^(2^)  «  iKw^).  So  far  we 
have  only  worked  out  one  simple  example  with  one  inner  boundary  where  the 
potential  \|ig  had  the  form  i(|q(z)  “  log(A(z,  (K+iK’ )/2,k) ) .  We  simply  solved 
the  implicit  equation  for  z^  by  Newton’s  method.  If  were  more  complicated 
this  would  be  very  time  consuming. 

Another  comnon  method  of  calculating  grids  in  related  situations  takes 
advantage  of  the  speed  of  elliptic  equation  solvers  for  rectangular  regions. 
First  we  divide  the  grid  points  w^  in  D  into  rectangular  blocks.  We  can 
calculate  the  few  grid  points  z^  corresponding  to  points  w^  on  the  boundaries 
of  the  rectangular  blocks  by  solving  the  implicit  equation.  The  remaining 
points  z^  corresponding  to  points  w^  in  the  interior  of  any  block  can  be 
calculated  with  a  fast  elliptic  solver  since  Re(z)  and  Im(z)  are  harmonic 
functions  of  w.  If  we  want  more  accuracy  than  is  provided  by  the  elliptic 
solver,  then  its  answers  will  make  excellent  starting  values  for  finally 


solving  ♦  Newton's  method. 

Another  advantage  of  the  equation  ^q(z)  ■  <Kf  (z))  determining  the  conformal 
mapping  f:DQ  D  is  that  we  obtain  an  analytic  expression  for  the  derivatives 
of  the  mapping. 


f’dij)  -  *o(*u)/,|',(wij)' 

This  derivative  is  needed  for  the  solution  of  most  FDE’s  using  the  grid.  Non- 
conformel  gride  ere  routinely  calculated  as  the  solution  of  a  system  of  finite 
difference  equetlone.  The  grid  points  in  the  physical  domain  Dq  correspond  to 
the  grit'  points  in  a  computational  domain  D  under  some  nonconformel  napping 
that  is  not  completely  specified.  The  partial  derivatives  of  this  mapping 
function  at  the  grid  points  must  be  approximated  by  finite  differences.  This 
introduces  an  error  which  we  can  avoid  because  of  our  analytic  expression. 


'*  '  vd 
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14.  FURTHER  POSSIBLE  MODIFICATIONS 

We  shall  describe  two  further  possible  modifications  of  our  procedure. 

The  first  will  be  to  change  the  net  boundary  charges.  Initially  we  chose  sll 
the  charges  to  be  positive.  They  were  chosen,  as  they  always  can  be  for  a 
given  domain,  so  that  the  critical  points  all  lay  away  from  the  boundaries. 

For  the  theoretical  paper*,  this  was  convenient.  In  practice,  however,  we 
must  then  locate  each  critical  point  with  some  effort.  A  more  practical 
choice  is  to  have  a  charge  -1  on  one  Inner  bovxidary,  and  j  zero  net  charge  on 
each  other  inner  boundary.  Suppose  and  iji  are  potentials  with  these  net 

charges  for  Dq  and  D.  Such  potentials  will  have  no  critical  points  in  the 
interiors  of  their  domains.  Let  Fq(z)  »  exp(^0(z) ) ,  F(w)  -  exp (<> (w) ). Then 
Fq  and  F  map  and  D  conformally  onto  regions  bounded  by  circles  and  circular 
arcs  with  center  zero.  See  Neharl^.  The  boundaries  with  nonzero  net  charge 
map  to  whole  circles.  The  boundaries  with  zero  net  charge  map  to  circular 
arcs.  See  Figure  4.  We  want  to  choose  our  parameters  so  Fq(Dq)  and  F(D) 
are  the  same  region.  Then  f(z)  •  F  *  ®FQ(z)  is  a  conformal  mapping  of 
onto  D. 

In  place  of  worrying  about  potentials  at  critical  points  we  must  make  sure 
that  the  endpoints  of  the  circular  arcs  in  F0(DQ)  and  F(D)  coincide.  These 
endpoints  may  be  easily  located.  See  Figure  5  showing  a  neighborhood  of  one 
boundary  in  D  with  zero  net  charge.  The  boundary  will  always  be  split  into 
two  sections  so  the  charge  density  is  positive  on  one  Bectlon,  negative  on  the 
other,  and  zero  only  at  the  two  points  in  between,  labeled  a^  and  The 
endpoints  of  the  image  of  the  boundary  under  F  are  F(a1)  and  F(a2).  There 
are  only  three  real  parameters  associated  with  F(aj)  and  F(a2>  since  IFU^I  - 
|F(a2)|  "  exp(the  boundary  potential).  The  other  two  parameters  are  the 
arguments  of  F(a^)  and  FCa^),  that  is  Im(iji(aj))  and  lm(<|i(a2)).  The  points 
a^  and  a^,  where  the  boundary  charge  density  changes  sign,  may  be  easily 
calculated.  We  avoid  finding  critical  points  of  in  the  interior  of  D. 

The  last  modification  we  shall  discuss  may  be  useful  when  the  dimension 
of  the  linear  system  solved  to  calculate  the  approximate  charge  density  on 
the  boundary  of  D(M,R,k)  is  large.  Repeated  direct  solution  of  the  system 
with  different  parameter  values  would  be  very  time  consuming.  The  linear  sys¬ 
tem  has  special  features  making  it  seem  well  suited  to  iterative  solution. 
Suppose,  as  we  discussed  in  §2,  D(M,R,k)  has  n  inner  boundaries  of  similar 
shape  with  corresponding  N  dimensional  approximation  spaces  for  the  charge 
density.  Let  Lx  ■  b  be  the  n(N-l)  dimensional  linear  system  to  solve.  First 
we  will  restructure  the  linear  system.  Let  A^  be  the  (N-l)  *  (N-l)  matrix 


Fig.  4.  Alternate  boundary  chargee  fre  shown  for  a  potential  associated  with 
the  Intermediate  conformal  mapping-?  onto  a  slit  ring  region. 
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Fig.  S.  ChA^e  distribution  on  one  boundary  component  in  Figure  4  and  the 
Intermediate  conformal  mapping  F  In  the  vicinity. 


with  entries 
(11)  A^)  -  (C 

.<J) 


The  eleven te  of  A  appeared  in  (6),  Let  A  be  the  matrix  with  submatrlcea 

0 ) 

^  »  i  “  1,2, •••n  on  the  main  diagonal  and  zeros  elsewhere.  Let  B  «  L-A. 

We  may  rewrite  Lx-b  as 

(12)  (I+A^B)*  -  A_1b 


The  matrices  A  and  B  measure  the  effect  on  potential  differences  along  boun¬ 
daries  coming  from  varying  the  charge  distribution  on  the  same  boundary  and 
on  different  boundaries  respectively.  Psrtlculsrly  if  the  boundaries  are  well 
separated,  the  norm  of  A-1B  should  be  small. 

Because  we  are  using  the  same  sort  of  approximation  specs  on  each  boundary, 
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independent  of  M,R,  and  k,  the  matrices  A^  are  Identical  and  Independent  of 
M,R,  and  k.  Thus  A  1  need  only  be  calculated  once,  and  the  only  work  is  in 
inverting  one  submatrix  A^  .  The  considerations  make  it  seem  that  (12)  can 
can  be  solved  iteratively  quite  easily. 

We  will  need  to  solve  (12)  repeatedly  as  we  look  for  the  right  values  of 
M,R,  and  k.  The  values  should  vary  little  from  one  step  to  the  next  as  we 
home  in  on  the  right  values,  so  the  linear  system  should  vary  little.  If  x 

f\j 

is  the  solution  at  the  previous  step,  we  need  only  solve  for  y  -  x-x  in 
(13)  (I+A  1B)y  •  c  where  c  -  b-(I+A  1B)x. 

When  the  magnitude  of  y  is  small  relative  to  x,  we  can  solve  (13)  in  fewer 
iterations  than  we  can  in  (12)  with  comparable  absolute  errors. 

§5.  SOME  EXPERIMENTAL  RESULTS 

Two  main  steps  in  the  problems  we  have  discussed  are  l)  picking  values 
of  (M, R)  or  (M,R,k)  so  and  iji  match  in  the  rlcht-  places  and  2)  calculating 
grids.  Tables  1  and  2  describe  searches  for  (M,R).  Table  3  describes  a 
search  for  (M,R,k) .  Plot  1  and  Plot  2  are  corresponding  grids. 

We  looked  for  domains  bounded  by  three  circles  with  specified  boundary 
potentials,  b^,  b^ ,  and  b^,  and  with  specified  complex  potential  at  its 
critical  points,  z^  and  z^.  We  assume  the  total  charge  on  each  boundary  is 
one.  We  tried  to  guess  the  right  values  for  the  centers,  M^  and  M2>  and  radii, 
Rj  and  R^,  of  the  first  two  circles  if  Mj  “  0  and  R^  -  1.  Tables  1  and  2 
show  the  number  of  subdivisions  N  of  each  boundary  used  to  approximate 
the  number  of  iterations  taken,  and  the  values  of  M  and  R  calculated 
at  the  end  of  the  iterations  leaving  us  with  a  maximum  error  in  the  potentials 
as  specified.  In  successive  columns  with  higher  N  we  use  the  previous  values 
of  M  and  R  as  initial  guesses. 

In  both  tables  1  and  2  the  parameters  are  for  a  domain  symaetrlc  across 
the  real  axis.  Our  potential  approximations  did  not  preserve  this  symmetry 
automatically.  We  can  see  how  the  nmber  of  digits  agreeing  in  M^  and  Mj  and 
in  R^  and  R^  correspond  to  the  maximum  errors  in  the  potentials. 


-*■  » 
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TABLE  1 

SOLVING  FOR  <M,R)  SO  bx  «  b2  -  .111,  bj  -  0,  *<*)  -  -1.3,  $(*)  »  -1.39,  WITH 
INITIAL  GUESS  -  20+101,  Mj  -  20-101,  -  R  -  1 


N 

4 

8 

10 

iterations 

7 

4 

5 

M1 

19.9911938+9.83435871 

20.0103733+9.83483381 

20.0108152+9.83507531 

M2 

19.9911935-9.83435811 

20.0103735-9.83483411 

20 . 0108152-9 .83507531 

*1 

1.0136412 

1.0137188 

1.013715623 

R2 

1.0136429 

1.0137185 

1.013715621 

maximum 

error 

2.7  x  io-6 

8.5  x  io'7 

-9 

5M0 

TABLE  2 

SOLVING  FOR  (M,R)  SO  ^  ■  bj  -  -1.03,  b3  -  0,  -  -1.4,  <>(*2)  -  -1.41, 

WITH  INITIAL  GUESS  ^  -  19.5  +  101,  -  19.5  -  101,  “  ®2  “  3 


N 

4 

10 

Iterations 

3 

4 

“l 

18.2536288+9.73733041 

18.424888+9.7952151 

M2 

18.2585680-9.74638261 

18.424872-9.7952301 

*1 

3.053838 

3.059700 

R2 

3.052190 

3.059702 

-6 

Maximum 

error 

10  * 

10 

Table  3  haa  a  * taller  fora,  except  now  we  are  looking  for  (M,R,k)  parame¬ 
terizing  a  domain  whose  outer  boundary  le  a  rectangle  and  whose  two  inner 
boundaries  are  squares.  Here  we  are  trying  to  match  up  with  specified  values 
Im(<|i)  at  three  vertices  of  the  outside  rectangle,  Re(f)  on  the  two  Inner 
boundaries,  and  at  the  critical  point. 


TABLE  3 

SOLVING  FOB  (M.R.k) 

INITIAL  GUESS:  k  -  .31622,  3^  -  .6+. 81,  -  1+1.51,  ^  -  .1,  R2  -  .06 


N 

4 

8 

16 

Iterations 

4 

2 

2 

k 

.3164766 

.3164395 

.3164345 

«1 

.6110767+81218811 

.6111020+. 81218511 

.6111145+. 81219241 

*2 

.9943007+1.49388761 

.9942437+1.49399121 

.9942284+1.49400091 

*1 

.1253212 

.1271056 

.1279121 

R 

.0914252 

.0927318 

.0933205 

maximum 

4.4  x  10-9 

9.4  x  io-9 

2.5  x  io~10 

error 

We  did  not  use  singular  elements  to  approximate  the  charge  density  at  the 
corners  of  the  squares.  That  probably  explains  why  the  error  Increased  from 
column  one  to  column  two.  When  the  number  of  subdivisions  was  Increased  the 
potential  approximation  changed  enough  that  even  after  two  Iterations  the 
error  was  larger  than  before. 

In  plots  1  and  2  we  show  corresponding  grids  In  a  domain  DQ  and  In  a  con¬ 
formally  equivalent  domain  D.  The  domain  Dp  Is  bounded  by  a  square  on  the 
outside  and  a  near  circular  Inner  boundary  centered  at  the  center  of  the 
square.  was  chosen  to  have  a  particularly  simple  potential  associated 
with  It,  iJ|q(z)  »  -log  A(z,4(K+1K'),  1//Z)  .  In  the  same  manner  as  with  the 
more  complicated  domain  associated  with  Table  3,  we  calculated  the  proper 
parameters  for  a  conformally  equivalent  domain  D  with  a  square  Inner  boundary. 
The  symmetry  of  the  regions  provides  a  partial  check  of  our  procedure.  We 
started  with  Initial  guesses  where  the  outer  boundary  was  not  a  square  and 

was  not  In  the  center,  but  the  parameters  converged  to  the  correct  ones 
which  provided  symmetry.  At  the  outer  corners  of  Dq  where  our  program 
specifically  arranged  to  make  a  match  with  comers  of  the  computational 
domain,  we  see  that  there  Is  little  distortion  In  the  grid.  The  computational 
domain  does  have  extra  comers  introduced  on  Inner  boundaries.  The  grid  in 
Dq  shows  the  extent  of  the  local  distortion  near  the  points  corresponding 
to  these  comers  In  D.  The  distortions  at  comers  would  be  similar  if  there 
were  more  interior  boundaries.  In  our  example  we  used  a  doubly-connected  re¬ 
gion  Dq  merely  to  simplify  the  logic  In  the  grid  generation.  In  actual 
practice,  however,  a  doubly-connected  domain  would  probably  be  mapped  onto  an 
annulus  in  order  to  calculate  a  grid.  Our  method  becomes  useful  particularly 


for  domains  of  higher  connectivity. 

Much  aore  can  be  done  to  develop  this  conforaal  napping  method.  We  have 
Indicated  none  of  the  directions  to  follow,  and  we  have  demonstrated  the 
promise  of  this  approach  to  a  previously  intractlble  conformal  napping 
problem. 
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INTRODUCTION 


•^>Heat  transfer  and  fluid  flow  over  circular  tubes  have  wide  applications  In 
the  design  of  heat  exchangers  and  nuclear  reactors.  However,  It  Is  often 
difficult  to  accurately  calculate  the  detailed  velocity  and  temperature  dis¬ 
tributions  of  the  fl'w  because  of  the  complex  geometry  Involved  In  the 
analysis,  and  a  lack  of  an  appropriate  coordinate  system  for  the  analysis. 
Boundary  conditions  on  the  surfacee  of  the  tubes  are  often  Interpolated.  This 
Interpolation  process  Introduces  Inaccuracy.  To  overcome  this  difficulty,  the 
present  study  used  the  technique  of  the  boundary-fitted  coordinate  system  . 
In  this  technique,  all  the  physical  boundaries  are  transformed  Into  constant 
coordinate  llnea  In  the  transformed  coordinates.  Therefore,  the  boundary 


conditions  can  be  specified  on  the  grid  points  without  interpolation. 


F 


COORDINATE  TRANSFORMATION 

The  coordinate  transformation  technique  used  for  the  present  analysis  Is 
baaed  on  the  numerical  solution  of  a  set  of  elliptic  partial  differential 
equations  (PDE).1"3  The  transformed  coordinates  (C,  n,  C)  are  Independent 
variables;  the  physical  coordinates  (x,  y,  s)  are  dependent  variables. 
Constant  values  of  one  of  the  curvilinear  coordinates  ((,  n,  O  are  specified 
as  Dlrlchlet  boundary  conditions  on  each  boundary.  Values  of  the  other  curvi¬ 
linear  coordinates  are  either  specified  by  a  monotonlc  variation  over  a 
boundary  as  Dlrlchlet  boundary  conditions,  or  determined  by  Neumann  boundary 
conditions.  In  the  latter  case,  the  curvilinear  coordinate  lines  can  be  made 
to  Intersect  the  boundary  according  to  some  specified  conditions,  such  ss 
being  normal  or  parallel  to  some  given  directions.  Also,  the  s pacings  of  the 
curvilinear  coordinate  lines  can  be  controlled.  The  PDE  used  for  coordinate 
generation  in  the  present  analysis  is  of  the  general  fora. 
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«xx  +  Syy  -  Hi,  n) 
nxx  +  nyy  “  Q(e*  n)* 

subject  to  boundary  conditions, 


V 

Cj(x.  y) 

- 

n 

_ni 

(*,  y)  ex 


(1) 


(2) 


where  Cj  is  a  specified  nonotonic  function  of  x  and  y,  rjj  is  a  specified 
constant,  P  and  Q  are  functions  for  controlling  spacing*  and  r  is  the  physical 
boundary.  P  and  Q  were  set  equal  to  sero  for  the  analysis  presented  here. 
For  ease  in  specifying  the  boundary  condition,  the  dependent  and  Independent 
variables  in  Eq.  (1)  are  Interchanged  as 


where 


“«  “  2e*en  +  YXnn  “  0 
°y«  "  2BY«n  +  YYnn  “  °* 


(3) 


#  ’  +  yn  * 


B  *  Vn  +  Vn  * 
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The  transformed  boundary  conditions  for  the  present  case  of  an  infinite  square 
array  of  circular  tubes  are  given  as 


S  sin 

Rco.  fj* 


for  -  3  <  t  <  3  and 
n  -  3 


R  sin 


i r 

-Rcos  4r 


for  -  3  <  5  <  3  and 
n  ■  -3 


T 


^  A 
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R  cos 


R  sin 


n  t 

T T 


n  * 

T T 


for  £  •  3  and 
-3  <  n  <  3 


621 


M 

I 


1 


/ 


I 
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R  sin 


n_» 
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for  £  «  -3  and 
-3  <  n  <  3, 


(5) 


where  R  Is  the  radius  of  the  tubes.  The  grid  spacinga  on  the  surface  of  the 
tube  are  unifora.  Symmetry  condition  is  Imposed  on  the  lines  of  symmetry  as 
shown  in  Fig.  1.  This  symmetry  condition  causes  the  grid  lines  to  be  normal 
to  the  symmetry  lines.  The  computational  meshes  so  generated  are  shown  In 
Fig.  1  for  the  case  of  pltch-to-diameter  ratio  (S/R)  of  1.05.  The  Inlet 
conditions  of  the  flow  and  the  geometry  are  also  given  In  Fig.  1.  All  the 
physical  properties  are  asstaed  to  be  conatant.  Equations  (3)  and  (4),  sub¬ 
ject  to  the  boundary  conditions,  Eq.  (5),  were  expressed  In  finite-difference 
form  and  solved  by  successlve-over-relaxatlon  technique.  Once  the  curvilinear 
coordinates  are  generated,  the  conservation  of  mass,  momentum,  and  energy 
equations  In  terms  of  the  transformed  coordinates  are  solved. 

A  computer  code  (B0DYFIT-1FE)3  based  on  this  procedure  was  developed  at 
Argonne  National  laboratory.  B0DYFIT-1FE  Is  a  three-dimensional,  steady- 
state/tranalent  single-phase  thermal-hydraulic  code  for  rod-bundle  applica¬ 
tions.  It  solves  the  complete  Navler-Stokes  a-d  energy  equations  by  a  cell- 
by-cell  numerical  procedure.  It  uses  a  modified  staggered-cell  arrangement 
where  velocity,  energy,  and  mass-balance  cells  are  all  staggered  at  different 
locations.  Detailed  descriptions  of  the  code  are  given  In  Ref.  3.  Brief 
descriptions  of  the  methods  used  In  the  code  are  given  as  follows. 

CONTROL  VOLUMES 

In  the  conventional  staggered  mesh  arrangement,  the  horltontal  velocity,  u. 
Is  stored  at  the  middle  of  the  vertical  grid  lines,  and  the  vertical  velocity, 
v,  is  stored  at  the  middle  of  the  horizontal  grid  lines.  Pressures  are  stored 
at  the  centers  of  the  cells  formed  by  grid  lines.  In  this  arrangement,  all 
velocities  are  sandwiched  between  pressures.  Furthermore,  the  x-momentim 
equation  for  the  u  velocity  depends  on  only  the  x-derlvatlve  of  pressure, 
while  the  y-momentia  equation  for  the  v  velocity  depends  on  only  the  y- 
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derivative  o f  pressure.  Due  to  this  characteristic  In  the  Cartesian  coordinate 
system,  specification  of  pressures  at  physical  boundaries  is  not  required. 
This  avoidance  of  specifying  pressures  at  the  boundaries  Is  a  great  advantage 
of  the  conventional  staggered  mesh  arrangement.  However,  In  the  boundary- 
fitted  coordinate  system,  the  x-momentum  equation  for  the  u  velocity  depends 
on  both  the  C  and  the  n  derivatives  of  pressures  and  likewise  for  the  y 
momentum  equation  for  the  v  velocity.  Because  of  this  unique  characteristic 
for  the  boundary-fitted  coordinate  system,  either  the  pressure  at  the  boundary 
has  to  be  specified  or  the  one-sided  differencing  scheme  has  to  be  used  to 
evaluate  the  gradient  of  the  pressure  at  the  boundary.  In  order  to  avoid  this 
difficulty,  the  conventional  staggered  mesh  arrangemnt  has  been  modified. 

In  the  present  scheme,  both  the  horizontal  and  vertical  velocities  are 
stored  at  the  Intersections  of  grid  lines  as  shown  In  Fig.  2.  Pressure, 
temperature,  enthalpy,  and  density  variables  are  stored  at  the  centers  of  the 
cells  formed  by  the  grid  lines.  In  this  arrangement,  one  can  again  avoid  the 
specification  of  pressures  at  the  boundaries.  The  control  volumes  used  for 
momentum  calculations  center  around  the  grid  Intersections  as  staggered  cells 
shown  In  Fig.  2.  The  control  volumes  used  for  energy  calculations  are  formed 
by  the  grid  lines  as  basic  cells  shown  In  Fig.  2.  However,  the  control 
volumes  for  mass-residue  calculations  are  shifted  half  a  cell  In  the  c 
direction  from  the  basic  cells.  This  shifting  of  the  control  volume  In  the  C 
direction  Is  necessary  to  eliminate  the  numerical  oscillation  of  cross  flows, 
as  to  be  explained  next. 

The  praaent  scheme  of  computing  the  pressure  at  a  given  cell  Is  based  on 
the  mass  residue  of  the  cell.  If  too  much  mass  Is  accumulated  at  a  cell,  the 
pressure  of  the  cell  Is  Increased  to  push  the  mass  out  of  the  cell.  If  too 
little  mass  Is  accumulated  In  the  cell,  the  pressure  of  the  cell  Is  decreased 
to  pull  In  more  mass.  However,  It  Is  possible  that  the  flows  are  In  opposite 
directions  at  adjacent  points  of  the  computational  cell  such  that  the  mass  Is 
nearly  balanced  and  the  mass  residue  Is  very  small,  and  hence  the  pressure 
correction  is  negligible.  In  this  condition,  the  above  pressure  correction 
scheme  fails  to  correctly  adjust  the  pressure  and  the  oscillation  of  cross 
flow  results.  Furthermore,  the  rate  of  calculatlonal  convergence  Is  extrasMly 
slow.  The  remedy  to  the  above  difficulty  Is  to  shift  the  control  volumes  for 
computing  the  mass  residue  half  a  cell  up  In  the  C  direction  such  that  the 
cross  flow  velocities  ere  .to  the  middle  of  the  surfaces  of  the  control  vol¬ 
umes.  This  new  errangement  entirely  eliminates  the  numerical  oscillation  of 
cross  flows  and  enhances  the  rata  of  caleuJ ttlonal  convergence  significantly. 
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NUMERICAL  METHODS 

The  transformed  Navier-Stokes  and  energy  equations  were  expressed  In  the 
finite-difference  forms  In  the  control  volumes  previously  described.  Donor¬ 
cell  differencing  was  used  for  all  the  convective  terms  In  the  governing 
equations;  central  differencing  for  all  the  other  terms.  All  variables  were 
expressed  In  the  current  time  step  except  the  principle  variable  which  had 
values  at  the  current  and  previous  time  steps.  Since  the  finite-difference 
equations  were  solved  by  using  cell-to-cell  calculatlonal  procedure,  only  the 
principle  variable  was  expressed  in  the  current  iteration  step  such  as 


t+At,n+l 

"i 


(6) 


where  superscript  t  refers  to  the  previous  time  step;  t+At,  the  current  time 
step;  superscript  n,  the  previous  Iteration  step;  superscript  n+1 ,  the  current 
Iteration  step;  subscript  1,  the  principle  cell  to  be  solved;  subscripts  l+l 
and  1-1  the  neighboring  cells;  a's,  the  coefficients;  s,  the  source  term;  and 
w,  velocity  or  enthalpy  variables  to  be  solved.  All  the  terms  Involving  w^ 
were  factored  to  the  left  hand  aide  of  Eq.  (6)  to  form  the  diagonal  term  to 
enhance  the  rate  of  calculatlonal  convergence.  Equation  (6)  was  first  solved 
for  velocities  and  then  for  enthalpy  from  cell  to  cell  until  all  the 
computational  cells  within  a  given  plane  of  the  fluid  domain  were  exhausted. 
The  mass  residues  of  all  the  cells  were  computed  and  the  pressures  were 
adjusted  proportionally  to  the  mass  residue.  This  proportional  constant  used 
In  adjusting  the  pressure  has  a  sensitive  effect  on  the  rate  of  convergence. 
This  constant  was  determined  by  substituting  the  finite-dlfferenced  momentum 
equation'  Into  the  flnlte-dlffereneed  continuity  equation  and  taking  the 
partial  derivative  of  the  continuity  equation  with  respect  to  pressure  to 
obtain 


where  SH  was  the  mass  residue  of  the  continuity  equation,  and  P  was  the  pres¬ 
sure  of  the  cell  l,j,k.  The  reason  for  using  the  flnlte-dlffereneed  momentum 
equations  Instead  of  using  the  differential  equations  was  that  the  rate  change 
and  the  convective  and  viscous  terns  In  the  momentum  equation  can  all  be 
Included  to  derive  a  relation  between  the  velocity,  v^  j  ^  and  the  pressure, 
P1|j|l(  of  the  cell  as 
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'i.j.k  “  1,JJk,  (,P)i'i«k‘  +  'ljk* 


where  l'j'k*  are  sunned  over  the  neighboring  points  of  the  ljk  coll  end  a1jk 
la  the  source  tan  Including  of  the  neighboring  cells.  Equation  (7) 
was  substituted  Into  the  finite  difference  continuity  equation 


(SJlJk  “  ^ljk  +  “ljk  * 


to  conpute  the  partial  derivative  of  S,  with  respect  to  as  the  factor 
(3SB/3P)1j|c.  The  Inverse  of  this  factor  gave  the  required  change  of  pressure 
proportional  to  the  aasa  residue  of  the  cell  as 


K\ 

V^P/ljk  * 


The  uae  of  the  complete  amentia  equation  Inataad  of  the  conventional  trun¬ 
cated  noaantun  equation  gave  aore  accurate  proportional  factor  for  Eq.  (9)  and 
hence  a  faster  rate  of  convergence  for  velocity  and  pressure  calculations. 

In  nost  reactor  applications,  there  exists  a  predominant  direction  of 
flow.  A  planar-aass-balance  technique  was  used  to  speed  up  the  convergence  of 
the  pressure  calculation  In  these  cases.  The  planar  aass  residue  was  coaputed 
by  adding  up  all  the  cell  aass  residues,  Eq.  (8),  for  a  given  plane.  Based  on 
these  planar  aass  residues,  all  the  pressures  across  and  downs treaa  of  the 
given  plana  were  changed  unlforaly  according  to  the  planar  aasa  residue.  This 
technique  provided  a  very  effective  way  for  speeding  up  the  rate  of  conver¬ 
gence.  Therefore,  In  the  case  of  flow  having  a  predonlnant  direction,  there 
were  two  procedures  for  pressure  corrections,  one  In  the  cross-flow  direction, 
and  one  In  the  axial  direction  of  predominant  flow. 

The  velocity,  enthalpy,  and  pressure  calculations  were  performed  from  cell 
to  cell  for  a  given  plana,  and  than  In  a  plana  by  plana  sweep  down  the  entire 
flow  domain.  This  procedure  was  repeated  until  a  converged  solution  was 
obtained. 
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APPLICATIONS 

Several  ceeee  of  Infinite  equate  array  of  tubes  of  different  S/R  catloa 
with  the  same  hydraulic  diameter  and  Inlet  conditions  were  studied.  Meter 
with  the  unlforn  velocity  of  1  ca/s  la  flawing  parallel  to  the  axis  of  the 
cylindrical  tubes  arranged  In  a  square  pitch.  Unlforn  heat  flux  was  used  to 
(laulate  the  reactor  fuel  rod-bundle.  Both  the  velocity  and  the  taaperature 
profile*  were  developing  along  the  tubes.  Since  the  analytical  solution  In 
the  developing  region  for  this  configuration  was  not  available,  only  the  velo¬ 
city  and  the  temperature  in  the  fully  developed  region  were  conpared.  For  the 
axial  velocity.  Figs.  3(a)  and  3(b)  give  the  coapar'lson  between  the  BODYFIT 
results  and  the  analytic  solutions  by  Sparrow  and  Loaf f let. *  The  agreaaents 
are  In  general  very  good.  The  totel  ntaiber  of  computational  grid  lines 
between  tubes  Is  fixed  to  be  nine  for  all  cases  of  different  S/R  ratios.  In 
the  case  of  large  S/R  ratio  where  tubes  are  far  apart,  the  nunber  of  grid 
lines  used  in  the  present  analysis  nay  not  be  fine  enough  to  resolve  the 
detailed  velocity  profile.  This  slight  Inaccuracy  can'  be  seen  in  Fig.  3(a) 
for  the  case  of  S/R  -  4. 

For  the  comparison  of  temperature  distributions,  Table  1  gives  the  BODYFIT- 
calculated  Nusselt  number  as  a  function  of  the  dimensionless  Z  -  (z/De)/(RePr) 
for  various  S/R  ratios.  The  Nusselt  nusber  at  Z  *  «•  is  given  by  the  analytic 
solution5  for  the  case  of  constant  heat  flux.  Reference  6  gives  the  similar 
analytic  solution  for  the  case  of  constant  peripheral  temperature.  In  the  case 
of  large  S/R  reclos,  the  two  cases  are  very  similar.  In  the  case  of  small  S/R 
ratios,  the  two  cases  differ  quite  a  bit.  However,  the  constant  heat  flux 
case  is  closer  to  the  condition  in  reactor  application  than  the  constant 
peripheral  temperatures  case.  The  sane  information  In  Table  1  is  plotted  In 
Fig.  4.  It  is  observed  that  the  temperature  profile  reaches  fully  developed 
profile  more  slowly  as  the  S/R  ratio  gets  smaller.  For  the  case  of  S/R  “ 
1.05,  the  temperature  profile  did  not  fully  develop  at  the  length  of  156  times 
of  hydraulic  diameter,  Da.  This  phenomenon  also  affects  the  comparisons  shown 
In  Fig.  3. 

From  the  study,  it  is  concluded  that  B0DYF1T-1FB  can  provide  detailed 
velocity  and  temperature  distributions  with  good  accuracy.  This  Information 
is  valuable  for  designing  a  mechanical  heat  transfer  component.  Furthermore, 
the  code  Is  very  flexible  and  can  provide  analysis  of  the  complicated 
geometries  In  most  nuclear  reactor  applications. 
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Control  Voluaee  for  Various  Variables 


Fig.  3(«).  Comparison  of  Axial  Valocltlaa  between  BODTFIT 

and  Analytic  Calculation  for  S/R  “  A,  2,  and  1.5 


Fig.  3(b).  Comparison  of  Axial  Velocities  between  BODYFIT  and 
Analytic  Calculations  for  S/R  ■  1.3,1. 2,  and  1.1 
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Table  1.  (BODYFIT  Calculated)  Nuaault  Nun  be  r 
A a  a  Function  of  Z  for  Varloua  S/R  Ratloa 


ZxlO3 

S/R-1.05 

S/R-l.l 

S/R-1.2 

S/R-1.3 

S/R-1.5 

S/R-2 

S/R-3 

S/R-4 

0.873 

19.95 

20.74 

21.47 

22.10 

23.31 

26.69 

34.07 

41.92 

1.75 

11.89 

13.84 

14.72 

15.35 

16.65 

20.33 

28.34 

37.21 

2.62 

8.23 

10.89 

12.36 

13.16 

14.59 

18.43 

26.78 

36.12 

3.49 

6.31 

9.11 

11.00 

11.94 

13.49 

17.49 

26.10 

35.70 

4.36 

5.15 

7.89 

10.05 

11.12 

12.77 

16.92 

25.73 

35.52 

6.11 

3.88 

6.30 

8.75 

10.01 

11.86 

16.24 

25.39 

— 

7.85 

3. 20 

5.33 

7.86 

9.27 

11.27 

— 

— 

— 

10.47 

2.62 

4.44 

6.95 

8.49 

10.68 

15.50 

— 

— 

13.96 

2.19 

3.74 

6.16 

7.79 

10.16 

15.27 

25.17 

35.34 

27.92 

1.58 

2.61 

4.73 

6.47 

9.26 

— 

— 

— 

55.84 

1.19 

2.02 

3.89 

5.72 

- 

— 

— 

* 

m 

0.92* 

1.68* 

3.68* 

5.82* 

9.29* 

15.05* 

25.23* 

36.64* 

^Analytic  Solution  (Ref.  S) 
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INTRODUCTION 

INMESH  le  a  computer  program  for  the  generation  of  two-dimensional 
boundary-fitted  coordinate  syatema  which  allova  the  creation  of  an  unlimited 
number  of  different  type*  of  meshes.  This  general  program  enables  the  user  to 
design  a  mapping  configuration  suitable  for  even  the  moat  complicated  geomet¬ 
ric  domains  Including  those  with  multiple-connectedness.  This  versatility  is 
achieved  through  the  use  of  segmented  computational  regions  tailored  to  handle 
the  topological  complexities  of  each  Individual  problem.  The  proper  choice  of 
mapping  configuration  la  particularly  Important  for  problems  which  contain  two 
or  more  boundaries  of  different  shapes,  especially  If  these  boundaries  varv 
with  time.'  Several  computer  programs  have  been  written  such  as  TOMCAT  -{-Hand 
GRAPE _£24-%hich  allow  the  user  to  automatically  generate  a  boundary-fitted  co¬ 
ordinate  system  for  a  given  geometry  with  some  control  over  the  distribution 
of  the  coordinate  llnee.  These  programs,  however,  are  limited  to  certain  pre¬ 
determined  mapping  conf lguratlons .  IWfESH  is  not  restricted  in  this  manner 
and  thus  same  of  the  previously-experienced  Sneed  for  coordinate  system  control 
has  been  eliminated.  Its  modular  construction  makes  IWfflSH  a  convenient  and 
efficient  tool  not  only  for  the  generation  of  curvilinear  coordinate  systems, 
but  also  for  the  numerical  solution  of  partial  differential  equations  using 
those  coordinate  systems. 


DESCRIPTION  OP  THE  METHOD 

ZNMSSH  Is  bessd  on  the  method  Introduced  by  Thompson  [3)  In  1974  which 
uses  either  the  Laplace  or  Poisson  equation  to  produce  a  mesh  which  adapts  to 
the  physical  region  of  Interest.  The  physical  region  under  consideration  In 
(x,y)-space  Is  mapped  to  a  computational  region  In  (5 ,n)-space  composed  of  the 
union  of  rectangular  grid  section*.  The  desired  tr  ana  format  ion  represented  by 


C  *  5(*»r)  «d  n  ■  n(*.y) 


(i) 


Is  computed  using  numsrlcal  methods  smployed  by  Haussllng  &  Coleman  (4,5)  to 
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generate  stellar  napping*.  The  transformation*  are  required  to  be  solution* 
of  the  equation* 


5*x  +  «„  ’  *<«•*> 


\*  +  V  -  O(S.n) 

subject  to  appropriate  boundary  conditions.  The  source  functions  P  and  Q  nay 
be  zero  (a  Laplace  generating  system)  or  nonzero  (a  Poisson  systen)  in  order 
to  Influence  the  spacing  of  coordinate  lines  in  the  physical  region.  At 
present,  INMESH  does  not  have  the  capability  to  automatically  supply  the  pro¬ 
per  value*  of  P  and  Q  needed  to  attract  lines  into  or  repel  lines  from  speci¬ 
fied  regions  of  the  physical  plane.  This  feature  nay  be  added  in  the  future, 
but  the  proper  choice  of  napping  configuration  should  provide  sufficient  coor¬ 
dinate  systen  control  for  most  geometries . 

For  computational  purposes.  Equations  (2)  are  transformed  to  (5,n)-apace 
by  interchanging  dependent  and  independent  variables  to  yield 


+  ■»  (P»5  +  V  “  0 


“y«  "  2fiycn  +  rynn  *  J  (py«  +  QV  *  0 


2  .  2 
a  -  x  +  y 
n  7n 

2  2 


6  -  x?xn  +  y^yn 

J  “  V«  '  Ve 


Each  derivative  in  Equations  (3)  and  (4)  is  replaced  by  the  appropriate  cen¬ 
tral  difference  approximation,  and  the  resulting  system  1*  solved  using  suc¬ 
cessive  over-relaxation.  A  more  complete  discussion  of  this  solution  techni¬ 
que  can  be  found  in  previous  work  [3]. 

The  computational  region  comprises  rectangular  grid  segments  which  are 
mapped  onto  section*  of  grid  in  the  physicsl  region.  The  sides  of  the  grid 
segments  in  computations!  space  are  joined  together  in  such  a  way  that  the 
desired  distribution  of  corresponding  grid  lines  in  physical  space  la 


v$, ^  • 

■  VW?  ,-  >' 


-  tt+4k  *  ‘  WPWK. 

*;■ .  2  "  .  c  --  ♦. 


••  >  * *  i’i  t  *  '* 
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achieved.  The  sides  of  each  rectangle  are  designated  as  one  of  three  funda- 
nental  types:  Fixed  (F-type) ,  Matching  (M-type),  or  Re-entrant  (R-type).  For 
the  F-type  side,  the  x-  and  y-coordlnates  of  the  grid  points  are  fixed  and 
hence  do  not  change  during  the  computation  of  the  mesh.  An  F-type  side  would 
be  found  in  a  grid  section  adjacent  to  a  boundary  in  physical  space  such  as  a 
wall  or  far-fleld  boundary.  M-  and  R-type  designations  are  used  to  connect 
two  sides  of  different  segments  or  different  sides  of  the  same  segment.  The 
two  sides  that  are  joined  must  be  of  the  same  type  and  have  the  same  number  of 
points.  An  M-type  connection  has  an  overlap  of  two  grid  lines  while  R-type 
sides  are  joined  with  an  overlap  of  three  grid  lines.  An  R-type  connection  is 
often  needed  where  a  coordinate  line  In  physical  space  lies  partly  along  a 
boundary  and  partly  in  the  interior  of  the  region  such  as  occurs  when  a  body 
is  mapped  onto  a  slit .  Unlike  F-type  sides ,  the  physical  coordinates  of  M- 
and  R-type  sides  are  not  determined  in  advance  but  must  be  computed. 

USE  OF  THE  PROGRAM 

To  create  a  coordinate  system  with  INMESH,  the  user  must  first  decide  on 
the  mapping  configuration  that  best  suits  the  geometry  of  hiB  particular  prob¬ 
lem.  This  step  often  Involves  making  a  sketch  of  the  coordinate  system  as  it 
will  appear  in  the  physical  plane.  The  grid  in  the  physical  region  is  then 
broken  up  into  sections  which  ensure  that  each  side  of  each  segment  in  the 
computational  region  is  either  fixed  to  a  physical  boundary  or  la  joined  to 
another  entire  side.  The  sides  are  defined  as  one  of  the  three  types  (F,M,  or 
R),  with  connections  specified  where  appropriate.  Finally,  the  coordinates  of 
the  fixed  sides  are  set  and  the  program  is  ready  to  be  run.  The  coordinate 
system  generated  may  be  returned  in  a  form  suitable  for  graphical  display  or 
in  a  form  to  be  used  in  the  solution  of  a  partial  differential  equation  aris¬ 
ing  from  a  physical  problem. 

All  user-supplied  input  to  the  program  is  given  in  the  form  of  80-column 
card  Images  with  variables  in  free  format .  The  input  consists  of  values  of 
parameters  which  define  the  mesh  segments,  designate  the  type  of  each  side, 
and  provide  the  linkage  between  these  sides.  This  input  is  simple  with  two 
parameters  required  for  each  segment  to  define  its  dimensions  and  at  most 
three  parameters  per  side  to  establish  connections  among  the  segments.  The 
physical  coordinates  of  the  fixed  sides  must  be  specified  where  necessary. 

Also  included  in  the  input  are  values  of  parameters  needed  for  the  initial 
guess  and  Iterative  solution  of  the  mesh.  Generation  of  the  initial  guess  can 
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be  a  problem  In  cases  where  some  segments  have  no  fixed  side.  This  difficulty 
is  currently  being  studied  In  an  effort  to  improve  the  Initialisation 
algorithm. 

GENERAL  REMARKS 

Almost  any  type  of  boundary-fitted  coordinate  system  can  be  created  with 
INMESH.  The  coordinate  system  that  Is  generated  may  be  easily  changed  by  al¬ 
tering  the  number  of  and  connections  between  grid  segments  In  the  computa¬ 
tional  region.  Grid  lines  are  added  to  or  removed  from  specific  areas  simply 
by  changing  the  number  of  points  in  the  appropriate  segments.  This  capabi¬ 
lity,  along  with  the  fact  that  the  coordinate  lines  are  smooth  throughout  the 
entire  physical  region.  Is  used  to  control  distribution  of  the  lines  so  that 
the  functions  P  and  Q  may  be  set  to  zero  in  the  generating  equations  (a 
Laplace  system).  The  flexibility  provided  by  INMESH  Is  especially  useful  for 
multi-body  problems  in  which  different  mesh  configurations  are  needed  In  dif¬ 
ferent  parts  of  the  physical  region. 

Until  better  methods  are  devised  and  perfected,  the  choice  of  a  "best" 
mesh  for  a  particular  problem  will  be  made  by  examining  different  coordinate 
systems  as  they  appear  In  the  physical  region.  INMESH  can  aid  In  this  deci¬ 
sion  by  enabling  the  researcher  to  efficiently  produce  a  wide  variety  of  grids 
for  the  same  geometry.  This  versatility  will  be  enhanced  when  an  Interactive 
version  of  the  program  becomes  available  so  that  In  a  single  terminal  session 
a  user  can  quickly  generate  and  display  a  variety  of  meshes  for  the  same 
region . 

EXAMPLES  AND  APPLICATIONS 

As  a  first  example  of  meshes  that  can  be  created  with  INMESH,  consider 
the  simple  computational  region  of  Figure  la  and  the  associated  physical  re¬ 
gion  of  Figure  lb.  This  figure  Illustrates  a  polar  or  "O-type"  coordinate 
system  about  a  circular  body.  In  this  and  succeeding  examples,  R-type  connec¬ 
tions  In  the  computational  region  are  labeled  as  such.  Unlabeled  connections 
are  thus  M-type.  Sides  with  no  connections  given  are  fixed.  Although  not  to 
scale ,  sketches  of  the  computational  regions  show  how  linkage  of  grid  segments 
sides  determines  the  nature  of  the  coordinate  system  as  it  appears  In  the 
physical  region.  The  number  of  grid  lines  In  each  direction  is  also  Indicated 
for  the  segments  since  sides  that  are  joined  must  have  an  equal  number  of 
points.  In  Figure  la  the  horlsontal  sides  of  the  single  computational  segment 
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correspond  to  the  outer  boundary  and  the  body  in  physical  space  and  are  thus 
F-type  sides.  The  two  vertical  sides  represent  a  cut  between  boundaries  in 
the  physical  region  and  are  joined  here  by  an  N-type  connection. 

The  second  example  demonstrates  how  the  same  type  of  coordinate  system 
may  be  generated  for  a  region  with  more  than  one  body  contained  within  a 
single  outer  boundary.  Figure  2a  shows  the  computational  region  for  an  O-type 
coordinate  system  about  two  foils;  the  physical  region  is  shown  in  Figure  2b. 
M-type  connections  again  form  cuts  between  the  outer  boundary  and  the  bodies 
while  an  R-type  connection  generates  the  coordinate  line  running  from  Body  1 
to  Body  2.  Four  separate  computational  segments  are  needed  so  that  each  side 
is  either  fixed  or  joined  to  another  entire  side.  A  coordinate  system  having 
a  line  both  within  the  physical  region  and  on  the  boundary  usually  requires  a 
more  complex  computational  space  than  a  configuration  without  this  property. 
Coordinate  lines  which  change  character  in  this  manner  are  easily  handled  by 
INMESH  but  do  necessitate  a  computational  region  with  multiple  segments. 

Although  the  O-type  grid  seems  to  be  a  good  choice  for  the  circular  body 
of  the  first  example,  this  type  of  coordinate  system  may  not  be  best  suited 
for  bodies  shaped  like  those  of  the  second  example.  Perhaps  a  more  natural 
grid  for  a  foil-like  body  is  the  "C-type"  grid  seen  in  the  next  example. 

Figure  3  shows  the  computational  and  physical  regions  for  a  C-type  mesh  about 
a  foil.  Note  that  three  computational  segments  are  required  because  the  co¬ 
ordinate  line  that  lies  along  the  body  also  lies  within  the  physical  region. 
This  is  an  example  of  a  simple  mesh  that  has  many  applications. 

Both  the  inner  and  outer  boundaries  must  often  be  considered  in  choosing 
a  grid  system  for  a  particular  geometry.  As  the  next  example,  consider  a  rec¬ 
tangular  region  containing  a  foil-like  body.  Figure  4a  shows  the  segmented 
computational  space  needed  to  map  the  body  to  a  slit  and  Figure  4b  shows  the 
resulting  coordinate  system  in  physical  space.  Again  the  R-type  connection  is 
used  to  generate  a  coordinate  line  which  "splits"  to  form  the  upper  and  lower 
portions  of  the  body.  Also  note  that  different  portions  of  the  body  are  map¬ 
ped  to  different  grid  segments  for  this  configuration.  A  close-up  view  of 
this  "slit-type"  mesh  near  the  body  is  given  in  Figure  5. 

The  slit  transformation  is  easily  extended  to  a  multi-body  situation. 
Figure  6  shows  computational  and  physical  regions  for  a  grid  system  surround¬ 
ing  a  cascade  of  foils.  If  the  vertical  arrangement  of  the  foils  is  slightly 
changed,  the  mapping  configuration  is  somewhat  more  complicated  as  illustrated 
by  Figure  7.  The  Increase  in  complexity  of  the  computational  region  arises 
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from  the  Increase  in  the  number  of  discontinuous  coordinate  lines  in  the 
physical  region. 

Another  type  of  transformation  veil  suited  to  a  region  with  a  rectangular 
outer  boundary  is  the  "box-type”  mapping,  figure  8  shove  the  computational 
and  physical  planes  for  this  system  as  applied  to  square  region  containing  a 
circular  body.  In  this  configuration,  portions  of  the  body  are  mapped  to  four 
separate  grid  segments.  If  the  body  is  shaped  like  a  foil,  a  useful  coordi¬ 
nate  system  might  be  one  derived  from  a  combination  of  the  box  and  slit  trans¬ 
formations  ,  the  "modified  box"  mapping.  The  computational  and  physical 
regions  for  the  modified  box  are  given  in  Figure  9.  This  arrangement,  vhere 
the  body  is  mapped  to  three  different  grid  segments,  accommodates  both  the 
blunt  and  sharp  characteristics  of  the  foil.  Figure  10  provides  detail  of  the 
grid  near  the  body.  The  modified  box  mapping  can  be  used  in  a  straightforward 
manner  for  a  staggered  cascade  of  foils,  as  indicated  in  Figure  11. 

As  a  final  example ,  consider  again  a  rectangular  region  containing  a 
foil-like  body.  In  order  to  obtain  more  grid  lines  around  the  body  than  are 
provided  by  the  modified  box  mapping  alone,  we  choose  a  combination  of  the  C- 
type  and  modified  box  transformations  as  shown  by  Figure  12.  This  configura¬ 
tion  has  coordinate  lines  which  wrap  the  body  yet  become  more  rectangular  near 
the  outer  boundary.  In  Figure  12b,  note  the  Irregular  five-sided  cells  which 
appear  both  above  and  below  the  foil  where  the  grid  system  changes  character. 

The  coordinate  system  illustrated  in  Figure  12  has  been  used  as  the  ini¬ 
tial  mesh  for  a  preliminary  calculation  of  the  potential  flow  resulting  from  a 
hydrofoil  moving  beneath  a  free-surf ace.  A  finte-dlfference  technique  was 
used  along  with  a  marching  scheme  for  the  advancement  of  the  time-dependent 
free-surf ace ,  requiring  that  a  new  mesh  be  generated  at  each  time  step  as  the 
free-surf ace  evolves.  Details  can  be  found  in  s  previous  paper  by  Haussling  & 
Coleman  [4).  Figure  13  shows  the  development  of  the  free-surface  for  various 
times  t  as  the  foil  la  abruptly  put  in  motion.  This  computation  was  easily 
performed  on  the  segmented  grid  since  the  same  general  subroutines  used  to 
generate  the  mesh  were  also  used  for  the  flow  calculations. 

CONCLUSION 

A  computer  program  (INMESH)  for  the  generation  of  boundary-fitted  coordi¬ 
nate  systems  has  been  written  which  makes  use  of  segmented  computational  re¬ 
gions.  This  program  la  not  restricted  to  certain  predetermined  mapping  con¬ 
figurations  and  therefore  can  be  used  to  produce  an  unlimited  number  of  dlf- 
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FIGURE  8,  Box  .tapping:  aingla  body 
a)  Computational  region;  b)  Phyalcal  region 
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FIGURE  10.  Detail  of  physical  region  for  modified  box  mapping 
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FIGURE  13.  Ftee-surface  development  for  translating  hydrofoil 


ferent  grid  systems.  The  fact  that  the  user  may  design  a  computational  region 
suited  to  a  particular  geometry  makes  1AIESH  a  useful  tool  In  the  creation  of 
curvilinear  coordinate  systems.  The  use  of  IlMESH  was  Illustrated  by  a  aeries 
of  sample  grids  ranging  from  simple  coordinate  systems  to  complicated  meshes 
that  would  have  been  difficult  and  time-consuming  to  generate  without  INMESH. 
An  application  also  demonstrated  thrt  the  segmented  computational  region  may 
be  used  successfully  In  the  numerical  solution  of  a  fluid  dynamics  problem. 


REFERENCES 

1.  J-P.  Thompson,  et  al,  'TOMCAT  -  A  Code  for  Numerical  Generation  of 
Boundary-Fitted  Curvilinear  Coordinate  Systems  of  Fields  Containing  Any 
Number  of  Arbitrary  TWO  Dimensional  Bodies,'  J.  Comp.  Ihys.,  24,  pp.  274- 
302  (1977). 

2.  R.L.  Sorenson,  'A  Computer  Program  to  Generate  TVo-Dimeneional  Grids  About 
Airfoils  and  Other  Shapes  by  the  Use  of  Poisson's  Equations,'  NASA 
Technical  Memorandum  81198  (1980). 

3.  J.F.  Thompson,  et  al,  "Automatic  Numerical  Generation  of  Body-Fitted 
Curvilinear  Coordinate  System  for  Field  Containing  Any  Number  of  Arbitrary 
TVo-Dl»»*noional  Bodies,"  J.  Comp.  Phys.,  15,  pp.  299-319  (1974). 

4.  R.J.  Haussllng  and  3.M.  Coleman,  'Nonlinear  Hater  Haves  Generated  by  an 
Accelerated  Circular  Cylinder,'  J.  Fluid  Mech.,  Vol.  92,  Part  4,  pp.  767- 
781  (1979), 

5.  H.J.  Haussllng  and  R.M.  Coleman,  'Finite-Difference  Computations  Using 
Boundary-Fitted  Coordinates  for  Free-Surface  Potential  Flows  Generated 
by  Submerged  Bodies,'  Proc.  2nd  Int .  Conf.  Numerical  Ship  Rydrodyn., 

Univ.  of  California  at  Berkeley,  pp.  221-233  (1977). 


'  -'■••  ••;•  '  l*'¥+*V&*m**4*i 


..  ..,«-***-*■ 


IQ  P000995 


Published  1982  by  Elsevier  Science  Publishing  Coepeny,  Inc. 
NUMERICAL  GRID  GENERATION 
Jq*  F.  Thompson,  editor 


GRID  GENERATION  BY  ELLIPTIC  PARTIAL  DIFFERENTIAL  EQUATIONS  FOR 


A  TRI-ELEMENT  AUGMENTOR-WING  AIRFOIL 
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ABSTRACT 

^  The  Augmentor-Wing  is  a  promising  new  development  in  airfoils  for  transport 
aircraft.  It  consists  of  a  main  airfoil  with  a  slotted  trailing-edge  for  blow¬ 
ing,  and  two  smaller  airfoils  shrouding  the  blowing  jet.  Impressive  short- 
takeoff-and-landing  (STOL)  results  have  been  observed  in  flight,  and  both 
wind-tunnel  tests  and  computational  studies  predict  remarkably  low  drag  in  the 
cruise  configuration. 

Two  separate  efforts  to  numerically  simulate  the  flow  about  this  airfoil 
in  the  cruise  configuration  are  being  pursued.  One  uses  an  unsteady  viscous 
flow-solver,  and  the  other  a  transonic  full-potential  approach.  The  inviscid 
full-potential  approach  will  be  used  as  a  preliminary  design  tool  to  test  a 
variety  of  configurations  because  of  its  relatively  high  speed;  the  viscous 
flow-solver  will  be  used  as  a  design  verification  tool  to  supplement  experi¬ 
mental  testing.  The  grid-generation  program  GRAPE  has  been  adapted  to  satisfy 
the  significantly  different  needs  of  these  two  studies.  The  flow  field  is 
divided  into  zones,  and  continuity  of  grid  lines  and  their  slopes  across  zonal 
boundaries  is  assured.  In  addition,  grid  cell  size  and  skewness  at  body 
boundaries  is  controlled.  This  new  application  of  grid  generation  by  elliptic 
partial  differential  equations  for  thls’hreal-wor  Id,  ^multielement  problem 
is  described.  ^ 


THE  AUGMENTOR-WING 

The  Augmentor-Wing,1  designed  and  built  by  De  Havilland  Aircraft  of  Canada, 
Ltd. ,  consists  of  a  thick  nonsyametric  main  airfoil  having  a  slotted  trailing- 
edge  for  blowing,  a  large  flap,  and  an  additional  airfoii  element,  called 
the  shroud  (see  Fig.  la) .  The  shroud  is  located  above  the  blowing  jet  and 
the  flap  below  it,  forming  a  channel  and  acting  together  as  an  ejector,  or 
thrust  augmentor.  Air  Cor  blowing  is  ducted  from  the  bypass  flow  of  the 
turbofan  engines. 

The  flap  and  shroud  are  fixed  with  respect  to  each  other  and  rotate  downward 
together  for  the  landing  configuration,  directing  the  blown  air  and  entrained 
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Fig.  1.  Sketch  of  Augmentor-Wing  airfoil. 


air  downward  and  providing  powered-lift  (see  Fig.  lb).  Blown  air  is  cross- 
ducted,  eliminating  the  danger  of  asymmetric  lift  in  the  engine-out  case.  As 
a  result,  it  is  not  necessary  to  use  four  engines — as  opposed  to  the  potentially 
more  economical  twin-engine  arrangement— for  safety  considerations,  as  it  is 
in  sosie  other  powered-lift  designs.  To  test  the  concept,  a  Dc  land 

Buffalo  aircraft  was  modified  by  adding  Rolls-Royce  Spey  )et  engines  and  an 
Augmentor-Wing  fixed  in  the  landing  configuration.  Five  years  of  research 
flying  with  this  aircraft  showed  good  short  takeoff  and  landing  (STOL) 
performance . 2  * 3 

Theoretical  studies  and  wind-tunnel  tests  of  scale  models1*”6  indicate  that 
this  airfoil  in  the  cruise  configuration  will  be  competitive  with,  if  not 
superior  to,  a  conventional  supercritical  airfoil  section  of  the  same  thickness- 
to- chord  ratio.  Advantages  claimed  are  increased  drag-rise  Mach  number, 
improved  buffet  boundaries,  and  reduction  of  "effective"  drag  because  of 
full-time  blowing.  It  is  expected  that  a  large  part  of  the  main-airfoil 
boundary  layer  can  be  ingested  into  the  augmentor  and  reenergized,  resulting 
in  increased  propulsive  efficiency.  Further,  boundary  layers  formed  on  the 
flap  and  shroud  do  not  tend  to  separate;  this  gives  a  "flatter"  pressure 
distribution  over  the  entire  airfoil  and  reduces  peak  suction  pressures,  which 
lead  to  high  values  of  critical  Mach  number.  In  addition,  the  18%  overall 
thickness- to-chord  ratio  (including  flap  and  shroud)  allows  the  main-airfoil 
element  to  be  extremely  thick,  at  26%.  This  facilitates  the  placement  of  large 
low- loss  blowing  ducks,  gives  more  room  for  fuel,  and  yields  structural 
advantages  such  as  reduced  weight  and  Increased  torsional  stiffness,  thus  per¬ 
mitting  higher  aspect  ratios. 

THB  "GRAPE"  GRID- GENERATION  ALGORITHM 

The  grid  for  discretizing  the  flow  about  the  Augmentor-Wing  is  constructed 
using  a  component  adaptive  grid  interfacing  (”AGI)  technique  which  employs 
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Sorenson's  grid-generation  program  GRAPE.7*8  The  GRAPE  algorithm  generates 
grids  by  solving  a  set  of  two  Poisson  differential  equations  after  the  manner 
of  Thompson  et  al . : 9 


£  +5  =  P 

xx  yy 


n  +  n  =  Q 

xx  yy 


(la) 

(lb) 


These  equations  are  solved  by  iteration  in  the  transformed  plane: 


oucr  -  20x  +  yx  «  -J2(Px,  +  Qx  ) 

££  £n  nn  £  n 


oy«  *  2f5y£n  +  Yynn  =  ‘j2(Py£  +  “V 


(2a) 

(2b) 


where 


a  • 

V  +  yn2 

(2c) 

6  - 

Vn  +  y£yn 

(2d) 

Y  » 

X  2  4.  y  2 

?  yc 

(2e) 

J  =■ 

x£yn  •  V£ 

(2  f ) 

The  GRAPE  method  differs  from  that  of  Thompson  et  al.8  in  that  it  uses 
inhomogeneous  terms  P  and  Q,  which  though  simpler,  yield  the  ability  to 
arbitrarily  impose  two  types  of  control  on  the  grid  at  boundaries.  The 
computational  coordinate  £  is  directed  around  the  airfoil;  thus,  lines  of 
constant  £  are  those  which  intersect  the  airfoil  boundary.  The  first  type 
of  control  which  may  be  imposed  is  of  the  angle  of  inclination,  denoted  8  in 
Figure  2a,  with  which  the  lines  of  constant  £  intersect  the  boundaries. 

Grid  lines  directed  around  the  airfoil  are  of  constant  n.  The  second  type  of 
control  is  of  the  distance  between  the  airfoil  boundary  and  the  next  constant- n 
line,  denoted  A  in  Figure  2b,  and  measured  along  constant-£  lines.  Both  6 
and  A  may  be  constants,  or  any  reasonable  and  smooth  function  of  £.  Thus, 
for  example,  near-orthogonality  may  be  achieved  at  the  boundary  by  setting 
8  to  a  constant  value  of  90°;  the  "normal  distance”  off  of  the  body  to  the 
next  grid  line.  A,  may  be  set  to  any  fraction  of  the  chord  length,  such  as 
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(a)  Control  of  angles 


(b)  Control  of  spacing 


Fig.  2.  Two  types  of  grid  control  at  boundaries 


0.01  times  the  chord  length.  This  control  of  6  and  A  may  be  exercised  at 
the  inner  or  outer  boundary,  or  both. 

The  constraints  on  9  and  A  are  embedded  implicitly  within  the  equations 
governing  the  grid  mapping,  and  thus  control  of  6  and  A  is  dependent  on 
the  accuracy  with  which  the  equations  are  solved.  Some  compromise  of  this 
control  must  be  accepted,  for  example,  near  any  point  where  the  slope  of  the 
boundary  is  discontinuous.  But  in  most  places  on  most  grids  the  control  is 
quite  effective. 

APPLICATION  OF  GRAPE  TO  THE  TWO  FLOW  SIMULATION  STUDIES 

The  two  methods  discussed  here  for  numerical  simulation  of  the  flow  about 
the  Augmentor-Wing — the  inviscid  full-potential  and  viscous  thin-layer  Nevier- 
Stokes  methods — both  require  surf ace -con forming  grids.  Bach  method  has  its 
own  particular  grid  requirements.  The  CAGI  approach  satisfies  these  require¬ 
ments  by  partitioning  the  flow  region  into  computational  zones,  each  in  the 
shape  of  a  distorted  "C." 

In  the  viscous  f low- simulation  affort,  Lasinski  et  al. 10  use  a  steady, 
thin-layer  Navier-Stokes  solver  based  on  the  work  of  Stager,11  with  the  main 
airfoil  modified  to  have  a  sharp  trailing  edge  for  the  no-blowing  case.  This 
method  requires  a  body-oriented  C-type  grid  about  each  element,  with  the  lines 
of  constant  n  clustered  to  the  body  surface  and  lines  of  constant  C  nearly 
normal  to  the  body.  Thus,  in  the  CAGI  approach  four  zones  are  required: 
a  thin  zone  conforming  to  the  flap,  another  thin  zone  conforming  to  the  shroud, 
a  zone  conforming  to  the  main  airfoil  and  passing  between  the  flap  and  shroud 
grids,  and  a  fourth  zone  filling  the  outer,  or  far-field  region.  Figure  la 
illustrates  the  four  tones  (not  to  seals).  The  GRAPE  method  is  then  used  to 
make  grids  for  each  of  the  zones  in  turn.  Function  and  slope  continuity  of 
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(a)  Physical  space 
Pig.  3.  Grid  mapping. 


(b)  Computational  space 


coordinate  lines  across  zonal  boundaries  is  achieved  by  using  GRAPE'S  ability 
to  control  angles  and  spacings  at  boundaries. 

The  first  step  in  this  method  is  to  locate  the  zonal  boundaries.  This  is 
done  in  an  automatic  and  arbitrary  fashion.  Short  line-segments  are  projected 
normally  outward  from  the  body  points.  The  outward  end-points  of  these  line- 
segments  are  connected  to  form  the  C-shaped  lines  denoted  f-g-h-n-m  (about 
the  flap) ,  p-o-j-k-1  (about  the  shroud) ,  and  f-g-h-i- j-k-1  (about  the  main 
airfoil) ,  as  shown  in  Figure  3a.  The  line-segments  normal  to  the  bodies  are 
then  discarded,  leaving  the  zonal  boundaries. 

A  grid  for  each  zone  is  then  made  in  turn,  using  the  program  GRAPE  as  though 
it  were  a  subroutine.  Because  the  computational  variable  £  is  proportional 
to  the  distance  around  each  airfoil  element,  lines  of  constant  £  are  those 
which  extend  outward  from  each  airfoil  element  in  a  radial-like  fashion.  It  is 
ensured  that  lines  of  constant  £  are  continuous  across  zonal  boundaries  by 
using  the  same  boundary  points  for  adjacent  zones.  Further,  it  is  ensured 
that  lines  of  constant  £  have  continuous  slopes  and  continuous  point-spacing 
in  the  n-direction  across  zonal  boundaries  by  either  (1)  imposing  a  fixed 
point-spacing  and  the  condition  of  local  near-orthogonality  at  boundaries 
where  zones  are  adjacent,  or  (2)  generating  the  grid  for  one  zone,  then  imposing 
the  angles  and  point-spacing  of  its  constant-£  lines  at  the  boundary  upon 
the  adjacent  grid  as  an  a  priori  condition. 

Technique  (2)  above  is  best  understood  by  an  example.  The  grid  in  the 
zona  conforming  to  the  shroud  is  made  first,  with  6  at  the  inner  boundary 
<et  to  90s  and  A  at  the  inner  boundary  set  to  10-5  times  the  chord  length 
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of  the  main  airfoil.  No  control  is  exercised  at  the  outer  boundary  of  this 
zonal  grid.  The  angles  and  spacing  that  result  at  the  outer  boundary  of  this 
grid,  however,  are  used  as  constraints  in  subsequently  generating  the  two 
adjacent  zonal  grids.  To  illustrate  this,  note  the  line  j-o-p  in  Figure  3&. 
This  line  is  part  of  the  outer  boundary  of  the  grid  conforming  to  the  shroud, 
and  is  also  part  of  the  inner  boundary  of  the  far-field  grid.  Thus  the  angles 
and  spacings  along  this  line  j-o-p  resulting  from  the  generation  of  the  grid 
about  the  shroud  are  imposed  as  6  and  A  along  that  part  of  the  inner 
boundary  of  the  far-field  grid.  The  result  is  that  angles  and  spacing  vary 
smoothly  across  zonal  boundaries. 

The  four-zone  physical  domain  for  the  viscous  case  is  mapped  into  a  computa¬ 
tional  domain  consisting  of  four  distinct  blocks,  as  shown  in  Figure  3b.  These 
blocks  are  adjacent  along  parts  of  their  boundaries,  as  shown  by  the  connecting 
lines  between  the  blocks.  The  flow  solver  must  take  careful  note  of  how  and 
where  the  blocks  join.  Of  special  note  are  points  j  and  hi  three  zones  are 
contiguous  at  each  of  those  points. 

Work  is  proceeding  on  the  viscous  case  with  blowing. 12  The  upper  and  lower 
surfaces  of  the  main-airfoil  element  approaching  the  trailing  edge  are  faired 
to  be  parallel  with  the  x-axis,  and  are  truncated  at  the  point  which  gives  the 
proper  blowing  jet  width  (See  Fig.  4).  Zonal  boundaries  are  extended  rearward 
from  the  top  and  bottom  of  the  truncation,  as  extensions  of  the  coordinate 
boundary  conforming  to  the  surface  of  the  main  airfoil.  Thus  a  fifth  zone  is 
created  and  a  grid  for  it  is  made.  Within  this  new  zone,  lines  of  constant  n 
are  directed  generally  fore  and  aft  and  are  clustered  to  the  two  new  zonal 
boundaries.  The  lines  of  constant  5  are  roughly  vertical,  and  have  end 
points  that  line  up  with  those  of  grid  lines  of  constant  £  in  the  adjacent 


Fig.  4.  Creation  of  fifth  tone  for  blowing  case 
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zone.  Because  lines  of  constant  £  approaching  the  new  zonal  boundaries  from 
both  sides  are  forced  to  do  so  with  the  same  9  (90°)  and  with  the  same  4, 
function  and  slope  continuity  of  coordinate  lines  across  zonal  boundaries  is 
maintained.  The  Navier-Stokes  flow  solver  is  being  adapted  to  utilize  the 
fifth  zone  with  appropriate  boundary  conditions.  An  example  grid  for  the 
blowing  case  is  presented  below  in  the  results  section. 

In  the  inviscid  flow-simulation  effort,  Flores13  is  adapting  the  TAIR 
full-potential  solver  of  Holst11*  first  to  use  a  C-type  grid,  and  then  to  accept 
the  flap  and  shroud  as  residing  in  slits  within  the  grid.  Thus  the  grid  about 
the  flap  and  shroud  locally  resembles  an  H-type  mesh.  GRAPE  has  been  applied 
to  the  generation  of  this  grid,  using  a  two-zone  approach,  with  one  zone 
conforming  to  the  main  airfoil  and  to  the  i -board  (toward  the  jet)  surfaces 
of  the  flap  and  shroud,  and  with  the  second  zone  covering  the  outer  region  and 
conforming  to  the  outboard  sides  of  the  flap  and  shroud.  The  point-spacings 
along  lines  of  constant  £  at  the  body  surfaces  are  much  larger  in  the  invis¬ 
cid  case,  being  chosen  to  give  cells  with  aspect  ratios  near  1.  An  example  is 
discussed  below  in  the  results  section. 

BODY-SURFACE  DISTRIBUTION 

It  was  realized  at  the  outset  of  this  effort  that  the  distribution  of  grid 
points  on  the  surfaces  of  the  three  airfoil  elements  would  be  a  problem 
requiring  serious  attention.  In  all  computational  aerodynamic  applications, 
the  distribution  of  body-surface  points  is  important.  The  points  must  be 
dense  enough  to  resolve  changes  in  the  gradients  of  the  flow  variables  along 
the  surfaces.  In  addition,  point  distribution  around  the  body  must  be  smooth. 
Yet  this  must  be  done  with  a  minimal  number  of  points,  for  the  sake  of  compu¬ 
tational  efficiency.  However,  in  this  multielement  airfoil  problem  the  body- 
surface-point  distribution  is  even  more  critical,  since  the  points  on  one 
element  must  "line  up"  with  points  on  another  element;  the  number  of  points 
on  the  two  sides  of  a  channel,  such  as  between  the  flap  and  shroud  of  the 
Augmen tor-wing,  must  agree. 

A  method  for  distributing  body-surface  grid  points  that  is  simple  and 
straightforward  yet  effective  has  been  developed.  The  procedure  is  one  of 
relating  the  surface  distance  around  the  airfoil,  s,  measured  clockwise  from 
the  trailing  edge,  and  illustrated  in  Figure  5a,  to  the  computational  variable 
£,  with  integer  values  of  £  corresponding  to  actual  grid  points.  The 
function  s(£),  described  by  the  curve  in  Figure  5b,  shows  an  actual  surface- 
point  distribution.  This  function  must  be  smooth  and  monotonically  increasing. 
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(a)  Arclength  s  and  control  points  (b)  Sample  s  vs  5  distribution 
Fig.  5.  Surface  distribution  algorithm 

Where  the  slope  is  small,  the  surface  points  are  close  together;  where  the 
slope  is  large,  the  surface  points  are  far  apart. 

Plots  of  s (£)  such  as  that  in  Figure  Sb  are  commonly  used  to  examine  and 
evaluate  a  point  distribution,  but  in  this  method  the  function  s(£)  is  used 
to  create  the  distribution.  Because  index  values  in  the  £  direction,  hence 
values  of  £,  are  assigned  a  priori  to  physical  locations  on  the  body,  some 
small  number  of  points  on  the  s(£)  curve  are  predetermined.  The  remainder 
of  the  s (5)  curve  is  found  by  fitting  the  given  points  with  a  spline  function. 
As  a  result,  the  entire  s(£)  function  is  fopnd,  and  a  distribution  is  created. 

The  term  "control  point"  is  used  here  to  mean  a  point  on  the  airfoil 
surface  to  which  we  wish  to  assign  a  particular  value  of  j ,  the  index  in  the 
£  direction.  By  assigning  index  values  to  physical  locations  in  this  way, 
clustering  or  declustering  in  the  regions  between  control  points  can  be 
enforced.  For  example,  Figure  5a  shows  five  control  points  on  the  main-airfoil 
element.  Suppose  that  it  is  desired  to  put  100  points  over  the  entire  surface 
of  this  airfoil.  In  this  case  a  uniform  distribution  of  grid  points  [which 
would  make  s(£)  linear]  would  result  in  eight  grid  points  between  control 
point  No.  1  at  the  trailing  edge  and  control  point  No.  2  at  the  entrance  to 
the  lower  channel,  since  this  distance  is  8%  of  the  circumferential  length 
of  the  airfoil.  Then  suppose  the  body-surface  spacing  in  this  region  is 
halved.  This  is  done  by  requiring  16  points  in  the  region,  necessitating  the 
removal  of  8  points  from  other  regions.  A  correspondence  between  the  16th 
£-value  (j  •  16)  and  the  s-value  of  that  control  point  is  therefore  required, 
and  the  function  s(£)  is  no  longer  linear.  Other  correspondences  between 
s-values  locating  control  points  and  ^-values  specifying  clustering  are 
established  around  the  leading  edge  and  the  upper  channel.  These  control 
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points  and  their  ^-values  could  be  plotted  on  an  3(C)  graph  such  as  the  points 
on  Figure  Sb.  Any  reasonably  smooth  and  monotonic  curve  passing  through  the 
control  points  would  serve  as  the  desired  surface-point  distribution.  In  the 
present  method  this  curve  is  found  by  fitting  the  control  points  with  a  cubic 
spline.  The  actual  values  of  s.  denoted  s_. ,  which  define  the  distribution 
of  body  points,  are  found  by  evaluating  the  spline  fit  at  integer  values  of  £. 
The  body  shape  is  represented  parametrically  by  the  spline  fits  x(s)  and  y(s). 
The  actual  coordinates  of  the  body  surface  points  are  found  by  evaluating  the 
x(s)  and  y(s)  spline  fits  at  the  parameter  values  s^. 

A  similar  procedure  is  followed  for  all  three  airfoils.  It  can  thus  be 
ensured  that  there  is  an  equal  number  of  points  on  both  sides  of  the  channel 
by  specifying  the  same  number  of  points  between  opposing  control  points.  In 
practice  more  control  points  than  are  shown  in  Figure  5a  are  required  to 
control  the  second  derivative  s"(£).  Some  trial  and  error  is  required,  but 
the  method  is  effective. 

A  solution-adaptive  approach  to  surface-point  distribution  based  on  the 
work  of  Johnson15  and  Nakamura  and  Holst16  is  also  being  investigated.  A 
partial  differential  equation  involving  the  second  derivative  of  the  fluid 
density  is  solved  to  give  a  reclustering.  Although  this  method  appears 
promising  for  simpler  single-element  airfoils,  problems  relating  to  the 
multielement  aspect  of  this  airfoil  have  been  encountered.  The  method  tends 
to  give  surface-point  distributions  in  channel  regions  wherein  points  on  one 
side  are  aligned  poorly  with  the  points  on  the  opposing  side,  causing  lines 
of  constant  £  to  be  highly  skewed. 

RESULTS 

Figure  6  shows  a  grid  generated  by  the  present  method  and  used  in  calculating 
some  of  the  results  for  the  no-blowing  viBcous  case  reported  by  Lasinski  et  al.10 
Of  particular  interest  is  Figure  6c;  it  shows  a  close  view  of  the  region  near 
the  leading  edge  of  the  flap,  including  the  point  labeled  h  in  Figure  3a, 
at  which  three  computational  zones  come  together.  Where  "chord"  is  taken  to 
mean  the  chord-length  of  the  main  airfoil  element,  the  standoff  distance  to 
the  first  point,  A,  is  set  to  10~5  chords  for  all  three  airfoil  elements. 

The  total  thickness  of  the  grids  conforming  to  the  flap  and  shroud,  that  is, 
the  length  of  the  line-segments  used  in  creating  the  zonal  boundaries,  is 
0.01  chords.  The  total  thickness  of  the  grid  conforming  to  the  main  airfoil 
element  varies  but  is  about  0.03  chords.  The  far-field  grid  extends  4  chords 
upstream,  6  chords  downstream,  and  6  chords  vertically  upward  and  downward. 


(c)  Leading  edge  of  lower  flap  (d)  Trailing  edge  of  main  airfoil 

Fig.  6.  Grid  for  viscous  treatment  of  Augmentor-Wing,  no  blowing. 

There  are  25  points  in  the  direction  "normal"  to  the  surface  in  the  grids 
conforming  to  the  flap  and  shroud,  and  96  points  in  the  tangential  direction, 
including  the  wake.  Similarly,  the  grid  conforming  to  the  main  airfoil  element 
is  37  by  150  points.  The  far-field  grid  is  37  by  142  points,  summing  to  a  total 
of  15,604  points  for  the  entire  gria. 
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This  grid  was  used  in  calculating  the  results  presented  by  Lasinski  et  al. 10 
for  Re  *■  12.5  x  10®  (based  on  the  main  airfoil  as  unit  chord),  »  0.7,  and 
an  angle  of  attack  of  1.0°.  This  solution  required  approximately  16  hr  of  CPU 
time  on  a  CDC  7600  computer.  Generating  the  grid  required  93  sec  of  7600  CPU 
time.  GRAPE  has  a  feature  that  will  accelerate  its  convergence  by  more  than  an 
order  of  magnitude,  if  for  each  zone  the  maximum  number  of  points  in  both 
directions  is  of  the  form  3n  +  1  for  n  an  integer.  However,  because  of  the 
need  for  points  to  line  up  across  zonal  boundaries  in  this  problem,  that 
condition  is  not  met  in  three  of  the  four  zones. 

A  five-zone  grid  (  a  region  of  which  is  shown  in  Fig.  7)  for  the  viscous 
study  with  blowing  has  been  generated  and  is  presently  in  use  on  a  CRAY-1S 
computer.  A  grid  for  the  two-zone  full-potential  case  has  been  generated,  and 
is  illustrated  in  Figure  8. 


$ 

ti 


Fig.  7.  Trailing  edge  of  main  airfoil, 
with  blowing. 

CONCLUSIONS 

Computational  grids  for  a  complicated,  multielement,  airfoil  shape  have 
been  successfully  generated  using  the  GRAPE  elliptic  partial  differential 
equation  grid-generator  program.  It  has  been  demonstrated  that  the  approach 


of  dividing  a  complicated  flow  region  into  an  arbitrary  number  of  zones  and 
ensuring  continuity  of  grid  lines,  as  well  as  their  slopes  and  point  distri¬ 
butions,  across  the  zonal  boundaries  is  practical  and  effective. 
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(a)  Confluence  region 
Fig.  8.  Grid  for  full-potential  treatment  of  Augmentor-Wing . 
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ABSTRACT 

j  A  technique  is  presented  for  constructing  a  boundary-conforming  grid  throughout 
a  general  three-dimensional  flow  region  as  a  composite  of  subregion  grids. 
Each  subregion  grid  is  generated  nueerically  by  solving  a  quasi linear  system  of 
elliptic  equations.  The  boundary  values  represent  nodal  points  in  a 

quasi-two-diraenaional  grid  that  covers  the  curved  surface  bounding  the 
subregion,  and  are  generated  n user leal ly  by  a  modified  elliptic  system.  The 
boundary  values  are  used  to  compute  grid  control  parameters  that  are  contained 
in  the  elliptic  systems.  This  provides  flexible  control  over  the  distribution 
of  grid  points  in  the  interior  of  the  region,  in  that  the  interior  grid 
distribution  is  governed  by  the  distribution  of  points  on  the  boundary  as  well 
as  by  the  boundary's  geoaetria  shape.  A  primary  feature  of  the  technique  ia 
that  the  composite  three-dimensional  grid  remains  both  continuous  and  smooth 
across  the  surface  of  juncture  between  any  two  adjoining  subregions.  The 
present  paper  elucidates  the  details  of  the  method  and  of  its  implementation, 
and  displays  numerical  results  for  both  surface  grids  and  apace  grids. 
Co^irehenelve  results  are  displayed  fox  a  three-dimensional  grid  about  a  simple 
wing-body  combination.  A  numerical  example  ia  presented '6(  a  surface  grid  on  a 
NACA  0012  airfoil,  with  high  resolution  of  the  wingtip  region.  , — 


I.  INTRODUCTION 

To  simulate  complex  three-dimensional  fluid  dynamic  phenomena  by  a  direct 
numerical  solution  of  the  partial  differential  equations  that  govern  the  flow, 
one  first  must  have  a  spatial  grid  that  covers  the  flow  region.  The  grid 
defines  each  of  the  nodal  points  or  spatial  cells  for  which  the  equations  are 
to  be  represented  by  a  discrete  approximation. 

The  three-dimensional  grid  generation  technique  described  below  is  designed 
to  construct  numerically  a  boundary-conforming  grid  within  a  three-dimensional 
region  R  bounded  by  a  closed  surface.  An  example  is  shown  in  Figure  1  of  a 
quasi-rectangular  region  bounded  by  six  surface  segments  represented  in  a 
Cartesian  coordinate  system.  A  boundary-conforming  grid  is  one  in  which  grid 
points  are  distributed  smoothly  throughout  the  interior  of  the  region  R  and 
along  its  bounding  surface.  For  a  region  such  as  that  in  Fig.  1,  this  is 
equivalent  to  defining  a  new  curvilinear  coordinate  system  { ,n ,(  such  that  each 
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of  the  aix  boundary  surface  segments  is  a  coordinate  surface  5 “const . , 
n -const. ,  or  (-constant.  When  plotted  in  such  a  coordinate  system,  the  region 
R  takes  the  form  of  a  simple  rectangular  solid  that  may  be  scaled  so  that  each 
edge  is  of  unit  length.  This  forms  a  cube  as  illustrated  in  Pig.  2. 

The  problem  of  constructing  a  boundary-conforming  grid  thus  may  be  viewed  as 
the  search  for  a  transformation 

x,y,r  - >  C»  n,  ( 

n  -  n(x.y#*)  (D 

C  -  c (x»y ,*) 


that  maps  a  general  region  R  onto  the  unit  cube  in  £,  n«  C  coordinates.  If  the 
mapping  functions  (1)  were  known,  then  it  would  be  easy  to  construct  a  grid  in 
R  by  first  constructing  a  grid  in  the  cube  of  Pig.  2.  The  image  of  this  grid 
in  R  than  could  be  cooputed  directly  by  solving  Iq's  (1)  for  x,y,n  that  is.  by 
inverting  the  mapping  transformation.  It  is  easy  to  construct  a  uniform  grid 
in  the  cube  as 


- 

(3-DAC 

,  1 

<j<  j 

(2a) 

Ik  - 

(k-l)Ah 

,  1 

<k<  K 

(2b) 

Cl  - 

(l-IJAr 

,  1 

<1<  L 

(2c) 

where  we  have  chosen 

A$  -  Ah-  1/0C-1),  A(  -  V(L~U 

A  general  class  of  grid  generation  techniques  has  evolved  in  which  the 
transformation  functions  in  ( 1 )  are  taken  to  be  the  solutions  of  an  elliptic 
system  of  partial  differential  equations1'^'3.  The  grid  in  the  physical  region 
R  that  is  the  image  of  the  uniform  grid  (2)  is  generated  numerically  by  solving 
an  elliptic  boundary  value  problem  for  the  cube.  Por  a  simply-connected  region 
R  such  as  that  in  Pig.  1,  the  boundary  values  represent  the  Cartesian 
coordinates  of  nodal  points  in  a  quasi- two-dimensional  grid  that  covers  the 
boundary  surface  of  R.  These  points  may  be  distributed  uon-unifoxmly  in  any 
fashion  one  may  desire  to  resolve  local  features  of  the  surface  shape,  such  as 
ragions  of  high  curvature,  etc.  The  main  problem  with  these  elliptic  grid 
generation  techniques  in  general  is  that  the  form  of  the  elliptic  equations 
dictatas  the  positions  of  the  grid  points  in  the  interior  of  R  end  the  spacing 
between  points.  This  makes  it  difficult  to  control  the  interior  grid  to 
achieve  the  flexibility  of  spatial  resolution  that  is  neaded  to  solve  practical 
flow  problems  by  finite- difference  or  finite-volume  methods. 
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The  present  technique  overcomes  this  deficiency  by  using  s  special  system  of 
elliptic  partial  differential  equations  that  contains  information  about  the 
boundary  values1 .  The  distribution  of  grid  points  throughout  the  region  R  then 
is  controlled  by  the  distribution  of  points  assigned  on  the  boundary  surface  as 
well  as  by  the  geosmtric  shape  of  that  surface.  This  is  in  contrast  to  methods 
which  rely  on  ad  hoc  'grid  control  functions*  that  are  introduced  into  the 

elliptic  equation  system,  and  that  usually  sust  be  individually  tailored  to  the 

2  3 

peculiarities  of  each  problem  »  . 


II.  THREE-DIMENSIONAL  GRIDS  FOR  SIMPLY-CONNECTED  REGIONS 

In  the  present  technique,  the  napping  functions  (1)  are  taken  to  be 
solutions  to  the  following  system  of  quasilinear  elliptic  equations 

V2C  -  ♦  (C #n,C » ive I2 

v2n  ■  ♦<5.n.c)l?nl2  (3) 

v2c  -  «(C»n,c)IVcl2 

where  4,  and  u  are  universal  grid  control  parameters  whose  use  will  be 
attained  shortly.  Ihe  equations  that  govern  the  inverse  transformation  are 
obtained  from  (3)  by  interchanging  the  roles  of  dependent  and  independent 
variables2.  This  yields  an  elliptic  system  of  quasilinear  equations  that  can  be 
written  in  the  vector  form 

a1<*CC+**C)  +  ®2<^!Tl4**n)  +  «3<^C^C,+2tB1^Eh  +  B2*nC  +  B3*tC)  “°  (4a> 


r  -  (x,y,s) 


(4b) 


T  J3  <7$*V5>  a2*  J3  (VT>,Tn>  “3^3 

6rJ3,V5*Vn)  B2“  J3  (Vi»*Vc)  63*^3 


(4c) 


The  gradients  of  the  transformation  functions  in  Bq‘s  (4)  are  given  by* 


V?  -  Js’fr^xr^) 

Vn  “  J^tr^xrj) 

VC  -  J^r^xr,,) 

where  J3  denotes  the  Jacobian  determinant  of  the  inverse  transformation 


(5) 


J3  -  *(x,y,s)/a(c,n,c> 


(6) 


670 


The  coefficients  0^,81  ere  scaler  of  functions  r  and  it's  first  partial 
derivatives  with  respect  to  £,  n«  and  { ,  and  can  be  written  in  terms  of  the 
metric  coefficients  of  the  transformation  simply  by  inserting  Eq's  (5)  into  the 
definitions  (4c)  and  expanding  the  repeated  vector  and  scalar  products  to 
obtain 


ai-<|rn||rc|)2  -  <£„•?£  )2 


<»1 

62 

83 


o2-(  |r?  |  |rg  |  )2  -  (rt»rg)2 
a3-(l^el|rT,|)2  -  t?€*r„)2 
(rn«rc)(rc*r5)  -  <r5*rn)|r5lz 
(r5.r5)<r5«rn)  -  ( •  rc  )  |r?  |2 
(rg*rq)(rn*rc)  -  (rc.re )  |r„  |z 


(7) 


The  cartesian  coordinates  (x,y,z>  of  grid  points  in  a  physical  region  R  such 
as  that  of  Pig.  1  are  computed  numerically  by  solving  Rq'a  (4)  on  the  uniform 
grid  in  the  computational  cube  of  Pig.  2,  subject  to  Dirichlet  boundary  values 
specified  on  the  six  faces  of  the  cube.  Por  each  such  face,  the  boundary 
values  are  the  Cartesian  coordinates  of  nodal  points  in  a  quasi-two-dimensional 
grid  covering  that  surface  segment  of  the  physical  region  R  which  maps  onto  the 
face  in  question.  Thus,  to  obtain  the  boundary  values  for  the 
three-dimensional  problem,  we  must  first  construct  a  set  of  six  two-dimensional 
grids,  one  for  each  surface  segment  thet  bounds  the  physical  region  R.  We 
shall  see  later  that  each  of  these  two- dimens ions 1  grids  can  be  generated  by 
using  a  special  two-dimensional  elliptic  equation  system  that  takes  account  of 
the  shape,  slope,  and  curvature  of  the  surface.  Once  the  boundary  values  have 
been  obtained  in  this  fashion  for  all  faces  of  the  computational  cube,  the 
control  parameters  ♦  ,  ♦,  u  must  be  defined  so  that  the  three-dimensional  grid 
can  be  generated  nusterically  by  solving  the  elliptic  system  (4). 

In  the  present  technique,  the  grid  control  parameters  +,  +,  and  «  are 
evaluated  in  terms  of  the  boundary  values.  nils  is  accomplished  as  follows. 
First,  a  limiting  form  of  the  elliptic  system  that  is  valid  at  the  boundaries 
is  used  to  cospute  local  values  of  the  control  parameters  at  each  point  on  the 
boundaries.  The  parameters  then  are  interpolated  linearly  into  the  interior  to 
obtain  a  continuous  representation  of  t(C  it  ,C )  >  and  w(C,n,() 
throughout  the  computational  cube.  8olved  numerically,  the  resulting  elliptic 
system  creates  an  interior  grid  that  mimics  not  only  the  spatial  distribution 
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of  grid  point*  on  the  boundaries  but  the  geoewtric  shapes  of  the  boundaries , 
inasmuch  as  the  locations  of  the  grid  points  n  each  boundary  surface  reflect 
the  shape  of  that  surface*  In  aeaence*  this  technique  Bakes  partial  use  of 
ideas  fron  both  algebraic  grid  generation  techniques  and  other  elliptic  grid 
generation  techniques.  The  latter  usually  are  based  on  Poisson  equations2'3 
whose  source  teraa  are  eelected  to  affect  the  geoamtric  behavior  of  the 
internal  grid  lines,  whereas  algebraic  techniques  generally  use  elaborate 
direct  interpolation  procedures5  to  project  the  surface  grids  into  the  interior 
of  the  region.  In  the  present  technique,  the  surface  grids  are  used  to  caapute 
local  values  of  the  grid  control  paraneters  g,  g,  u  which  then  are  projected 
into  the  interior  of  the  caaputational  cube  by  simple  linear  interpolation. 
Solution  of  the  elliptic  systea  containing  these  paraaeters  then  aerely 
constitutes  an  elaborate  indirect  interpolation  aechanisa  for  projecting  the 
surface  grids  into  the  interior  of  the  region. 

The  first  step  is  to  evaluate  the  grid  control  paraaeters  at  the  faces  of 
the  computational  cube  (Fig.  2).  Under  the  napping,  each  face  is  the  iaage  of 
one  of  the  surface  segaants  that  hound  the  physical  region  (Fig.  1).  Consider, 
for  example,  the  upper  surface  {*1.  The  grid  control  paraaeters  can  be 
evaluated  locally  in  terns  of  boundary  values,  provided  that  constraints  are 
imposed  on  the  slope  and  curvature  of  the  faaily  of  {-directed  grid  lines 
transverse  to  the  boundary  surface  segment * .  The  simplest  case  results  if  this 
family  is  taken  orthogonal  to  the  boundary.  The  orthogonality  constraint  aay 
be  stated  as 

♦  +  +  ♦ 

r^'rg  -0,  r^.r^  -0,  on  {-1  (B) 

which  follow  froa  the  fact  that  the  vectors  rg ,  r^  are  locally  tangent  to  the 
boundary  surface,  whereas  the  vector  is  locally  tangent  to  the  transverse 
{-directed  coordinate  lines.  The  coefficients  B? in  Bq.  (4)  then  vanish, 
and  are  correspondingly  simplified  (see  Bq.  (>>}. 

A  further  simplification  results  if  the  boundary  values  coae  froa  a  £ ,n 
surface  grid  which  itself  is  orthogonal,  for  then  we  have 

rg  *r„-0  (») 

Two  independent  uncoupled  equations  for  evaluating  the  parasMters  4 ,4  at  the 
boundary  {“1  then  can  be  obtained  by  taking  the  scalar  product  of  Bq.  (4)  with 
the  vectors  rg ,  r^ ,  respectively,  wtileh  lie  in  the  tangent  plane.  That  la,  we 
take  the  local  projection  of  Bq.  (4)  onto  the  (-directed  and  n -directed 
coordinate  lines  (grid  lines)  that  comprise  the  known  grid  on  the  boundary 
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The  quantities  that  involve  £  and  T)  derivatives  can  be  evaluated  directly  froa 
boundary  values  (i.e.,  froa  the  given  surface  grid)  using  standard  difference 
operators  to  replace  the  differential  operators*  However,  the  term  * 
contains  derivatives  in  the  transverse  (  direction  and  cannot  be  evaluated  froa 
boundary  data  alone. 

One  can  show  easily  that  each  of  the  teraa  in  Eqs.  (10a)  has  a  simple 
physical  interpretation  (see  Appendix).  For  each  £ -directed  coordinate  line 
such  as  Ffi  in  Fig.  1,  S  '  represents  the  logarithmic  derivative  of  arc  length 
between  the  known  grid  points  along  the  line,  whereas  *  is  proportional  to 
the  curvature  of  the  n “directed  coordinate  lines  in  the  surface  grid.  The  term 
C«  *  similarly  is  proportional  to  the  curvature  of  the  C -directed  coordinate 
lines  transverse  to  the  boundary  surface,  and  may  be  specified  arbitrarily. 
However,  note  that  the  available  boundary  data  for  the  surface  grids  in  the 
transverse  boundary  surface  segments  £-0  and  £— 1  can  be  used  to  evaluate  * 
at  the  end  points  P,Q  of  each  £-line  in  the  surface  (-1.  This  transverse 
boundary  curvature  information  is  used  to  control  the  curvature  of  interior 
(-lines  by  interpolating  between  its  values  Cp^  '  and  Cq"  ’  at  the  end¬ 
points  P  and  Q  as  follows.  If  Cp^  ^  and  Cq“  *  are  both  non-sero  and  have  the 
same  algebraic  sign,  then  C^(£)  is  found  by  interpolating  the  signed  radius 
of  curvature  R  “  1/C  linearly  versus  arc  length  s  -  J|rg|d£.  The  curvature 
itself  is  linearly  interpolated  if  the  algebraic  signs  of  Cp^ '  and  '  are 
different. 

An  equation  for  4  that  is  similar  to  Bq.  (10)  is  obtained  by  taking  the 
scalar  product  of  Bq.  (4 )  with  r„ .  The  described  procedure  thus  allows  one  to 
evalute  the  grid  control  parameters  4,4  at  each  point  of  a  boundary  surface 
sepaent  (-const,  when  the  surface  grid  on  that  segswnt  is  orthogonal. 

In  the  more  general  ease  where  the  £,q  grid  on  a  boundary  surface  (-const, 
is  net  orthogonal,  Bq's  (9)  and  (10)  no  longer  hold,  but  the  same  approach  can 
be  employed  to  evaluate  the  parameters  4 ,4 .  Upon  taking  the  scalar  product  of 
Bq  (4)  with  rg  and  with  rJJ,  one  obtains  a  pair  of  linear  equations  that  can  be 
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solved  easily  to  obtain  unique  expressions  for  evaluating  4  and  4  in  terms  of 
the  given  boundary  values  at  faces  (-const.  of  the  computational  cube.  A 
similar  procedure  is  used  to  evaluate  all  three  grid  control  paraamters  4 ,4 ,u 
at  all  faces  of  the  computational  cube.  In  general,  this  defines  each 
parameter  at  four  of  the  six  faces.  One  can  infer  from  the  structure  of  Eq. 
(4)  that  the  parameter  4  Is  associated  primarily  with  the  spacing  of  grid 
points  along  (-directed  coordinate  lines.  This  inference  is  consistent  with 
the  fact  that  the  described  procedure  for  evaluating  4  from  boundary  values  at 
the  faces  of  the  cube  defines  4  at  only  those  four  faces  in  which  (  is  an 
interior  coordinate  parameter.  nils  excludes  the  two  faces  £ -constant. 
Similarly,  4  is  defined  at  all  save  the  two  faces  n -const. ,  and  u  at  all  save 
the  faces  (-constant. 

Once  the  grid  control  parameters  4 ,4 ,u  have  been  determined  at  the  faces  of 
the  computational  cube,  a  continuous  representation  of  each  throughout  the 
interior  of  thi  cube  is  obtained  by  linear  interpolation.  Consider,  for 
example,  <_ne  parameter  4  which  is  known  at  the  four  faces  (-0, 1  and  n-0,1.  In 
each  plane  (-const.,  0<{ <1 ,  of  the  computational  cube,  we  have  a  square  0<n,c<l 
on  whose  perimeter  4  is  known.  A  continuous  representation  4 (( ,n .( )  in  the 
interior  of  the  square  is  obtained  from  a  generalised  linear  interpolation 
based  on  the  aquation 

♦nncc 

which  can  be  integrated  analytically  subject  to  the  known  boundary  values  of  4 
at  the  perimeter  of  the  square.  ttie  elliptic  system  (4)  then  can  be  solved 
numerically  to  generate  the  three-dimensional  grid  once  the  parameters  4 ,4 ,« 
have  been  defined  throughout  the  computational  cube  of  Fig.  2. 

III.  TW0-DIKEH8I0HAI.  QUIDS  OH  CURVED  SURFACES 

The  bounder,  values  for  generating  the  three-dimensional  grid  are  obtained 
by  constructing  .1  two-dimensional  grid  on  each  of  the  six  surface  assents  that 
bound  the  physical  region  R  depicted  in  Fig.  1.  Each  surface  grid  is  generated 
by  solving  a  two-dimensional  Dirichlet  problem  governed  by  a  two- 
dimensional  elliptic  system  that  is  similar  in  form  to  the  three-dimensional 
system  (4),  but  that  contains  terms  describing  the  slope  and  curvature  of  thr 
surface.  The  two-dimensional  elliptic  system  is  deduced  from  the  three- 
dimensional  system  (4)  as  follows1.  The  surface  on  which  the  grid  is  to  be 
generated  is  taken  as  a  coordinate  surface  (-constart.  By  requiring  that  the 
superfluous  ( •directed  coordinate  lines  both  have  aero  principal  curvature  and 
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be  orthogonal  to  thla  surface,  one  obtains  the  simplified  3d  system 

a(rgj  ♦  4rg)  -  28rg„  +  y  <^nn  +  ♦  +  (a3/5)Iw+  t*n/6  )?]r5-0  (Ha) 

a  *  lr„|2  ,  8  -  r£*r„  •  y  ”  l^l2  ,  4  ■  Ir^l2  (11b) 

where  +  ♦  +  ♦  .... 

rc*r£  »  r5*rn  “  0  (11c) 

Let  the  surface  on  which  a  grid  is  desired  be  defined  in  Cartesian  coordinates 
by  the  function  r-f(x,y),  where  f  is  single-valued  and  twice-differentiable. 
Then  Eq.(11)  can  be  manipulated  to  yield  the  following  set  of  equations  for  the 


projection  of  the  grid  onto  the  x-y  plane1 

a(x5S  +  ♦*£>  “  +  Y(xt)T)  +  t*n>  +  f^G  -  o  (12a) 

o(yee  +  4yt)  -  28yg„  +  Y(Ynn  +  *Yn>  +  ty5  *  0  <12b> 

r  -  (x,y,z)  ,  s  -  f(x,y)  (12c) 

G  -  J22((1+fy2)fj{x  -  2fxfyfxy  +  mfx2)fyy]/(1+f*2+fy2)  (  >2d) 

J2  -  3(x,y)/9(£,n)  -  x^y^  -  x„y£  (12e) 


where  J2  denotes  the  two-dimensional  Jacobian  determinant.  These  equations 
can  be  used  to  generate  a  boundary-conforming  grid  within  any  closed,  simply- 
connected  region  that  lies  on  a  given  surface  s»f(x,y).  Consider,  for  example, 
the  top  surface  segment  5 -const,  in  Pig.  1. 

The  surface  grid  is  generated  by  solving  Bq'a  (12)  on  a  uniform  £ ,n  grid 
over  the  unit  square  on  the  face  {-1  of  Fig.  2,  subject  to  Dirichlet  boundary 
values  r assigned  along  the  perimeter  of  the  square.  These  boundary  values 
represent  the  coordinates  (x,y,s)  of  grid  points  along  the  perimeter  of  the 
surface  se^sent  c-1  in  Fig.  1,  and  may  be  distributed  along  that  perimeter  in 
any  fashion  desired.  In  analogy  with  the  three-dimensional  ease  discussed 
earlier,  an  egression  for  f  or  $  along  each  segment  of  the  boundary  curve  is 
obtained  by  taking  the  projection  of  Bq.  (11a)  onto  the  vector  or  rn  tangent 
to  that  segment1.  The  parameters  are  then  interpolated  linearly  into  the 
computational  square  frost  the  boundaries,  and  the  resulting  elliptic  system 
(12)  is  solved  numerically  to  generate  the  surface  grid1.  This  requires  that 
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boundary  value*  (i.«.,  grid  point  locations)  be  assigned  a  priori  along  each  of 
the  four  segments  of  the  boundary  curve.  Since  the  spacing  of  grid  points 
between  the  endpoints  of  each  boundary  segment  can  be  parametrised  easily  in 
terms  of  a  single  quantity,  the  arc  length,  one  need  not  be  burdened  with  the 
task  of  manipulating  individual  grid  points,  but  may  distribute  grid  points 
along  each  boundary  segment  with  the  aid  of  a  general  one- dimensional 
stretching  function  such  as  that  devised  by  Vinokur6. 

IV.  COMPOSITE  GRIDS  AMD  MDLTIPLY-CONNSCTRD  REGIONS 

The  technique  outlined  in  the  preceding  section  provides  the  Dirichlet 
boundary  values  for  solving  Kq's  (4)  to  generate  a  3D  space  grid  within  an 
arbitrary  spatial  region  such  as  that  depicted  in  Figure  1.  One  proceeds  as 
follows.  First,  the  technique  of  Section  III  is  used  to  generate  a 
quasi-two-dimensional  grid  over  each  surface  segment  that  bounds  the  region. 
This  requires  the  a  priori  selection  of  a  vary  small  subset  of  nodal  points  in 
the  three-dimensional  grid,  namely,  those  points  which  lie  along  the  curves  of 
intersection  between  the  surface  segments  which  bound  the  physical  region. 
These  are  the  curves  that  map  onto  the  edges  of  the  computational  cube.  The 
bounding  surfaces,  and  hence,  their  curves  of  intersection  are  known.  The 
locations  of  grid  points  along  each  such  curve  can  be  parametrised  eesily  in 
terms  of  the  arc  length,  and  the  points  may  be  distributed  along  the  curve  with 
a  general  one-dimensional  coordinate-stretching  function6.  Once  the  surface 
grids  have  been  constructed,  the  surface  grid  point  coordinates  are  used  as  the 
boundary  values  for  the  three  dimensional  Dirichlet  problem  on  the  cube.  The 
grid  control  parameters  that  enter  into  the  elliptic  system  are  evaluated  at 
the  faces  of  the  computational  cube  and  are  interpolated  linearly  into  the 
Interior.  The  Dirichlet  problem  then  is  solved  numerically  by  soma  iterative 
method. 

This  direct  approach  is  likely  to  be  inadequate  for  geometrically 
complicated  regions,  and  is  invalid  for  multiply-connected  regions.  These 
situations  always  can  be  treated  by  subdividing  the  region  into  a  collection  of 
contiguous  simply-connected  subregions,  each  of  which  has  a  more  or  less 
uniform  geometric  character.  Each  subregion  grid  is  generated  Independently, 
and  then  is  joined  with  the  others  to  fora  a  composite  grid  for  the  original 
region. 

An  important  feature  inherent  in  the  present  method  is  that  the  composite 
grid  autoamticelly  remains  both  continuous  and  smooth  across  the  surface  of 
juncture  between  any  two  adjacent  subregions  as  long  as  the  same  boundary 
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values  are  used  at  that  cosamm  surface  whan  generating  the  grid  for  either  sub- 
region.  This  feature  is  a  direct  consequence  of  using  the  boundary  values  to 
evaluate  the  grid  control  parameters  that  enter  into  the  generating 

elliptic  system.  An  example  of  such  a  composite  grid  is  presented  in  the  next 
section. 

V.  NUMERICAL  RESULTS 

Three-Dimensional  composite  Grid  for  a  Wing-Body  Combination 

The  technique  outlined  in  the  preceding  section  has  been  applied  to 
construct  a  three-dimensional  grid  about  the  simple  wing- body  combination 
depicted  in  Fig.  3.  The  configuration  consists  of  a  cylindrical  fuselage  with 
spherical  end  caps  and  a  straight  wing  that  has  a  super-elliptical  planform. 
The  axis  of  the  cylinder  coincides  with  the  Cartesian  y  axis,  the  wing 
mid-chord  line  coincides  with  the  x  axis,  and  the  wing  cross-section  is 
symmstric  about  the  plane  r-0 .  In  the  positive  half-space  s>0,  the  wing 
surface  is  generated  by  the  equation 


t. 


(ex)n  +  y"  -  [<t-s)(t_1  ♦  a))1*/2 
e  “  0.2,  t  “  0.25,  iif8 

where  t  is  the  thickness-to-chord  ratio  in  the  plane  w*0  and  e  is  the 
chord- to- span  ratio.  The  configuration  is  symmetric  about  each  of  the  three 
coordinate  planes  m*0,  y-0  and  *-0. 

The  surface  grids  shown  in  Fig.  3  on  the  cylinder,  the  sphere,  and  the  wing 
were  generated  by  the  method  described  in  Section  III,  treating  each  of  the 
three  parts  as  an  independent  subregion. 

To  form  a  bounded  region  in  which  to  construct  a  three-dimensional  grid,  the 
configuration  is  enclosed  by  an  outer  "freestreaa"  boundary  surface  consisting 
of  an  elliptical  cylinder  with  an  end  cap  formed  by  the  matching  ellipsoid  of 
revolution.  Since  the  region  is  symswtric  about  the  three  coordinate  planes, 
we  consider  only  the  positive  octant  x,y,s  >  0,  and  include  the  planes  x»0  and 
r-0  aa  boundaries.  This  region  was  subdivided  into  two  subregions  separated  by 
the  plane  normal  to  the  y  axis  that  passes  through  the  sphere- cylinder  juncture 
of  the  body.  Ate  composite  surface  grids  on  the  body,  wing,  end  symmetry 
planes  ere  displayed  in  Fig.  4.  A  three-dimensional  view  of  each  aubregion  is 
given  in  Figs.  5  and  6,  and  shows  the  grid  on  each  visible  surface.  Figure  7 
shows  the  composlta  grid  formsd  by  joining  tha  two  subragions. 

In  Figure  4,  the  surfscs  grids  on  tha  nosecap  and  on  tha  symmetry  planes  for 
the  forward  subregion  are  joined  to  those  for  the  aft  subregion  to  show  that 
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grid  lines  remain  smooth  between  adjoining  subregions.  This  smoothness  also  is 
evident  in  Figs.  8  and  9,  which  display  several  interior  coordinate  surfaces  of 
the  coo^osite  grid. 

The  number  of  grid  points  in  each  of  the  two  subregions  depicted  in  Figs.  5 
and  6  is  26  x  11  x  21  ■  6000.  For  each  subregion,  solution  of  the  elliptic 
system  by  successive  line  over-relaxation  (SLOR)  required  approximately  150 
iterations  and  15  min.  of  CPU  time  on  a  VAX  11/780  minicomputer. 

Surface  Grids 

The  surface  grid  generation  technique  presented  in  Section  III  has  been 
applied  to  a  standard  NACA  0012  symmetric  airfoil  with  a  wingtip  formed  by 
rotating  the  profile  about  its  central  symmetry  line.  Figs.  10-12  show  plan, 
end,  and  perspective  views  of  the  grid  on  the  upper  half  of  the  wing  surface. 
Note  the  relatively  high  resolution  of  the  critical  region  near  the  wingtip 
that  is  obtained  with  the  21  x  20  grid. 

Experimentation  recently  has  been  performed  with  wing-body  surface  grids 
having  a  topological  structure  different  from  that  used  in  Fig.  3.  An  example 
is  displayed  in  Fig.  13  for  the  same  spherically-capped  cylindrical  body  joined 
to  the  blunt  NACA  0012  wing  instead  of  the  sharp-edged  elliptical  wing.  The 
body  grid  has  no  polar  singularity  at  the  nosetip,  unlike  Fig.  3,  and  has  a 
topology  similar  to  that  employed  in  Reference  7. 
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APPENDIX 

Geometric  Interpretation  of  Terms  In  Equation  (10) 

In  Equation  (10a)  that  Is  used  to  evaluate  the  grid  control  parameter  f  at  a 
boundary  surface,  each  of  the  terms  has  a  simple  geometric  interpretation.  It 
follows  from  the  identity 

h-ht-i <'S|il)e 

and  from  the  definition 

ds  -  |r^  |d£ 

of  arc  length  s  along  a  (-directed  coordinate  line  that  the  term  *  defined  by 

Eq.  (10b)  can  be  rewritten  as  the  logarithmic  derivative  of  arc  length 

S(5  ’  -  (in  85)5 

Hence,  this  term  depends  only  on  the  spacing  between  grid  points  along  the 
line. 

The  term  *  defined  in  Eq.  (10c)  can  be  interpreted  in  terms  of  the 

curvature  of  c -directed  grid  lines.  The  principal  curvature  k  of  a  space  curve 

such  as  a  (-directed  coordinate  line  is  defined  classically  so  that  the  rate  of 

turning  of  the  unit  tangent  vector 

♦  ♦  ♦ 
t  -  r^/lr^  | 


with  respect  to  arc  length  ds  ■  I r? | d5  is  given  by8 


♦ 

dt 

ds 


♦ 

*cp 


♦ 

where  the  unit  vector  p  is  orthogonal  to  t.  Upon  performing  the  indicated 
differentiation,  the  result  can  be  cast  in  the  form 

r55  -  |rcl2  Kp  +  (In  sc)c  rc 

If  one  takas  the  scalar  product  of  this  equation  with  the  unit  vector  tangent 
to  the  (-directed  coordinate  lines,  ths  sscond  tsrm  drops  out  because  of  the 
orthogonality  condition  (8),  and  the  term  C^  f  is  found  to  be  proportional  to 
the  curvature,  k. 
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SUMtARY 

A  method  for  constructing  a  boundary-fitted  grid  system  for  arbitrary  three- 
dimensional  (3-D)  configurations  is  presented.  The  grid  generation  procedure  is 
formulated  through  the  Poisson  equations.  A  feature  of  the  scheme  is  that  grid 
lines  in  the  grid  system  are  smoothly  interconnected  between  the  boundary  co¬ 
ordinates.  The  control  of  the  grid  distributions  in  the  interior  of  the  system 
has  been  implemented  by  the  forcing  functions  appearing  in  the  Poisson  equations 
and  by  the  boundary  coordinates.  Reasonable  cell  sizes  and  shapes  are  obtained 
even  for  extreme  boundary  shapes  which  normally  tend  to  cause  poorly  controlled 
grid  distributions. 


INTRODUCTION 

For  the  numerical  study  of  fluid  dynasties  problems,  the  generation  of  compu¬ 
tational  grids  is  generally  required,  in  the  finite  difference  or  the  finite 
element  solutions  of  the  governing  flow  equations.  A  poorly  constructed  grid 
system  may  cause  erroneous  results  and/or  bring  about  slow  numerical  convergence. 
The  grid  generation  technique  is,  therefore,  a  critical  element  for  supporting 
numerical  flow  simulation,  especially  for  three -dimensional  flow-field  computa¬ 
tions.  The  purpose  of  this  paper  is  to  present  a  method  for  constructing  a 
boundary-fitted  grid  system  suitable  for  the  solution  of  fluid  dynamics  problems 
associated  with  complex  3-D  configurations. 

In  recent  years,  the  creation  of  a  grid  system  for  arbitrary  flow  regions  has 
been  approached  by  several  ways  including  conformal  mapping,  algebraic  construc¬ 
tion,  and  partial  differential  equations  solutions.1  Among  these  methods,  an 

extensively  used  scheme  for  grid  generation  uses  the  Poisson  equations  and  has 
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been  applied  successfully  to  various  two-dimensional  (2-D)  geometries.  In 
this  method,  the  Cartesian  coordinates  of  the  grid  points  in  the  physical  plane 


*The  research  reported  herein  was  performed  by  the  Arnold  Engineering  Develop¬ 
ment  Center,  Air  Force  Systems  Cosnand.  Work  and  analysis  for  this  research  were 
done  by  personnel  of  Calspan  Field  Services,  Inc.,  AEDC  Division,  operating  con¬ 
tractor  of  the  flight  dynamics  test  facilities  at  AEDC.  Further  reproduction  is 
authorized  to  satisfy  needs  of  the  U.  S.  Government. 
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ns  using  multiple  block  structures  in  the  transformed 
approach,  however,  a  single  block  structure  is  utilized 
erior  grid  distributions  is  implemented  by  using  both  the 
tions  incorporated  in  the  elliptic  grid  generation  scheme 
dary  coordinates.  The  forcing  functions  are  used  for  the 
te  lines  toward  other  coordinate  lines.  The  grid  spacing 
is  specified  by  the  boundary  coordinates.  Reasonable 
are  obtained  even  for  extreme  boundary  shapes  which 
poorly  controlled  grid-point  distributions. 


tion  is  bounded  by 
body  (outer  surfac 
as  a  single  block 


,2-space,  the  region  under  consideration  for  grid  genera- 
ody  surface  (inner  surface)  and  a  surface  surroundina  the 


Outer 


mm 


Fig.  1. 
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The  system  utilized  for  generating  boundary- fitted  grids  is  based  on  the 

2 

approach  of  Thompson,  et  al.  The  transformation  of  the  grid  coordinates  from 
the  Cartesian  space,  i.e. ,  x,y,z-space,  satisfies  the  following  Poisson  equa- 


5  +5  +  5  =  P  (5,n,5) 

xx  yy  zz 

n  +  n  +  n  ■  Q  (E,n,0 

XX  yy  zz  * 


5  +5  +  C 

xx  yy  zz 


R  (C,n,C> 


By  interchanging  the  dependent  (£,n,C)  and  independent  (x,y,z)  variables  in 
Eq.  (1),  the  following  nonlinear  equation  is  formed: 

ail  (x55  +  *V  +  a22  (xnn  +  *V  +  a33  (x«  +  AV 


+  2  (ai2  xcn  +  ai3  Ycc  +  a23  V  =  ° 


a.  .  =  I  A  .A  . 
i]  mi  m] 

m=i 

and  A^  is  the  cofactor  of  the  (m, i)  element  in  the  following  matrix 

X„  X  X. 

e  n  C 

m  -  yr  y„  yr 

C  n  c 

Z-  z  zr 

e  n  c 


The  equations  for  y  and  z  are  the  same  as  Eq.  (2)  with  the  variable  x  replaced 
by  y  and  z,  respectively. 

The  variables  $ ,  i|>,  and  A  in  Eq.  (2)  provide  a  means  for  controlling  the  in 
terior  grid  distribution. 3 


.  A 

A-a~ 


3  (x,y,z) 

3(5, n.t) 


Sife-  4? 
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In  the  present  study,  a  central-difference  numerical  scheme  is  applied  to 
Eq.  (2).  The  finite  difference  form  of  Eq.  (2)  is  then  solved  by  an  alternate 
direction  implicit  (ADI)  method  with  the  coordinates  at  the  boundaries  and  the 
functions  $,  p,  and  A  being  specified.  In  the  iterative  procedure,  the  func¬ 
tions  $,  <p,  and  A  are  treated  as  local  constants.  The  method  for  selecting 
these  functions  is  discussed  in  the  next  section. 


GRID  SPACING  CONTROL 

To  solve  Eq.  (2) ,  the  physical  coordinates  of  the  boundary-grid  points  are 
specified  with  user-desired  grid  spacing.  However,  the  control  of  the  interior 
grid  spacing,  which  is  governed  primarily  by  Eq.  (2) ,  depends  on  the  choice  of 
the  forcing  functions,  4> ,  ip,  and  A.  One  can  verify  that  the  following  exponen¬ 
tial  form  is  a  solution  of  Eq.  (2)  with  the  parameters  $,  ip ,  and  A  constant: 


x  =■  c  e  +  Cj  e  +  c^  e 


-AC 


where  c ' s  are  constants  and 


■(:) 


For  positive  values  of  $,  <p,  and  A,  the  magnitude  of  the  gradients  of  x  with 

respect  to  £,  n,  or  ?  are  reduced  as  (,  H,  or  (  approach  ?  =  £  ,  n  =  tl  ,  or 

max  max 

C  =  Cmax,  respectively.  Therefore,  the  grid  spacing  is  reduced  accordingly. 
However,  the  grid  spacing  becomes  larger  as  £,  n,  and  A  approach  their  maximum 
values  for  negative  constants  $,  ip ,  and  A.  In  order  to  illustrate  these  re¬ 
sults,  the  grid  networks  generated  for  a  multicylinder  case  (Fig.  la)  are  shown 
in  Fig.  2.  Comparing  Fig.  2a,  i.  e.,  A  =  0,  with  Fig.  2b,  i.  e. , 

C 


'""GirV")’ 


where 


C.  =  C  and  C 
TJ  max  o 


C  .  ,  it  is  seen  that  positive 
min 


values  of  A  tend  to  stretch  the  C  =  constant  plane  toward  the  outer  boundary. 
For  negative  A,  however,  the  grid  lines  are  attracted  toward  the  inner  boundary 
(i.  e.,  the  body  surface).  Based  on  these  observations,  the  following  exponen¬ 
tial  form  for  the  forcing  functions  was  selected: 


*n- 


nc  -  n 

a.f  - 

2  h„  -  n_ 


exp 


exp 


N 


r  „  i 

L  1  l5N  •  »  «  -  Vj 


(n  -  ncr 


n)  (n  -  nQ) 


(3a) 


(3b) 
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« 

a  -  —  exp 
^N  ^o 


[- 


(C 


3  (L 


o  u 


(3c) 


where  the  subscripts  "N"  and  "o"  denote  the  "max"  and  "min",  respectively.  The 

subscript  "c"  denotes  a  control  station  between  "N"  and  "o".  In  Eq.  (3)  , 

the  value  of  the  adjustable  parameters  b,  which  controls  the  decay  rate  of  the 

exponential  function,  is  always  positive.  The  adjustable  amplitude  factor,  a's, 

however,  may  be  positive  or  negative.  Positive  a's  tend  to  stretch  the  grid 

lines  toward  the  control  station  (i.e.,  5»5,n=n,orC»C).  Negative 

c  c  c 

a's,  however,  tend  to  stretch  the  grid  lines  toward  either  inner  or  outer 
boundaries.  The  function  f  of  Eq.  (3b)  provides  an  additional  control  of  the 
decay  rate  of  ip  in  the  C  direction. 


f  = 


exp 


'  „  11  -  v! 

.  4  «  <«  -  V 


(4) 


where  b.  is  a  positive  number.  The  value  of  f  is  set  to  zero  for  n  *  n  .  Ap- 
4  c 

plication  of  Eq.  (4)  causes  i(i  =  0  at  t  =  or  C  =  ZQ. 


multicylinder  as  shown  in  Fig.  la. 

Figure  3  shows  an  example  of  the  application  of  Eq.  (3)  to  grid  generation 
for  a  body  with  an  H-shaped  cross  section.  The  grid  network  shown  in  Fig.  3 


was  obtained  for  the  case  =  0,  *  0.8,  b2  *  b3  *  lm0'  arivl  f  *  1.0, 

The  grid  network  generated  for  the  same  body  with  0  ®  ip  *  A  *  0  is  shown  in 
Fig.  4.  The  effective  grid  spacing  control  using  Eq.  (3)  is  clearly  seen  if 
one  compares  Figs.  3  and  4.  However/  refinement  of  the  grid  spacing  and  cell 
shapes  of  the  corners  and  in  the  neighborhood  of  the  inner  boundary  is 
necessary » 


m 

mi 


itmtSSm*** 
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sslpua 


H-ahaped  body  geometry 


b.  Grid  network  generated  by  specify¬ 
ing  ax  =0,  a2  “  a3  “  °-8' 

t>2  =  *  1.0,  and  f  =  1.0 


Pig.  3.  Grid  network  for  an  H-shaped  body. 


Sin 


Fig.  4.  Grid  network  generated  with  $ 
an  H-shaped  body  (Fig.  3a). 


A  =•-  0  for 


A  method  for  controlling  grid  spacing  in  the  {-direction  was  also  developed 
and  is  accomplished  by  specified  boundary  coordinates  at  the  5  *  CQ  plane  shown 
in  Fig.  5.  Control  of  grid  spacing  is  implemented  by  requiring  that  the  ratio 
of  arc  length,  S,  to  the  total  length,  St,  along  the  grid  lines  in  the 
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Fig.  5.  Definition  of  the  coordinate  system  £,  n,  and  c, 
for  an  H-configuration  (Fig.  3a). 

As  the  grid  generation  proceeds,  the  values  of  4>  and  ,  which  are  specified 
in  an  exponential  form  such  as  in  Eq.  (3) ,  remain  unchanged  on  each  iteration 
level.  The  values  of  A,  however,  are  adjusted  by 

6A  =  -  n  (6) 

3A 

Grid  computation  is  conducted  in  two  iterative  steps.  First,  the  coordinates 
are  calculated  with  specified  forcing  functions.  Then  the  A  function  is  updated 
using 

An+1  -  An  +  AA  (7) 

where  the  superscript  "n"  denotes  the  number  of  iterations  and  the  value  of  AA 
is  approximated  by 


The  effectiveness  of  this  gri^i  control  procedure  for  the  H-shaped  body  as 
shown  in  Fig.  4a  is  demonstrated  in  Fig.  6.  The  grid  network  shown  in  Fig.  6 
is  generated  by  specifying  a.^  =  0,  a2  ■  a3  «  0.8,  b2  “  b3  “  1'0'  *nd  t  “  1,°* 
The  value  of  A  is  obtained  from  Eq.  (7)  at  each  iteration  level. 


a.  An  example  of  the  generated  b.  Grid  network  at  the  plane  next  to 
grid  network  the  H- shaped  body  (only  the  upper 

half  surface  is  shown) 

Fig.  6.  Grid  network  generated  by  the  present  iterative  method 
for  an  H-configuration  (Fig.  3a) . 


CONCLUSION 

A  3-D  grid  generation  technique  based  on  solving  the  Poisson  equations  has 
been  presented.  A  satisfactory  grid  spacing  distribution  is  obtained  by  adjust¬ 
ing  three  parameters  in  the  forcing  functions.  The  present  method  can  be  used 
to  generate  a  3-D  grid  network  for  advanced  flow  calculations  about  complex 
geometries  of  practical  interest. 
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GENERATION  OF  THREE-DIMENSIONAL  BOUHDAHY-riTTBD  CURVILINEAR  COORDINATE 
SYSTEMS  FOR  WING/WING- TIP  GEOMETRIES  USING  TBS  ELLIPTIC  SOLVER  METHOD 


FRANK  C.  THAMES 

NASA  Langley  Research  Can tar,  Hasp  ton,  Virginia 


ABSTRACT 

~~^)A  three-dimana ional  alllptic  solver  technique  la  utilised  to  generate 
surface-fitted  eoordlnataa  about  wing/wing-tip  configuration* .  Tha  aathod 
la  applicable  to  wings  of  arbitrary  aaction  profile  and  camber,  leading -edge 
a  weep,  taper  ratio,  and  spanwise  thickness  variation.  Tha  basic  theory  of 
three-dimensional  elliptic  Mappings  is  developed  along  with  a  Method  to  com¬ 
pute  interior  coordinate  control  function* .  Examples  of  grids  generated  about 
several  wing/wing-tip  g acme trie*  are  given.  A  49  x  33  *  17  grid  requires 
about  3  ainute*  of  CPU  tine  on  a  CYBER  203  caaputer.  ^ 


SYMBOLS 


V*2'*3 


physical  or  coaputatiooal  rtnmain 

coordinate  control  functions  (see  aqe.  (la),  (2a)  and  (4)), 
i  -  1,2,3 

determinant  of  Jacobian  Matrix,  M 
Jacobian  Matrix  defined  in  aquation  (2d) 
boundary  condition  function*  for  the  ^-coordinates  in 
physical  apace  (aee  eq.  (lb)),  1  “  1,2,3 
boundary  condition  functions  for  the  x^-coordinate*  in 
computational  apace  (aee  eqs.  (2b)  end  (3)),  i  “  1,2,3; 

1  «  1,...,6 

transformation*  from  physical  to  computational  deamln 
(fig.  1) 

Cartesian  eoordlnataa 
coordinate  triple  (x^.x^Xj) 

metric  coefficients  defined  in  equation  (2c),  j,k  ■  1,2,3 
cofactor  of  Jacobian  matrix,  M;  j,k  «  1,2,3 

sub-plane  j.k  of  the  6^  »  constant  computational  domain 
plane  (eee  fig.  2(c)) 
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V2 

Subscripts 
1,2,3 

i«  j»k 
■In 

MX 

Superscripts 

XOTBOOOCriOH 

The  development  of  Mthods  to  generate  surface-fitted  curvillnaax  coordi- 
natas  about  relatively  complex  three-dimensional  gaoaatriaa  ha a  lagged  coo- 
aider  ably  behind  aiallar  work  in  two  dimensions .  There  are  two  principal 
reasons  for  the  lack  of  progress  in  thin  area:  (1)  the  work  is,  at  best, 
quite  difficult  and  (2)  even  if  Mtboda  ware  available,  they  would  be  of 
United  usefulness  because  current  computers  simply  are  not  large  and  fast 
enough  to  solve  canplex  seta  of  three-dimensional  partial-differential  equa¬ 
tions.  There  have,  however,  been  ease  developments  and  several  of  these  are 

suaauurised  briefly  below. 

Caughey  and  JaMaon^  patch  together  grids  suitable  for  transonic  potential 

solutions  for  transport-type  wing-body  configurations  utilising  a  sequence  of 

sheared  conformal  Mappings.  Holst2  solves  similar  flow  preblsM  by  stringing 

together  a  series  of  two-dimensional  grids  generated  using  the  two-dimensional 

3  4 

elliptic  solver  approach.  Mlddelooff  and  Thews ■  utilised  a  similar  approach 

to  develop  grids  for  nossle-afterbody  geometries,  si semes  has  developed  a 

rather  general  algebraic  sapping  method  applicable  to  both  two  and  three 

dlMnalona  and  has  generated  a  surface-fit  coordinate  system  for  an  Isolated 

wing.5  The  first  applications  of  the  three-dimensional  elliptic  solver 

Mthods  were  performed  by  Mas  tin  and  Thompson  for  spberleal-shsped  bodies6 
7  8 

and  Isolated  wings.  Yu  has  used  the  ssm  Mthods  to  develop  surfaoe-flt 
curvilinear  systems  for  general  transport  aircraft  wing-body  configurations. 


computational  dOMin  coordinates 

coordinate  triple,  (51,?2,?3) 

coordinate  control  function  (see  eqs.  (4) -(10)) 

three-dimensional  Lap lac i an  operator  in  Cartesian 
coordinates 

Cartesian  or  computational  plana  direction  indicator  or 
simple  counter 

coordinate  direction  counters 
minimum  value 
Mximum  value 

pertaining  to  computational  drew  In 


The  rmiaiig  of  this  paper  is  divided  into  four  sections.  The  first  two 
cover  the  fora  of  the  trsns f ornstion  and  its  generation,  including  discussions 
of  the  governing  elliptic  system  and  choice  of  grid  control  functions. 

Computed  results  and  conclusions  are  presented  in  the  last  two  sections. 

row  or  tbs  tramstormaticm 

In  choosing  the  form  of  a  transformation,  one  must  keep  in  mind  its  ulti¬ 
mate  use— namely,  what  partial-differential  equations  are  to  be  solved  on 
the  resulting  coordinate  system.  The  present  work  concerns  the  development 
of  boundary-fitted  coordinates  for  wing-tips  suitable  for  Havier-Stokes  equa¬ 
tions  computations .  There  are  many  ways  to  transform  wing-tip  geometries. 

Two  of  the  more  i  menu  approaches  are  illustrated  schsamtisally  in  figure  1. 
The  transformation  8  depicts  the  so-called  slit-plane  approach  which, 
although  adaptable  to  a  wide  variety  of  complex  three-dimensional  geometries, 
does  a  rather  poor  job  on  surfaces  with  nail  radii  of  curvature.  Another 
approach,  denoted  T  in  figure  1,  "slices'*  the  wing  along  the  leading  and 
trailing  edges  and  then  "unfolds"  the  wing  and  tip  and  maps  then  onto  a 
portion  of  the  lower  surface  of  the  computet  Iona  1  plane.  The  T-fcrm  was 
chosen  for  the  current  work  for  two  reasons t  (1)  The  wing-tip  geometry  is 
represented  with  a  higher  fidelity  and  12}  the  coding  of  the  Havier-Stokes 
algorithms  of  the  factored,  block  type9'10,  which  are  to  be  used  for  the 
flow  solutions,  is  considerably  simpler  if  the  body  geometry  lies  on  a 
boundary  of  the  computational  domain. 

Figure  2  presents  a  more  detailed  look  at  the  T-tranafornetiou.  Recall 
that  the  computational  plane  is  created  by  slicing  through  the  physical 

along  the  dotted  line  (fig.  2(a))  and  unfolding  the  domain  such  that 
form  shown  in  figures  2(b)  and  2(c)  result.  These  figures  illustrate  sev¬ 
eral  points.  First,  the  transformation  has  the  form  of  a  "sideways"  three- 
dimensional  O-grid  as  can  easily  be  noted  from  parts  (a)  and  (d)  of  figure  2. 
Second,  and  perhaps  unfortunately,  the  transformation  has  an  axis  singularity 
to  that  occurring  in  standard  cylindrical  coordinates.  Hots  that  the 
line  Sj-Cj  in  figure  2(a)  maps  onto  the  cross-hatched  plana  forward  of  the 
wing-tip  area  in  fiaure  2(b)  (plane  ^  in  fig.  2(c))  and  the  line 
a3-g3  maps  onto  a  similar  cross-hatched  plane  aft  of  the  wing-tip  area  in 
figure  2(b)  (plane  Aj  18  in  fig.  2(c)).  This  singularity  presents  no 
difficulty  in  the  coordinate  generation  process)  however,  it  will  affect 
the  form  of  the  fluid  flow  differential  equations  whose  nvaerical  solution 
is  out  on  the  curvilinear  system.  Special,  limiting  forms  of  the 
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equations  mist  ba  developed  for  the  singular  regions  of  the  coonUnsts  system. 
Mot*  also  that  in  certain  instances/  the  transformation  nay  not  be  singular. 
For  example,  if  the  forward  £2  *  constant  boundary  plan*  were  taken  aft  of 
the  wing  leading  edge  and  the  aft  -  constant  boundary  plane  were  placed 
forward  of  the  wing  trailing  edge/  then  the  singular  regions  would  be  avoided. 
Examples  of  this  form  of  the  transformation  were  developed  and  are  presented 
below.  Third,  note  that  the  planes  on  either  side  of  the  singular  surfaces 
both  forward  and  aft  of  the  wing  are  periodic  boundaries  created  by  the  "un¬ 
folding"  operation  described  above.  That  is,  planes  Aj  1  1  and  A3  t  3 
are  the  same  physical  surface  as  sra  planes  A3  1  7  and  Aj  As  a  final 

point,  ms  require  that  the  computational  domain  be  regularly-spaced.  This 
requirement  allows  us  to  assume  a  uniform  spatial  step  sise  (usually,  unity) 
for  the  difference  approximations  mad*  in  the  computational  domain. 


| 
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and  J  is  tha  dataminant  of  N.  Bara  0  is  sons  suitably  boundad  domain 
and  D  is  tha  bsage  of  D  under  tha  transformation  and,  as  nantioned  above , 
is  usually  required  to  be  uniformly  spaced.  This  requirement  simplifies  both 
tha  numerical  solution  of  aquations  (2)  (to  generate  tha  transformation)  and 
tha  numerical  solution  of  tha  physical  problem  of  interest.  The  exact  nature 
of  tha  transformation  (as  evidenced,  for  example,  by  its  appearance  in 
physical  space)  is  governed  by  both  tha  differential  form  of  equations  (1) 

Ur  this  instance,  three-dimensional  Laplaciaas)  and  the  properties  of  tha 
f-functiona.  The  f-functions  are  covered  in  detail  in  the  next  section. 

Equations  (lb)  and  (2b)  tend  to  imply  that  all  boundary  conditions  are  of 

the  Dirichlet  type.  Actually,  mixed  Dirichlet  and  Be«inn  conditions  can  be 

used.  However,  it  is  important  to  keep  in  mind  that  both  boundary  function 

and  normal  directional  derivative  values  cannot  be  specified  everywhere  on 
s 

2d  or  3D  as  this  would  over- specify  the  differential  equations.  In  the 
current  work,  only  Dirichlet  conditions  are  ’Jeed. 

Since  equation  (la)  is  never  aetuaJly  solved,  ms  will  net  elaborate  on 
the  boundary  oandltlone  for  this  aquatic -v.  Tha  boundary  conditions  for 
equation  (2s)  are 
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One  aspect  of  these  boundary  conditions  deserves  constant.  It  was  mentioned 
in  the  previous  section  that  the  £3  -  plane  (i-e. ,  A3  3)  contained 

periodic  sub-planes  (namely,  A,  ,  .  with  A,  .  ,  and  A,  ,  _  with 

Jf*el  3fXe3  1.7 

A3  1  9),  yet  the  first  of  equations  (3c)  implies  that  Dirichlet  boundary 
data  are  specified  for  all  S  £  A3  3.  In  fact,  Dirichlet  data  are  specified 
on  all  of  A3  3  for  the  solutions  given  in  this  paper.  This  is  done  to 
allow  the  user  to  control  the  x^coordinate  spacing  in  these  regions.  (If 
this  is  not  done,  the  elliptic  equations  tend  to  "smooth-out"  the  re¬ 
distributions  in  these  planes  in  an  unsatisfactory  manner.)  Unfortunately, 
^-derivatives  of  the  x^-coordinates  will,  in  general,  be  discontinuous 
across  these  planes  although  specification  of  the  Dirichlet  data  maintains 
continuity  of  the  x^-coordlnatas.  However,  these  discontinuities  can  be 
eliminated  by  smoothing  the  Xj- coordinate  distributions  in  the  periodic 
planes  after  the  elliptic  equations  have  been  solved. 


Control  Functions 

The  functions  appearing  in  equations  (la)  and  (2a)  axe  used  to  modify 
the  distribution  of  the  ^-coordinates  in  the  domain  D.  The  basic  mathe¬ 
matical  theory  which  describes  why  these  functions  produce  various  sffsets  is 
covered  in  reference  3  end  need  not  be  repeated  here.  For  the  current  work, 
these  functions  will  be  computed  using  the  boundary  distribution  compati¬ 
bility  method  first  devsloped  for  two  dimsnslows  by  Shia,  Bodge,  and  Bankey11' 
and  rediscovared  later  by  Middlecoff  and  Thomas.4  The  method  has  been  used 
la  three  dimensions  by  Tu.8 

To  lap  lament  the  approach,  the  ^-functions  are  redefined  aa 
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which/  when  substituted  into  aquation  (2a)  yields 
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The  are  user- specified  functions.  The  effect  of  this  substitution  is 

two-fold.  First,  it  removes  the  numerical  problems  associated  with  the 

Jacobian  determinant,  J.  To  see  this,  note  that  in  equation  (la)  f.  is 

2  K 
multiplied  by  J  which,  for  viscous  grids,  is  very  small  near  a  solid 

boundary.  Thus,  to  have  any  effect  at  all,  the  magnitude  of  f.  must  be 

8  * 

very  large  in  these  regions.  (Values  of  0(10  )  are  not  unusual.)  Therefore, 
if  the  form  given  in  equation  (la)  is  implemented,  the  computer  is  constantly 
multiplying  a  vary  large  number  by  a  very  nail  number — an  undesirable  situa¬ 
tion.  The  substitution  given  by  equation  (4)  eliminates  this  problem  by 
dividing  J3  out  of  the  equation.  The  second  advantage  of  the  equation  (4) 
substitution  is  that  the  controlling  functions,  $k,  are  multiplied  by  the 
Oj^  coefficients  which  are  direct  measures  of  the  arc  length  distribution 
along  the  (^-coordinates.  Thus,  by  multiplying  fay  we  are  in 

effect  altering  or,  to  some  extant,  controlling  the  rate  of  arc  length  change 
along  the  (^-coordinates,  which  is  exactly  what  we  wish  to  accomplish. 

Consider  the  sketch  of  the  three  intersecting  physical  domain  coordinates 
given  in  figure  3.  If  we  assume  that  the  (^  -  and  (3  -  coordinate 
planes  intersect  the  (3  ■  ((, boundary  plane  almost  normally  and  with 
small  curvature,  then  we  can  neglect  the  first  and  second  (j-  and  (j- 
derivatives  of  *3  along  the  dotted  vertical  line.  The  1  ■  3  component 
of  equation  (5)  then  reduces  to 
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or. 


(7a) 


h  similar  analysis  holds  along  the  dashed  vertical  line  so  that 
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(7b) 


Zf  the  boundary  distribution*  of  *3  are  given  along  tba  two  llnaa,  than 
equations  (7)  can  ba  solved  for  the  two  ^-distributions .  (Xt  is  most 
practical  to  per  for*  these  solutions  nnaxically  for  <  C3  < 

using  central  difference  approxiaations  for  the  derivatives.  The  values  of 
♦3  at  *hd  are  irrelevant.)  The  ♦j -distribution  at  the 

regaining  interior  points  can  then  be  computed  by  linearly  interpolating 
between  these  two  boundary  diatributioea .  That  is 
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applying  equations  (7)  and  (8)  for  all  <C2,niB  <  ^2  <  ^2^nmx  oe"P1,t** 

43~ function  computation.  Kota  that  is  computed  frost  a  user-specified 
distribution  of  physical  domain  coordinates — an  approach  that  is  superior  to 

the  hit-or-eiss  methods  used  in  the  early  stages  of  elliptic  solver  grid- 
12 

generation  work.  Furthermore!  since  orthogonality  was  assated  in  develop¬ 
ing  equation  (6)#  the  ^-distribution  obtained  by  solving  this  equation 
will  tend  to  force  orthogonality  at  the  boundary.  Equation  (6)  ocmaa  from 
evaluating  one  conponant  of  tha  field  dlffarantial  aquation  (aq.  (5))  on  tha 
boundary — hence ,  this  nathod  of  cosqjuting  control  functions  is  termad  tha 
boundary  ccnpatibility  method. 

A  similar  analysis  for  tha  +x  ind  functions  yields  the  formulas i 

*1  [V  V  (Vmin] 

'*2'  vl*3'min 


F  /  F  i 


(9a) 


>>-;  *-  .  **  ..«-••*  -  ♦*  ’  r  •- 


♦itW'V-J  -  - 


«?/*£ 

■  '  J?„  (5,). 


^2  (^3,«in]  “  "  Ar2  d£, 


/  % 

■  7  JVtV— 


^j[VS2'  (53,wuc]  “  “  d£2  / dC2  * 

L  2 '  -‘W. 


Interpolation  formula*  such  as  equations  (8)  can  then  be  used  with  equa¬ 
tions  (9)  and  (10)  to  compute  4^  and  over  the  entire  computational 

dona  in,  D  . 

Miegical  Solution  Tochniane 

Since  the  system  of  three  equations  to  be  solved  (eqs.  (5))  is  elliptic 
with  Dirichlet  boundary  conditions  (eqs.  (3)),  the  system  can  be  easily 
solved  by  any  number  of  straightforward  numerical  schemas.  The  one  chosen 
for  use  here  is  successive  line  over-relaxation  (8LOR) .  the  ^-direction 
was  taken  as  the  implicit  direction.  Standard,  second-order  accurate  central 
differences  were  used  to  approximate  all  derivatives  appearing  in  equa¬ 
tions  (5).  The  four-oorner-point  formula  was  used  for  the  cross-derivative 
approximations.  Performance  of  the  scheme  is  docwentsd  in  the  following 
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Table  1  ■im.lxes  the  wiog/ving-tip  configurations  for  which  computational 
grids  were  generated. 
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TABLE  1 

WING  CHARACTERISTICS 


Wing 

Root 

Airfoil 

Section* 

Tip 

Airfoil^ 

Section 

Leading 

Bdge 

Sweep 

Taper 

Ratio 

Root 

Chord* 

Semi  span 

1 

0012 

0012 

0 

1 

1.0089 

1 

2 

9312 

9312 

0 

1 

1.0089 

1 

3 

0012 

0012 

22.5 

0.5 

1.0089 

1 

4 

0012 

0012 

30 

1 

1.0089 

1 

5 

0020 

0010 

0 

1 

1.0089 

1 

S -  - - - 

NACA  4-digit  airfoil  designation. 

+Thi«  value  allows  an  analytic  trailing-edge  closure. 


Isometric  views  of  these  five  configurations  are  given  in  figure  4.  NACA 
four-digit  airfoil  sections  were  used  for  convenience  in  generating  the 
boundary  data — the  method  is  not  restricted  to  these  shapes.  The  wing-tip 
surfaces  were  created  by  rotating  the  wing-tip  airfoil  section  thickness 
distribution  about  the  section  mean  line*  The  tip  cross-sections  normal  to 
the  tip-section  mean  line  are,  thus,  semi-circles  with  a  diameter  equal  to 
the  local  tip  airfoil  section  thickness  ratio.  Again,  this  tip  generation 
procedure  was  used  for  computational  convenience  and  is  not  a  restriction  on 
the  overall  approach. 

A  fifth-order  polynomial  was  used  to  stretch  the  Xj-distribution  (i.e. , 
the  streamwiee  coordinate)  for  these  wings  rather  than  the  more  conventional 
oosine  distribution.  For  those  cases  in  which  the  physical  region  extends 
forward  and/or  aft  of  the  wing  itself,  use  of  the  cosine  x^-distribution  on 
the  wing  leade  to  Jump  discontinuities  in  the  second  derivatives  of  x^  at 
the  leading  and  trailing  edges  of  the  wing.  The  polynomial  distribution  avoids 
this  problem  by  requiring  the  first  and  second  derivatives  of  xx  with  re¬ 
spect  to  to  be  aero  at  these  two  locations.  It  is  relatively  easy  then 
to  add-on  the  x^-distributions  fore  and  aft  of  the  wing  in  an  Independent, 
yet  smooth,  manner.  The  spanwlse  distribution  of  coordinates  pictured  on 
figure  4  are  somewhat  arbitrary.  These  can,  however,  be  altered  to  suit  the 
user's  needs. 

The  outer  boundary  for  all  cases  studied  in  this  paper  consists  of  a  semi- 
cylindrical  tube  illustrated  in  figure  2.  Boundary  points  on  curves  such  as 


705 


bj  -  b2  -  bj  -  -  b5  were  distributed  on  an  equal  arc-length  basis.  Dis¬ 

tribution  of  boundary  points  on  the  "left"  boundary  shown  in  figure  2  (i.e. , 
along  lines  such  as  a1  -  b^,  ag  -  bj,  etc.)  was  specified  using  a  stretch  of 
the  fora  x”  where  n  is  seme  real  number.  Distribution  of  the  longitudinal 
(i.e. i  Xj)  coordinate  was  chosen  to  be  uniform  or  to  match  the  x^-distribution 
for  the  inner  boundary.  As  noted  above ,  any  of  these  distributions  can  be 
altered  to  suit  the  user.  For  example,  one  interesting  alteration  would  be 
to  "square-off"  the  outer  boundary;  the  resulting  configuration  would  be 
representative  of  a  semi-span  wing  in  a  wind  tunnel. 

Sample  Results 

Sample  coordinate  systems  generated  for  three  of  the  wing  configurations 
listed  in  table  1  are  shown  here  to  illustrate  the  mappings.  Figure  5  pre¬ 
sents  an  isometric  view  of  the  boundary  data  for  a  Wing-1  configuration  and 
a  similar  view  with  three  £2  ”  constant  planes  superposed  on  the  boundary 
data.  A  similar  set  of  results  for  the  Wing-3  geometry  is  given  in  figure  6. 
All  features  of  these  grids  appear  to  be  desirable  except  the  rather  severe 
distortion  of  the  ”  constant  planes  fore  and  aft  of  the  wing  along  the 
periodic  boundary  planes.  This  distortion  implies  failure  of  the  ^-function. 
A  modified  ^-function  interpolation  is  suggested  below  which  should  help 
alleviate  this  problem.  The  grid  six#  for  the  result#  shown  in  figures  5 
end  6  is  33  x  49  x  17.  Figure  7  shows  the  boundary  date  and  several  views 
of  a  Wing-5  configuration  solution.  Note  that  for  these  results,  the  regions 
fore  and  aft  of  wing  have  bean  eliminated.  Thus,  this  coordinate  system  hes 
no  axis  singularity  and  is  quits  well  behaved.  Figure  7  also  illustrates  e 
point  made  in  e  previous  section  concerning  the  form  of  the  transformetion — 
namely,  the  structure  of  the  grid  is  quite  good  in  the  tip-region,  but 
rather  poor  near  the  wing  leading  edge.  The  grid  six*  for  Wing-5  region 
shown  is  33  x  27  x  17. 

Affects  of  the  Control  Functions 

The  influence  of  the  ^-function  on  the  interior  grid  distribution  is 
illustrated  in  figure  8.  Note  that  the  principal  effect  of  ^  is  a 
"pinching"  of  radial  grid  liaas  toward  the  (^-coordinate  plane  connecting 
the  midline  of  the  tip  with  the  outer  boundary.  This  behavior  is  caused  by 
the  change  in  sign  of  ^  at  the  (^-coordinate  plane  described  above.  In 
most  cases  the  effects  produced  by  ^  era  not  particularly  desirable.  If 
the  "pinching"  effect  is  wanted,  e  redistribution  of  points  on  both  tbs  tip 
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surface  and  oatar  boundary  will  produce  a  more  uniform  rasult.  Tha 
f unction  was  ast  to  csxo  in  all  confutation*  reported  bars  aava  tha  ona  given 
in  tlgwa  8. 

Tha  raaulta  gi van  in  figure  9  docuaant  tha  influanca  of  tha  ^j-function 
on  tha  grid  atrueturs.  Unfortunately ,  42  aaana  to  have  vary  little  effect 
aa  it  i ura  unable  to  aliminata  tha  "kink”  in  tha  (3-grid  lines.  These 
"kinks"  will  lead  to  pro  hi  ana  in  tha  finite-difference  solutions  of  applica¬ 
tion  aquations  carried  out  on  this  grid  since  sons  of  tha  grid  aatric  co¬ 
efficients  will  be  discontinuous .  A  fix  that  nay  iaprova  tha  performance  of 
g2  is  to  replace  the  linear  interpolation  schema  currently  used  to  distri¬ 
bute  this  function  in  the  interior  field  with  a  weighted  nonlinear  method 
that  "concentrates"  the  interior  boundary  values  of  $2  (see  eq.  (10)) 
nearer  the  inner  boundary.  This  approach  has  not  been  tried  aa  yet. 

Alterations  in  the  interior  grid  structure  induced  by  tha  $3  control- 
function  are  shown  in  figure  10.  Note  that  induces  a  very  regular  radial 
stretching  replicating  that  specified  on  the  boundary,  which  was  the  desired 
affect. 

Performance  of  the  numerical  Method 

To  access  the  performance  of  tha  BIOS,  iteration  achame,  computer  runs  for 
three  different  sised  grids  for  three  of  the  wing  configurations  were  made. 

The  average  of  the  timing  and  iteration  count  information  from  these  runs 
is  shown  in  figura  11.  As  anticipated,  both  the  time  end  iteration  count 
increase  at  exponential  type  rates  with  grid  sixe.  For  example,  a  50,000- 
point  grid  would  require  about  25  minutes  of  CPU  time.  For  this  and  larger 
grids,  a  more  efficient  solution  algorithm  such  as  the  multi-grid  algorithm 
should  be  used. 

CONCLUSIONS 

An  approach  has  been  developed  to  generate  surface-fitted  coordinates 
about  arbitrary  wing /wing-tip  g  ease  tries  using  the  three-dimensional  elliptic 
solver  method.  Grids  having  0(30,000)  points  were  generated  about  five 
different  wing  geometries.  Configuration  variables  included  wing-section 
shape,  thickness,  and  camber i  wing  leading- edge  sweep i  taper  ratio)  and 
epaowise  thickness  distribution.  Computation  time  required  to  develop  each 
of  these  systems  averaged  about  3  minutes  on  a  CX88X  203  computer  using  a 
simple  non  solution  algorithm.  A  set  of  grid  control-functions  was  developed 
to  provide  some  measure  of  control  over  the  interior  grid-point  distribution. 
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Although  the  method  presented  In  this  paper  was  able  to  develop  curvi¬ 
linear  ayat w  suitable  for  accurate  finite-difference  calculationa  on  quit* 
general  wing/wing-tip  geometries ,  the  need  for  further  work  in  two  areas  was 
clearly  identified.  These  ares 

o  coordinate  control  function  development 
o  faster  solution  algorithm  development 
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INTRODUCTION 

This  paper  is  devoted  to  the  numerical  solution  of  a  set  of  second  order 
elliptic  partial  differential  equations  for  the  generation  of  three-dimensional 
curvilinear  coordinates  between  two  arbitrary  shaped  bodies.  The  central 
idea  of  the  method  is  to  generate  a  series  of  surfaces  between  the  given 
inner  and  the  outer  boundary  surfaces  and  then  to  connect  these  surfaces  in 
such  a  manner  so  as  to  have  a  sufficiently  differentiable  three-dimensional 


coordinate  net  in  the  enclosed  region. 


y 


The  basic  analytical  foundation  Of  the  present  method  has  already  been 


laid  out  by  Warsi  in  52  of  Ref.  1.  However!  _i.t  is  important  to  state  here 


that  the  proposed  equations  for  the  numerical  solution  form  a  consistent 


set  of  second  order  elliptic  equations  which  are  a  consequence  of  the 
equations  of  Gauss  for  a  surface.  Additional  constraints  are  then  imposed 


which,  besides  yielding  the  simplest  form  of  equations  for  numerical 
purposes,  also  preserve  the  essential  geometric  properties  of  the  generated 
surfaces. 


£ - 


Formulation  of  the  mathematical  model 

To  fix  ideas,  let  it  be  desired  to  generate  the  coordinates  between  the 
two  surfaces  designated  as  n  “  hg  (the  inner  surface)  and  n  *  (the  outer 
surface)  respectively  as  is  shown  in  Fig.  1  .  The  two  coordinates  which 
vary  in  these  two  surfaces  are  then  labeled  as  C  or  I  and  c  or  K.  The 
surfaces  n  “  hg  and  n  ”  are  the  known  surfaces  in  which  the  Cartesian 
coordinates  r  *  (x,y,z)  are  given  as  functions  of  £  and  c,  that  is. 


r  -  rBU,C)  ,  r  -  r ^(5,0 

are  known  either  numerically  or  analytically .  The  method  to  be  discussed 
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generate*  a  aurfaca  tor  aach  fixad  valua  of  C  or  K  starting  from  a  curva  on 
B  and  anding  at  tha  corra spending  valua  of  C  or  K  on  tha  outer  boundary 
surface.  Refer  to  Fig.  lb. 


Figure  L(a) .  Coordinates  £  and  C  on  tha  given  surfaces .  (b)  the  generated 
surface  c  -  const. 

Referring  to  Eq.  (IS)  in  Wars!1 ,  we  now  impose  the  restrictions 


^ 


922T11  "  *11*22* 


fl2n  “  G3(2912T12  "  922T11  “  911T22J  *  0  ' 


for  5  ■  const.  In  Bqs.  (1)  and  (2)  A  is  the  Beltrasii's  second  order 

12  * 
differential  operator  '  ,  and 


2  2  2 
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*12  “  2G3'g22  3n  ”  912  35  '  ' 


T2  =  JL-(0  8922 

12  2G3‘gll  35 


’12  3n 


Based  on  the  structure  of  the  Christoffel  symbols  T  in  Eqs.  (4)  we  conclude 
that  the  constraining  equations  (1)  and  (2!  are  essentially  a  set  of  differen¬ 
tial  constraints  on  the  variations  of  the  metric  coefficients  gag.  Thu3 
under  the  constraining  equations  (1)  and  (2) ,  the  three  equations  for  the 
generation  of  the  Cartesian  coordinates  X,  y,  z  can  be  obtained.  Below 
we  write  the  equations  when  it  is  desired  to  have  a  concentration  or  expansion 
in  the  coordinates  5  and  n,  (refer  to  Eqs.  (38)  in  Warsi1) ,  For  brevity  of 
notation  we  use  the  same  coordinates  (5<n>5)  either  with  or  without 
coordinate  redistributions.  The  equations  are 


£x  -  XR 


£y  «  YR  ,  (5b) 

£z  »  ZR  ,  (5c) 

where 
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'  G  c,  g  * 
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(9a) 


(9b) 


(9c) 


G5  ”  912923  '  913922 
G6  =  912913  ”  911923 

9  =  933G3  +  913G5  +  923G6  ’  (10c) 

and  G3  has  already  been  defined  earlier  in  (3d). 

A  successful  program  of  calculations  based  on  the  set  of  Eqs.  (5)  -  (10) 

now  rests  on  how  effectively  one  can  devise  a  calculation  method  for  the  first 

partial  derivatives  r  =  (x  ,  y  ,  z  )  in  the  field.  In  this  connection  we 
-  £  £  v  £ 

first  note  that  based  on  the  prescribed  values  rB<5,C)*  r„(5rO  the  partial 
derivatives  with  respect  to  £  and  G  of  any  order  can  be  evaluated  on  the 
given  bodies.  Thus  we  must  somehow  connect  the  evaluation  of  r^  in  the  field 
with  the  partial  derivatives  in  the  surface.  To  maintain  the  intrinsic 
geometrical  properties  of  the  G-lines  in  the  field  with  the  G-lines  of  the 
inner  and  the  outer  boundaries,  we  consider  the  differential  equations  for 
the  surfaces  n  »  const.  Following  the  method  in  Harsi  ,3  we  find  that  the 
coordinates  5,  G  in  any  surface  (including  the  given  boundaries)  must  satisfy 
the  equations 

933feG  *  2913^5G  +  9ii5cc  +  <G242  ?,5g  "  G2<kl  +k?  ’  (11> 

where  the  enclosed  superscript  (2)  in  Eq.  (11)  means  that  all  the  quantities 
have  been  evaluated  on  the  surface  n  ”  const.  Also 

G2  ’  911933  -  <913)2  ’ 


(10a) 

(10b) 


(12a) 


WV  -  *33°  -  2*13T  +  ^1S 


(12b: 


u 


(2) 


.  S 


(2) 


(13) 


and 

n(2)  -  (X<2),  Y<2>.  Z(2>>  , 

where 

x(2>  -  <y?z?  -  ye«c>/^  . 

(14a) 

y(2)  -  (x5z?  -  , 

(14b) 

z(2>  -  <*cy5  - 

(14c) 

It  may  be  noted  that  (k  +k2)/2  is  the  mean  curvature  and  S,  T,  U  are  the 
coefficients  of  the  second  fundamental  form  of  the  surface  n  »  const. 

Based’  on  Eq.  (11) ,  we  now  formulate  the  following  weighted  integral 
formula  for  the  evaluation  of  r^  in  the  field. 

re  "  {[f1<t»(*<.c>B  +  f2(n)(r«)-1  dC  '  (l5a) 


where 


,  _  [  2  (k(2).fc(2)ln<2)  i  2?13  r 

^  <ki  +k2  +  ^ 


33 

J11 


(15b) 


and 


fjtDg)  -  i  ,  ^(n.)  -  o  ,  f2<nB>  -  o  ,  f2(nj  -  1  .  (I5c) 

The  functions  f^(n)  and  f2 (n)  must  satisfy  the  conditions  (15c)  and  should 

be  chosen  to  reflect  the  effect  of  the  coordinate  redistribution  function  Q 

appearing  in  Eq.  (6) .  It  is  also  to  be  noted  that  the  coordinate  (  need  not 

(2) 

in  general  satisfy  the  Beltrami  equation.  That  is,  in  general  &,  C  )<  0  . 
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Numerical  solution  of  the  equations 

The  numerical  method  used  in  this  research  for  solving  the  system  of 
Eqs.  (5)  is  the  method  of  finite  difference  using  the  point-sOR.  First  the 
coordinates  5  and  5  for  both  the  inner  surface  (n  ■  r^)  and  the  outer  surface 
(n  “  n„)  are  to  be  generated  using  the  available  x,  y,  z  values  for  these 
surfaces  either  analytically  or  by  a  computer  program  developed  by  Craidon . 4 
In  this  research  we  have  used  both  the  analytical  methods  where  possible, 
and  also  the  subroutine  in  Ref.  4  to  generate  the  given  body  surface  coordin¬ 
ates,  with  equal  success.  Three  practical  problems  have  to  be  resolved  before 
an  effective  solution  algorithm  for  Eqs.  (5)  can  be  developed.  They  are: 

(i)  a  specification  of  the  functions  f^Cn)  and  f2(n>  appearing  in  Eqs.  (15), 

(ii)  specification  of  the  redistribution  functions  (concentration  or  expansion 
functions)  P  and  Q,  and  (iii)  a  method  to  obtain  the  same  coordinates  on  the 
inner  and  outer  boundaries .  We  now  discuss  each  problem  in  succession. 

(i)  Before  discussing  the  specifications  of  f^tn)  and  f2<n)  we  may  state 
that  each  value  like  n  "  and  n  «  is  a  parameter  to  start  with  rather 
than  an  integer.  The  difference  na  ~  is  the  most  important  difference 
and  is  known  as  the  "modulus  of  the  domain."  The  determination  of  n,  *  ij  is 
a  formidable  problem  in  three  dimensions  but  fortunately  there  is  no  need 
for  it  in  the  case  of  numerical  coordinate  generation.  Writing 

n -n 

Z  -  - — —  ,  (16a) 

n."nB 

we  find  that  the  function  f ^  defined  in  (15c)  should  be  a  function  of  Z  only, 
so  that 


f1(l)  -  l  ,  f^O)  -  0  , 


(16b) 


and 


f2(Z)  -  1  -  fx(Z)  .  (16c) 

In  the  present  computations  we  have  taken  f ^  and  f2  as  linear  function  of  £, 
that  is 

f^Z)  -  2.  (17a) 


Other  simple  possibilities  which  have  been  tried  are 


fx  <Z)  -  0.5 (z+f2)  , 


fL(z)  -  (l-e"Z)/(l-«"1> 


and  these  produce  the  sane  overall  results  as  Eq.  (17a) .  Many  other  higher 
order  polynomials  in  2  can  also  be  tried  for  f  ^ (Z) . 

(ii)  In  this  research  we  have  experimented  only  with  a  contraction  of  n-lines 
near  the  inner  body  surface.  The  details  on  this  aspect  have  already  been 
given  in  earlier  papers1''3  (refer  to  §3.4  of  Ref .  1).  In  the  new  coordinates* 
(£,n),  the  function  n(h)  is  taken  as  follows. 


n(n)-n„ 


(n.-y  (n-nB>  {—  , 

— *  ■■  1  - If  00 


/'  I 


where  K  »  1  corresponds  to  no  contraction  while  x  >  1  produces  sufficient 
contraction.  From  (18)  the  function  Q  appearing  in  the  operator  (6)  is 
obtained  as 


dn  .  d2n  5ur2+<n-yinad»n« 


dg  dn 


•(n-hp)  i 


As  is  seen  from  (19) ,  the  function  Q  does  not  depend  on  the  original  para¬ 
metric  difference  n  -n_  end  therefore  we  can  now  treat  n  (and  so  also  £)  as 

w  B 

integers  for  the  purpose  of  enumeration  from  one  node  point  to  the  next. 

(iii)  Before  the  start  of  any  numerical  or  analytic  solution  program  it  is 
important  to  establish  a  unique  correspondence  between  the  points  of  the  inner 
and  the  outer  boundary  surfaces.  That  is,  the  Cartesian  coordinates  r_  and 
of  the  inner  and  the  outer  boundaries  respectively  must  be  expressed  in 
the  same  coordinates  5 ,  C  (for  n  ■  const.).  In  symbolic  form 


rfi  -  ♦(£,£)  . 


r.  -  *<e,o 


The  Eqs.  (5)  are  now  considered  to  be  in  \,t\  coordinates. 


IV  *3 


mm 
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Though  for  convex  surfaces  the  method  of  spherical  projection  seems  to  be 
most  desirable,  we  have  for  the  present  investigations,  used  the  geometrical 
method  of  first  surrounding  the  inner  body  by  a  sphere  of  diameter  equal 
to  the  major  length  of  the  inner  body.  Next,  each  point  (x,yB»  z0)  on  the 
inner  body  is  projected  to  a  point  (x,y  ,  z  )  on  the  sphere  surrounding  the 
inner  body.  The  correspondence  between  the  inner  and  outer  body  is 
then  made  by  extending  a  straight  line  from  the  center  through  (x,ys>  z^) 
to  a  point  (x^,  y^,  zj  on  the  outer  sphere. 

A  number  of  program  runs  have  been  made  for  prolate  ellipsoids  of  various 
thicknesses  surrounded  by  sphere  of  large  radii.  Also  a  thin  body  of 
revolution  with  circular  sections,  resembling  the  fuselage  of  an  airplane, 
surrounded  by  a  sphere  has  been  considered.  These  numerical  results  with 
and  without  coordinate  concentration  are  shown  in  Figs.  2-7. 
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Figure  2.  inner  body  a  thick  prolate  ellipsoid  with  major  axis  2  and 
minor  axis  /IF  surrounded  by  a  sphere  of  radius  4.  (a)  Coordinate  contours 
for  a  section  {  -  const.  (X  »  11)  for  all  (£,n)  or  (I,J)  values, 

(b)  for  a  section  ?  **  const.  (I  ■  1)  for  all  (n,t)  or  (J,K)  values.  In 
both  cases  no  contraction  in  n,  *  ■  1. 
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Figure  3.  Cases  (a)  a;id  (b)  of  Fig.  2,  with  contraction  in  Hi  *  “  1.05. 
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Figure  4.  Inner  body  a  thin  prolate  ellipsoid  with  major  axis  1  02, 
minor  axis  0.201  surrounded  by  a  sphere  of  radius  1.5.  (a)  Coordinate 

contours  for  a  section  t  »  const.  (K  «  11)  for  all  (£,  n)  or  (I,J)  values, 
(b)  for  a  section  ?  »  const.  (I  -  1)  for  all  (n,C)  or  <J,K)  values.  In 
both  cases  no  contraction  in  n,  *  *>  1. 
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Figure  S.  Cases  (a)  and  (b)  of  Fig.  4,  with  contraction  in  nr  *  »  1.02. 


Figure  6.  Inner  body  a  thin  body  of  revolution  with  circular  sections 
having  suijor  axis  2  and  Minor  axis  0.X313  surrounded  by  a  spnere  of  radius 
2.S.  (a)  Coordinate  contours  for  a  section  C  “  const.  (K  ■  15)  for  all 

(C,n)  or  (I,J)  values,  (b)  for  a  section  £  -  const,  (i  -  1)  for  all  (n.C) 
or  (J,K)  values.  In  both  cases  no  contraction  in  n,  * "  1. 


Figure  7.  Cases  (a)  and  (b)  of  Fig.  6,  with  contraction  in  n,  *  °  1.005. 

CONCLUSIONS 

This  paper  has  been  devoted  to  the  numerical  solution  of  a  set  of  elliptic 
equations  for  the  purpose  of  numerically  evolving  a  series  of  surfaces 
and  the  intersecting  surfaces  in  arbitrary  three-dimensional  regions  in 
space.  The  most  difficult  part  of  such  a  program  is  the  generation  of 
surfaces  between  any  two  given  surfaces.  This  has  been  considered  here 
for  thick  and  thin  prolate  ellipsoids  and  a  body  of  revolution  forming 
the  inner  bodies  and  a  sphere  forming  the  outer  boundary.  Many  successful 
numerical  algorithms  can  be  developed  using  the  proposed  equations  as 
the  core  equations  for  providing  the  coordinates  around  a  complete  aircraft 
and  other  aerodynamical  shapes. 
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SEMIDIRECT/MARCHING  SOLUTIONS  AND  ELLIPTIC  GRID  GENERATION 
PATRICK  J.  ROACHE+ 

+Ecodynamics  Research  Associates,  Inc.,  P.0.  Box  8172,  Albuquerque,  New  Mexico, 
USA 

INTRODUCTION 

This  paper  describes  the  use  of  semi  direct/marching  methods  both  for  the 
generation  of  two-dimensional  grids  using  the  elliptic  generating  equation 
approach,  and  for  the  solution  of  electric  field  problems  in  those  coordinate 
systems.  The  efficiency  of  the  semidirect/marching  methods  makes  possible 
Interactive  design  of  the  electrodes  for  electron  beam  lasers  using  a  modest 
computer.  Also  described  are  the  applications  to  the  elliptic  grid  generation 
problem  of  computer  Symbolic  Manipulation. 

SEMIDIRECT/MARCHING  METHODS:  THE  GEM  CODES 

Semidirect  methods  are  rapid  finite  difference  methods  for  solving  various 
steady-state  and  slowly  varying  time-dependent  nonlinear  problems .  Fast  ellip¬ 
tic  solvers  are  used  to  solve  linearized  equations  directly,  which  are  then 
Iterated  to  solve  the  nonlinearity.  Applications  of  semidirect  methods  to 
problems,  many  in  fluid  dynamics,  are  given  by  Roache1.  For  the  nonseparable 
partial  differential  equations  of  interest  here,  the  fast  elliptic  solver  used 

is  some  variation  of  marching  methods  for  elliptic  equations.  The  algorithms 

2 

involved  have  been  described  in  detail  and  timing  and  accuracy  tests  of  a 

particular  software  realization  of  the  marching  methods,  called  the  GEM  codes, 

3 

have  been  reported  . 

2  3 

Although  stabilizing  schemes  exist  ’  ,  as  a  practical  matter  the  marching 
methods  depend  on  a  favorable  cell  aspect  ratio  &$/Ari  to  stabilize  the  inher¬ 
ently  unstable  spatial  marching  procedure.  They  are  thus  well  suited  to  prob¬ 
lems  with  a  grid  refinement  in  one  coordinate  in  the  transformed  plane.  The 
marching  methods  are  not  suitable  for  problems  in  which  there  is  a  significant 
grid  refinement  in  both  coordinate  directions  in  the  transformed  plane.  How¬ 
ever,  for  many  practical  problems,  thty  are  very  well  suited. 

The  advantages  of  the  marching  methods  are  their  generalitv  and  speed.  Un¬ 
like  "fast  Poisson  solver"  algorithms  such  as  FFT  or  odd-even  reduction,  the 
marching  methods  (1)  do  not  depend  on  separability  of  the  coefficients,  and 
(2)  can  treat  the  9-point  operator  directly,  even  for  nonseparable  stencils. 
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Both  these  advantages  are  pertinent  to  non-orthogonal  grid  problems,  not  only 
In  the  solution  of  the  grid  by  elliptic  pde's,  but  also  in  the  solution  of  the 
"hosted  equations"  4 (In  the  present  case,  the  electric  field  equations)  no 
matter  how  the  non-orthogonal  grid  is  generated.  As  for  speed,  the  marching 
methods  will  initialize  in  order  (M3)  operations  for  an  MxM  cell  problem,  and 
will  solve  repeat  solutions  in  the  optimal  order  (M3)  operations.  For  large 

two-dimensional  problems  using  a  5-point  operator,  repeat  solutions  by  actual 

3 

timing  tests  are  obtained  in  the  equivalent  of  2  point  SOR  iterations. 

APPLICATION  TO  ELLIPTIC  GRID  GENERATION  EQUATIONS 

The  semidirect/marching  methods  are  particularly  well  suited  to  the  solution 
of  the  elliptic  grid  generating  equations  pioneered  by  Thompson  et  al.3,  provi¬ 
ded  that  the  cell  aspect  ratios  are  favorable.  In  this  system,  two  coupled 
nonlinear  equations  are  solved  in  the  transformed  plane  (£,n)  for  the  physical 
coordinates  (x,y). 

L(x)  -  0,  L(y)  -  0 
where,  for  e  -  x  or  y, 

L(e)  =  ae  -  2Be  +  ye 

5n  nn  ^ 

The  coefficients  are  nonlinear  functions  of  x  and  y.  See  Thompson,  et  al.  for 

details,  and  for  the  use  of  additional  terms  P  and  Q  for  coordinate  adjustments. 
In  the  semidlrect  approach,  the  equations  ate  first  linearized  about  some  ini¬ 
tial  guess  for  the  grid,  giving  values  of  a°,B°,  etc.  We  then  solve  a  sequence 
of  linear  problems,  indicated  by 

tfek)  -  S (e^1) 

where  L°  is  baaed  on  the  initial  guess  o°,  8°,  etc.  and  S  is  defined  by 

S(e)  =  -{(a-u°)e  -2(@-8°)e  +<y-y0)e  } 

nn 

If  immediate  updating  of  the  coefficients  were  used  (true  Picard  method), 
the  coefficients  in  L°  would  be  re-evaluated  at  each  iteration  and  the  GEM 
solution  would  be  reinitialized,  requiring  order  (M3)  operations  for  each 
iteration.  Instead,  we  attempt  a  single  initialization  of  the  GEM  code  using 
a  quasi-Picard  method.  Depending  on  the  adequacy  of  the  initial  guess,  this 
single  initialization  may  be  adequate,  or  we  may  require  reinitialization 
during  the  solution  process.  The  decision  to  reinitialize  is  automated  and  is 
based  on  the  requirement  for  at  least  an  801  reduction  in  the  maximum  change 
in  x  and  y  at  each  iteration.  Also,  in  the  Interactive  design  process,  the 
initialization  from  a  previous  design  (i.e.  a  previous  laser  electrode  geometry) 
can  be  used  for  the  next  grid  generation. 

The  semidirect/marching  methods  are  particularly  well  suited  to  this  problem 
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of  elliptic  grid  generation  for  two  reasons.  First,  although  two  coupled 
nonlinear  equations  are  used,  there  is  only  one  matrix  for  the  two  equations. 
Thus,  only  one  matrix  initialization  is  used,  and  only  one  set  of  coefficients 
.nust  be  stored.  Second,  although  the  equations  are  nonlinear  and  coupled, 
they  are  not  coupled  in  the  boundary  conditions.  This  adds  to  the  speed  of 
the  iterative  convergence  process.  (For  the  Navier-Stokes  equations,  the 
coupling  of  the  boundary  conditions  leads  to  time-like  iterative  behavior, 
which  is  comparatively  slow1*®.) 

ACCURACY  AND  TIMING  TESTS 

For  moderate  geometries,  the  aamidirect /marching  methods  give  solutions 
for  the  grid  in  typically  8  to  10  iterations,  requiring  less  than  4  seconds 
on  a  CDC  6600  for  a  31x31  grid  with  poor  initial  guesses.  He  use  an  unusually 
tight  convergence  criterion  of  ix,fiy  <  10~®,  because  we  are  interested  in  using 
Richardson  extrapolation  to  fourth  order  accuracy  for  the  solutions  of  the 
hosted  equations.  This  requires  no  oscillations  in  the  solution  for  either 
the  coordinate  system  or  the  hosted  equations^.  The  number  of  iterations  re¬ 
quired  is  not  a  strong  function  of  grid  size,  and  the  marching  error  is  toler¬ 
able  for  most  problems  encountered  so  far  (of  the  order  5*10  6  for  a  31*61 
grid).  As  yet,  we  have  had  no  experience  with  coordinate  system  control  using 
the  P  and  Q  terms^.  Fortunately,  many  geometries  of  practical  interest  to  the 
electrode  design  area  do  not  require  additional  coordinate  control,  and  the 
present  code  is  being  used  for  interactive  computer  design  of  several  laser 
systems . 

The  electric  field  solutions  are  also  obtained  with  the  semidlrect/marchlng 
methods  once  the  coordinate  system  has  been  generated.  The  equation  solved  is 
V-oV$  ■  0,  «  >  c(E),  E  - 

where  $  is  the  electric  potential,  o  is  the  conductivity,  and  E  is  the  electric 
field  strength.  For  linear  field  equations  (o  not  a  function  of  E)  with  1-point 
or  2-polnt  derivative  boundary  conditions,  the  equations  are  solved  directly. 
For  the  nonlinear  field  equations  and  for  3-polnt  derivative  boundary  condi¬ 
tions,  Iteration  is  required.  A  rapresentative  problem  is  solved  in  the  order 
of  10  iterations,  requiring  less  than  5  seconds  on  a  CDC  6600.  However,  we 
have  encountered  nonlinear 1 ties  in  o  which  required  50  iterations. 

The  linear  problem  is  of  practical  interest,  and  has  been  used  as  an  accur¬ 
acy  test  by  comparison  of  the  computed  results  with  those  of  the  Rogcwskl 
electrodes,  obtained  by  conformal  transformation  methods.  With  boundary  points 
aquldlstrlbuted  In  arc  length,  we  predict  the  E-fleld  to  plotting  accuracy  in 


4 
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a  25*25  grid.  Using  a  distribution  of  boundary  points  weighted  by  surface 
curvature,  we  have  obtained  plotting  accuracy  in  a  13*13  grid. 

It  appears  that  a  good  multigrid  code  using  nonlinear  grid  interpolation 
(FAS)  can  achieve  the  same  level  of  efficiency  as  the  semidirect/marchlng 

Q 

methods  for  the  nonlinear  problems  .  For  the  linear  problem,  the  marching 

methods  as  embodied  in  the  GEM  codes  are  the  fastest.  However,  they  are  limited 

in  resolution  to  about  a  100*100  grid  with  favorable  cell  aspect  ratios.  More 

importantly,  they  are  attractive  in  3  dimensions  only  for  problems  which  are 

2 

separable  in  the  third  coordinate  so  that  a  FFT  can  be  used.  The  marching 
methods  appear  to  vectorize  well,  especially  for  repeat  solutions,  for  the 
5-point  operator.  On  a  vector  machine,  9-point  operators  would  be  best  treated 
Iteratively  by  lagging,  as  is  customarily  done  with  linear  iterative  methods. 
The  vectorizing  of  multigrid  codes  is  an  open  question  at  this  time.  The  com¬ 
parison  of  marching  methods,  multigrid  methods  and  the  simpler  fully  vector!  - 
zable  Iterative  methods  (such  as  hopscotch  SOR)  on  vector  machines  will  be  a 
complicated  job,  dependent  on  the  particular  machine  architecture,  the  problem 
size,  and  the  coding  details. 

CONTINUATION  METHODS  FOR  DIFFICULT  GEOMETRIES 

Good  initial  conditions  for  the  grid  can  be  a  problem,  whether  the  grid 
generating  equations  are  solved  by  semidirect/marchlng  methods  or  by  more  con¬ 
ventional  iterative  methods.  Particularly,  for  slit-like  geometries,  initial 
conditions  obtained  by  simple  interpolation  in  the  transformed  plane  can  give 
crossed  coordinate  lines  and  negative  Jacobians,  which  can  prevent  iterative 
convergence  of  the  nonlinear  problem. 

We  have  developed  two  continuation  methods  for  this  problem.  Both  attain 
the  final  solution  in  N  continuation  steps  (where  N  is  selected  by  the  code 
user) .  The  weighting  function  W  varies  from  0  to  1  for  the  sequence  of  prob¬ 
lems, 

W  -  0,  1/N,  2/N . (N-l)/N,  l. 

The  first  continuation  method  builds  up  to  the  true  boundary  conditions. 

With  B  -  x  and  y  boundary  conditions,  the  continuation  method  is 
Bk  -  ( 1-W) B°  +  W-Btrue 

where  B°  is  some  trivial  Initial  geometry,  such  as  a  rectangle. 

The  second  method  builds  up  to  the  true  generating  equations,  and  was  sugg- 
9 

ested  by  Maliska's  work  using  point  SOR  for  the  solution.  The  coefficients 

a,  0,  and  y  are  built  up  from 

ek  .  w.8true>  Ak  .  (1_w)  +  w.Atrue 


where  A  •  a  and  y. 
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This  starts  from  the  linear,  decoupled  problem 
0 
0 


x,r  +  x 
55  nn 


y55  +  ynn 


We  have  had  success  with  both  methods,  but  the  second  is  preferable.  It  is 
more  systematic,  and  avoids  some  clumsy  scaling  problems  of  the  first.  For 
a  rather  severe  slit-like  laser  geometry,  only  two  continuation  steps  were 
required  to  solve  the  grid. 


SOLUTION  OSCILLATIONS  NEAR  GRADIENT  BOUNDARIES 

An  Illuminating  behavior  arose  in  the  application  of  symmetry  boundary 
conditions  to  the  hosted  electric  field  equations.  For  symmetry  at  {  *  0, 
the  transformed  equation  requires 

4^  ”  (a<j>_  -  0$  )/Jah  -  0,  where  J  *>  Jacobian, 
dn  5  n 

The  marching  code  GEM  requires  one-sided  differences  for  because  the  boun¬ 
dary  conditions  must  be  separable  in  the  march  direction.  Depending  on  the 
curvature  at  the  boundary  (the  sign  of  0)  and  the  march  direction,  this  can 
be  analogous  to  downwind  differencing  along  the  boundary,  and  can  produce 
oscillations  in  the  solution  of  the  hosted  equations.  In  analogy  with  the 
well  known  fluid  dynamics  problems,  we  would  anticipate  that  other  workers 

may  have  encountered  this  behavior  using  centered  differences  for  ♦  . 

h 

The  cure,  which  almost  certainly  has  been  applied  in  practice  elsewhere 
although  not  reported  (nor  perhaps  recognized)  is  to  have  a  nearly  orthogonal 
grid  near  symmetry  and  other  gradient  boundaries,  giving  6*0.  (One  could 

9 

also  set  6  -  0  by  reflection  but  thiB  gives  a  discontinuity  in  the  grid  which 
will  alow  the  truncation  error  convergence.) 

In  the  GEM  solutions,  true  second-order  accuracy  is  obtained  by  a  deferred 
correction  approach,  lagging  the  difference  between  the  one-sided  and  centered 
forms  for  #  ,  It  is  even  more  robust,  for  geometries  in  which  0  might  change 
sign  along  the  boundary,  to  lag  the  entire  ,  along  with  the  deferred  correc¬ 
tion  for  the  3-point  4^  and  any  nonlinearities,  and  this  is  now  our  standard 
procedure.  Note,  however,  that  the  GEM  code  now  cannot  be  considered  a  direct 
method  for  gradient  boundary  conditions  in  a  non-orthogonal  grid. 


SENSITIVITY  TO  CROSS  DERIVATIVES 

We  have  generally  been  impressed  with  the  difficulty  of  code  verification 
for  general  non-orthogonal  coordinate  problems.  In  particular,  the  experience 
related  here  violated  out  intuition  on  the  sensitivity  of  the  solutions  to 
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the  cross  derivative  terms  like  x^,  etc.  The  experience  arose  from  a 
coding  error  in  which  the  cross  derivative  terms  were  all  calculated  a  factor 
of  2  larger  than  correct.  The  error  was  not  detected  early  because  the  solu¬ 
tions  looked  good  for  mild  but  non-trivial  geometries.  For  electrodes  in  a 
quadrant  where  the  lower  electrode  was  described  by  a  cos^  curve  and  the  upper 

L 

electrode  by  cos  ,  the  grid  generated  and  the  solution  for  the  E-field  were 
quite  accurate.  Likewise,  the  solution  for  the  Rogowski  electrode  differed 
by  only  0.4%  from  the  exact  t,  using  only  a  13x13  grid.  However,  in  systematic 
convergence  testing  (performed  by  H.  Happ  of  Tetra  Corporation) ,  the  error  did 
not  reduce  as  the  grid  was  refined.  The  coding  error  was  detected  and  correc¬ 
ted,  and  the  previous  cases  were  re-calculated.  The  factor  of  2  error  in  the 
cross  derivatives  proved  to  affect  the  coordinate  generation  by  less  than  0.01% 
in  the  location  of  any  x  and  y  of  the  grid  nodes,  and  to  affect  the  E-field 
(derivative  of  the  $  solution)  by  0.016%.  The  conclusion  might  seem  obvious, 
that  the  solutions  are  very  insensitive  to  the  cross  derivatives.  However, 
this  is  actually  quite  problem  dependent.  For  a  slit-like  geometry,  the  coding 
error  seriously  affected  the  grid  generation.  Iterative  convergence  was  ob¬ 
tained  only  with  the  extreme  of  20  continuation  steps  plus  the  use  of  extensive 
under- relaxation  of  boundary  and  interior  points.  The  resulting  "mesh”  was 
a  mess,  with  coordinate  lines  that  crossed  and  extended  outside  of  the  physical 
domain,  violating  the  maximum  principle.  When  the  coding  error  was  corrected, 
the  method  converged  to  a  perfectly  good  grid  in  2  continuation  steps.  For 
this  class  of  problems ,  we  conclude  that  the  grid  generation  process  Is  highly 
sensitive  to  the  cross-derivatives.  Aside  from  coding  errors,  this  experience 
also  seems  to  bear  on  the  robustness  of  alternate  elliptic  generating  systems 
which  use  simpler  equations  in  the  transformed  plane. 

SYMBOLIC  MANIPULATION  AND  GRID  GENERATION 

Coding  errors  such  as  the  one  described  above  plague  all  computational  work, 
and  the  chance  for  error  increases  as  the  complexity  of  the  problems  increase. 
As  noted  above,  we  have  been  impressed  with  the  difficulty  of  code  verification 
for  the  transformed  grid  problems.  We  have  also  been  Impressed  with  the  com¬ 
plexity  of  the  3-dimensional  equations  for  general  non-orthogonal  grids. 

In  association  with  Prof.  Stanly  Steinberg  of  the  University  of  Hew  Mexico, 
we  are  addressing  this  and  related  problems  using  computer  Symbolic  Manipula¬ 
tion.  These  are  not  floating-point  calculations,  but  symbolic  operations, 
e.g.  the  chain  rule  differentiation,  performed  by  computer  logic.  The  gather¬ 
ing  of  coefficients  is  likewise  done  symbolically,  as  is  the  actual 
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writing  of  the  Fortran  subroutines  to  define  the  problem.  The  symbolic 
code  used  is  a  VAX  computer  version  of  the  code  MACSYMA  developed  over  many 
years  at  the  MIT  Lincoln  Laboratories. 

To  recapitulate:  we  are  using  MACSYMA  to  (1)  analytically  generate  the 
transformation  equations,  and  (2)  to  actually  write  a  Fortran  subroutine  to 
produce  the  9-point  stencil  defining  the  matrix  problem. 

Once  the  computer  has  written  the  subroutine  defining  the  problem,  the  coef¬ 
ficient  matrices  defining  the  stencil  are  passed  to  some  canned  solver,  in  this 
case  the  GO!  codes.  Both  the  grid  generation  problem  and  the  hosted  equation 
are  solved  the  same  way.  Except  .or  input/output  and  processing  of  the  results, 
as  well  as  the  passing  of  the  matrix  problem  to  the  canned  solver,  the  user 
obtains  the  answer  without  writing  Fortran  or  similar  code. 

The  general  second-order  two-dimensional  equation  has  been  solved  in  this 
manner,  and  the  results  verified  by  comparison  to  the  hand-coded  coefficient 
matrices.  The  analytic  generation  of  the  transformation  equations  and  the 
writing  of  the  Fortran  subroutine  require  about  10  minutes  on  a  VAX  780.  The 
three-dimensional  problem  has  also  been  solved,  but  the  computer  time  increases 
dramatically  due  to  the  computational  complexity  of  the  chain  rule  operations, 
similar  to  the  classic  "sorting"  problem.  We  are  currently  involved  in  the 
code  verification.  Esther  than  generate  a  hand-coded  version,  we  will  obtain 
three-dimensional  solutions  of  the  algebraic  equations  (using  a  hopscotch  SOR 
"canned"  solver)  and  verify  the  code  by  convergence  testing  to  the  exact  solu¬ 
tion  of  highly  stretched  coordinate  problems. 

In  the  near  future,  we  intend  to  work  on  the  relatively  straight-forward 
problems  of  multiple  equations,  higher  order  equations,  perturbation  terms 
in  the  source  term  formulated  so  as  to  give  deferred  corrections  to  higher 
order  accuracy  and/or  nonlinear  terms,  and  validation  of  all  these. 

More  difficult  problems  are  conservation  forms,  upwindlng  (or  other  condi¬ 
tional  differencing),  complicated  boundary  conditions  (currently  we  have  used 
only  Dlrlchlet  conditions),  and  optimization.  It  is  likely  that  the  Fortran 
code  generated  will  always  be  less  efficient  than  what  could  be  obtained  with 
expert  hand  coding.  This  situation  is  viewed  as  analogous  to  the  situation 
of  efficiency  attainable  from  high-level  languages  like  Fortran  vs.  assembly 
language.  The  "efficiency"  sought  is  not  that  measured  by  CPU  seconds  for 
code  execution,  but  by  calendar  years  for  code  development. 

Human  errors  are  still  possible  in  this  process,  but  they  are  a  different 
level  of  error.  Grand  mistakes  will  occur,  but  not  the  petty  onas  of  writing 
S(I+1,J)  when  the  term  should  have  been  S(I-1,J),  etc. 
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The  following  areas  of  application  for  Symbolic  Manipulation  appear  moat 
promising. 

(1)  Combination  of  perturbation  methods  and  numerical  methods.  These 
"semianalytic"  approaches  have  already  been  used  with  some  success,  and  are 
not  difficult  for  regular  perturbation  problems.  With  insight,  they  can  be 
used  for  singular  perturbation  problems,  and  could  be  used  in  general  grid 
problems  to  remove  grid-introduced  singularities. 

(2)  Coordinate  transformations,  especially  in  conjunction  with  (3). 

(3)  Constitutive  equation  testing,  in  areas  like  turbulence  modeling, 
non-newtonian  fluids,  soil  mechanics,  gravitational  theory. 

(4)  Generation  and  analysis  of  new  discrete  forms  via  finite  difference, 
finite  element,  least  squares,  etc.  methodologies. 

The  prospect  of  virtually  error-free  testing  of  constitutive  equations  and 
difference  forms  is  most  attractive.  I  predict  that  the  use  of  Symbolic 
Manipulation  in  these  and  other  problems  will  shortly  be  recognized  as  the 
way  of  the  future,  and  that  the  practice  or  disciplines  like  computational 
fluid  dynamics  will  be  revolutionized  in  the  next  decade  as  the  power  of 
Symbolic  Manipulation  becomes  widely  recognized. 

FUTURE  WORK 

Besides  the  use  of  Symbolic  Manipulation  described  above,  we  expect  to 
extend  the  work  described  herein  in  the  near  future  to  include  the  following: 
unsteady  equations,  3  dimensional  problems,  magnetic  effects  (which  give  rise 
to  a  tensor  conductivity) ,  dielectric  interior  boundaries  (which  require  the 
precise  control  of  the  grid  at  interior  points) ,  solution  adaptive  methods 
to  better  resolve  the  maxima  in  the  E-fields,  and  semi-automated  optimization 
of  the  electrode  design  procedure. 
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NOMENCLATURE 


square  of  incompressible  velocities 

square  of  compressible  velocities 

chord  length 

local  speed  of  sound 

lift  coefficient 

pressure  coefficient 

diameter  of  an  Inlet 

doublet  strength 

Mach  number  at  infinity 

mass  flow  ratio 

boundary 

velocity  at  infinity 

incompressible  velocity  components 

components  of  incompressible 
disturbance  velocity 

cartesian  coordinates 

"disturbance  coordinates" 
angle  of  attack 
streamline  coordinates 

compressible  potential  function 
potential  jump  at  the  trailing  edge 
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1 

INTRODUCTION 

^  It  Is  well  known  that  the  solution  of  many  mathematical  problems 
can  be  simplified  by  the  use  of  a  carefully  selected  coordinate 
system.  One  example  is  the  numerical  treatment  of  boundary-value 
problems  in  partial  differential  equations.  An  optimal  computa¬ 
tional  grid  for  a  finite  element  or  a  finite  difference  method 
should  be  carefully  adapted  to  the  mathematical,  numerical,  phy¬ 
sical  and  geometrical  aspects  of  the  problem.  In  such  a  case,  one 
can  expect  a  reduction  of  numerical  errors,  a  reduction  of  com¬ 
puting  time  and,  most  important,  an  excellent  physical  presen¬ 
tation  of  the  results.  The  present  paper  describes  a  grid  gene¬ 
ration  procedure  to  be  applied  to  transonic  flows  with  interfe- 
rences.^The  well  known  full  transonic  potential  equation  in  carte¬ 
sian  coordiantes  (x,y)  is: 


with 


2  (*«♦♦«) •cl-*A-4vB,«0 
B=  <J^+4>y 


(1) 


Then  streamline  coordinates  (  ,  \p  )  are  introduced  with  the 

following  properties: 


d>  ♦  \p  =  0 
Xxx  Tyy 

Vyy  =  0 


(2) 


where  and  yr  are  conjugated  harmonic  functions.  It  is  known  from 
complex  analysis  that  every  pair  of  conjugated  harmonic  functions 
in  the  x-y-plane  (physical  plane)  are  conjugated  harmonic  functions 
in  the  tp  -yr-plane  (streamline  plane).  This  feature  of  harmonic 
functions  Hays  a"  important  role  In  the  development  of  the  pre¬ 
sent  grid  generation  procedure. 

Equation  (1)  transformed  to  (<p,y)  coordinates  gives 

/ 
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2  By“  $yBy  =0 

(41 

With  B  »  ($y  ♦  $y)  (<PX2  *  *Py2  ) 

This  equation  contains  the  additional  factor 

ft  ♦*»’)•*  (5) 

which  can  be  interpreted  as  the  square  of  an  incompressible  velocity. 

To  simplify  equation  (4)  for  practical  application  purposes  the 
incompressible  streamlines  are  chosen  as  a  good  approximation  of 
the  compressible  streamlines.  Then  equation  (4)  can  be  reduced  to 

2' )  C -$y- By  =0 

with  ?  /  j  ,  \ 

B  =<fry  '  ('Px  *'Py  ) 

assuming  all  first  derivatives  normal  to  the  streamlines  are  incre¬ 
mental  and  terms  of  second  order  can  be  neglected. 

The  new  coordinates  are  orthogonal  and  body-fitting.  The  Neumann 
boundary  condition 

*,-0  (7) 

is  transformed  to 

*  0  ( 8 ) 

Equation  (4)  and  (6)  imply  singular  points  at  the  stagnation  points 
of  the  coordinates  (A  «  0)  if  the  compressible  stagnation  points 
do  not  have  the  same  location.  A  solution  of  that  problem  will  be 
discussed  later. 

The  outlined  transformation  of  the  transonic  potential  equation 
demonstrates:  Choosing  to  use  a  coordinate  system  adapted  to  the 
special  physical  problem  may  lead  to  simplifications  of  the  go¬ 
verning  equations  and  consequently  to  computing  time  reduction.  All 
transonic  calculations  for  this  paper  using  the  present  method  are 
based  upon  equation  (6). 


742 


GRID  GENERATION  BY  SINGULARITY  METHODS 
Selection  of  a  suitable  singularity  method 

Singularity  methods  are  classical  tools  in  computational  fluid  dy- 

1  2 

namlcs.  Since  the  basic  work  of  Martensen  and  Hess  a  lot  of  sin- 
gularlty  methods  have  been  developed  for  calculating  invlscld  in¬ 
compressible  plane  or  spatial  flows  (panels  methods).  Most  of  these 
methods  In  two  dimensions  approximate  the  curved  boundaries  of  an 
airfoil  section  in  the  simplest  way  by  a  polygon. 

On  each  straight  line  of  the  polygon  a  constant  or  a  linear  or  a 
higher  order  singularity  distribution  of  sources  and  /  or  vortices 
and/or  doublets  are  assumed.  The  boundary  conditions  can  be  satis¬ 
fied  as  Neumann-  or  Dlrlchlet-  conditions  at  the  internal  or  exter¬ 
nal  side  of  the  boundaries. 

Hence  it  appears  that  a  lot  of  different  singularity  methods  can 
be  developed  for  the  same  flux  problem.  The  user's  problem  is  to 
find  the  most  suitable  method  for  his  special  case  of  application. 
Fig.  1  shows  the  selection  procedure  to  find  an  appropriate  singu¬ 
larity  method  for  calculating  streamline  coordinates.  In  contrast 
to  common  flow  computation,  where  the  values  of  the  velocities  are 
of  interest,  the  potential  and  the  stream  function  must  be  deter¬ 
mined  as  accurately  as  possible. 

Consider  a  line  segment  of  length  1  with  an  assumed  constant  source 
or  constant  vortex  distribution.  It  Is  known,  that  at  a  great  dis¬ 
tance  r  the  potential  function  of  the  source  element  and  the  stream- 
function  of  the  vortex  element  are  proportional  to  In  r.  This  lo¬ 
garithmic  behaviour  may  cause  an  increase  of  unavoidable  numerical 
errors  with  Increasing  distance.  Thus  the  method  of  source  or  vor¬ 
tex  singularities  Is  not  suitable  for  calculating  streamline  coor¬ 
dinates.  A  more  accurate  calculation  offers  the  method  of  doublet 
singularities  with  normal  or  tangential  doublet  axes.  In  constrast 
to  the  above  method  the  values  of  the  potential  and  the  stream  func¬ 
tion  decrease  with  increasing  distance.  Furthermore  the  doublet 
equations  are  obviously  simpler  than  the  equations  of  sources  and 
vortices.  This  Is  mportant  if  short  computing  times,  have  to  be 
considered. 

At  the  midpoint  of  a  doublet  line  of  length  1  the  following  re¬ 
lations  are  valid. 
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In  the  case  of  normal  doublet  axes  the  normal  velocity  is  pro¬ 
portional  to  m/1  and  the  streamf unction  y  is  proportional  to  m*/l 
where  m  is  the  local  doublet  strength  and  m’  is  the  local  slope 
of  m.  In  the  case  of  tangential  doublet  axes  tpn  is  proportional 
to  m' and  the  streamfunction  y  is  proportional  to  m. 

Hence  one  may  infer  that  there  is  only  one  suitable  singularity 
method  using  a  doublet  distribution  with  tangential  doublet  axes 
satisfying  the  Oirichlet  condition  of  constant  streamfunction  y t 
along  the  boundaries. 


The  singularity  method  in  the  physical  plane 

The  incompressible  flow  around  an  airfoil  of  a  piecewise  smooth 
boundary  can  be  described  by  a  modified  Dirichlet  problem: 

Vxx*yCyy30  in  the  flow  field 
y  *  const  at  the  boundaries  of  (9) 

the  airfoil 
y  8  at  infinity 

Before  solving  the  problem  by  a  singularity  method  a  perturbation 
stream  function  is  introduced  by 

yW-y* 

and  the  Oirichlet  problem  is  formulated  as  follows: 

Vrxx*ylfyyt0  in  the  flow  field 

y^const-y*  at  the  boundaries  S  (10) 

y’«  0  at  infinity 


The  solution  of  this  problem  is 

MU 

S 

where  t  denotes  the  tangent  of  the  boundary  .  The  doublet  strenqth 
m  must  be  calculated  from  the  integral  equation 


y«,-  const 


In  r  ds 


(12) 


-&**r -K  ifS^f. 


-  ,'  -•«>  i««  J 
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along  S.  The  solution  Is  not  unique  and  m  can  be  chosen  arbitrarily,  at  one 
arbitrary  point  of  S.  Appropriately  zero  doublet  strenght  Is  assumed  at  the 
lower  side  points  of  the  trailing  edges  (see  fig.  2). 

Equation  (12)  can  easily  solved  when  assuming  a  linear  distri¬ 
bution  over  each  straight  line  of  the  polygon  (fig.  2)  and  satis¬ 
fying  the  condition  at  each  midpoint.  For  the  case  of  ,i  stralqht  lines 
j  doublet  strengths  can  be  calculated  at  j  corners  of  the  polygon. 

In  the  lifting  case  a  slit  with  constant  doublet  distribution  is 
necessary  to  satisfy  the  Kutta  condition  by  appropriately  assuming 
the  same  constant  doublet  distribution  on  the  rearmost  line  seg¬ 
ment  on  the  upper  side  of  the  trailing  edge  (see  fig.  2).  This 
means  a  peacewlse  linear  but  continuous  doublet  strength  can  be 
calculated  beginning  at  the  lower  point  of  the  trailing  edge  going 
clockwise  around  the  airfoil  and  then  along  a  slit  up  to  infinity. 
The  direction  of  the  slit  can  be  chosen  arbitrarily  but  it  should 
not  Intersect  the  airfoil  or  any  element  in  the  case  of  a  multi¬ 
element  configuration.  The  conjugated  harmonic  function  of  if’  is 

Inr  ds  (13) 

$ 

with  tne  same  doublet  strength  of  formula  (11)  but  with  normal  doub¬ 
let  axes.  When  the  doublet  distribution  has  been  determined  It  is 
possible  to  calculate  if  ,  if  ,  <fx  ,  ify  at  any  point  of  the  physical 
pi ane. 

In  this  way  one  can  determine  the  boundary  conditions  for  a  bounda¬ 
ry  value  problem  in  the  streamline  plane  based  on  Laplace's  equa¬ 
tion.  This  is  the  first  step  of  the  present  grid  generation  pro¬ 
cedure. 


The  singularity  method  In  the  streamline  plane 

The  transonic  potential  equation  (6)  requires  the  knowledge  of 
the  squares  of  the  Incompressible  velocities  ifx  and  ify  at  every 
po1nt(  V  ,  yr  )  of  the  streamline  plane.  Consider  perturbation  ve¬ 
locities 


u’  *  4^  *  Uw-  cos  ft 

v*  *  *  Uo» '  *in  * 


(14) 


where  U*  Is  the  velocity  at  Infinity  and  et  Is  the  angle  of  at¬ 
tack.  u‘ and  v' are  conjugated  harmonic  functions  In  the  If  ,  y r  plane 
and  vanish  at  Infinity.  Furthermore  u* and  v'are  known  along  the 
upper  and  lower  surface  of  an  airfoil  from  the  calculation  In  the 
physical  plane  (see  fig.  3).  The  plane  behind  the  airfoil  Is  sllt- 
ted  along  the  body's  streamline  yr0  up  to  Infinity. 

The  velocities  at  both  sides  of  the  silt  are  equal: 

u*  (f.V0)  ■“’(♦  -A'M'o*0)  (15} 

V*  =v*(»p-Atf  ,i|fa -0) 

where  A<f  Is  the  potential  jump  In  the  lifting  case.  Now  consider 
the  airfoil  In  the  streamline  plane.  The  airfoil  Is  mapped  to  a 
silt  with  well  known  boundary  condition  at  the  upper  and  lower 
side.  The  velocities  at  both  sides  are  not  Identical  In  the  lif¬ 
ting  case  due  to  equation  (15).  Two  different  types  of  boundary 
values  problems  for  each  velocity  u' and  v* can  be  established: 

1.  The  velocities  are  known  along  the  whole  slit  up  to  Infinity  by 
Integration  of  the  body's  streamline  In  the  physical  plane.  Then 
a  Dirichlet  problem  can  be  formulated  as  follows: 

Uyup  ♦  Uyy  =  0  In  the  p,y r  -plane 
with  the  boundary  conditions 

u*  *  u„  at  the  upper  side  of  the  slit  (1g) 

u’ ■  u^  at  the  lower  side  of  the  slit 

u’— »0  for  (y,yr)  — »• 

2.  The  velocities  are  known  only  along  the  upper  and 
of  the  airfoil.  Then  a  modified  Dirichlet  problem 
lated: 

Uyup  +  Ltyy  =  U  In  the  plane 
with  the  boundary  conditions 

u’  ■  Uy  at  the  upper  side  of  the  airfoil  (17) 

u'  ■  u<j  at  the  lower  side  of  the  airfoil 

condition  (15)  along  the  slit  behind  the  airfoil 
u'— •*  0  for  (y,v r)  — «• 


lower  surface 
can  be  formu- 


00 


Analogous  problems  can  be  formulated  for  v'  . 


The  solution  of  both  problems  (16)  and  (17)  is: 

u'  -  5  / milul  m»lul  £ln,ds  1181 

s  s 

where  S  denotes  the  slit  up  to  infinity.  Presently,  this  solution 
was  proved  numerically  only.  It  describes  a  double  singularity  dis 
tribution  with  doublets  having  normal  and  tangential  axes,  which 
is  the  same  as  a  single  doublet  distribution  with  oblique  doublet 
axes . 


The  normal  doublet  strength  with  respect  to  u‘ is  and  the 

tangential  strength  is  ml( ^ u ^ .  For  v‘  one  gets  the  result  in  the  same  way 

v'  -  4  /' ",r  i,  lnr  ds  -2n/m»'Vl  *  *’  ’  *  1,91 

S  s 

Since  u‘ and  v' are  conjugated  harmonic  functions  the  following  re¬ 
lations  are  valid 


m 


m 


(v) 

il 

(v) 


(20) 


It  easily  can  be  shown  that  ra|u^  and  m|v^  respectively  indicate 
the  potential  jump  along  the  slit  S  : 


m{u,su‘  -O)  -  U*  [v,%*o) 
m|v| s  v’  (vp,t|;0-o)-  v*  ( vp , ♦  0 ) 


Taking  equations  (21)  and  (20)  the  solution  of  boundary  value  pro 
blem  1  can  be  determined  at  every  point(  ,  yr  )  of  the  stream¬ 
line  plane  by  solving  the  Integrals  of  equation  (18)  and  (19). 

In  the  case  of  boundary  value  problem  2  the  doublet  strength 
along  the  slit  behind  of  the  airfoil  can  be  determined  from  con¬ 
dition  (15).  For  solving  the  problem  numerically,  the  slit  is 
divided  into  a  finite  set  of  line  segments.  A  line.r  doublet  dis¬ 
tribution  is  assumed  on  each  segment.  But  in  contrast  to  the 


.*  -  .-** 


747 


singularity  model  of  the  physical  plane  the  doublet  strength  is 
determined  by  satisfying  the  boundary  conditions  at  the  endpoints 
of  each  line  segment.  The  slit  behind  the  airfoil  can  be  assumed 
of  finite  length,  i.e.  10  chord  lengths.  The  conditions  (15)  and 
(21)  lead  to  a  well  behaved  system  of  linear  equations  which  de¬ 
termine  the  doublet  strength  along  the  slit. 

This  procedure  replaces  the  integration  of  the  body's  streamline 
behind  the  airfoil  in  the  physical  plane  and  was  used  for  all  pre¬ 
sent  calculations. 

In  concluding  this  chapter  it  seems  clear  that  every  pair  of 
conjugated  harmonic  function  of  the  physical  plane  can  be  treated 
in  the  same  way  as  the  perturbation  velocities  u‘  and  v'  if  they 

are  bounded  at  infinity. 

In  the  case  of  the  physical  coordinates  x,  y  it  is  necessary  to 
define  "disturbance  coordinates"  by 


x' s  x  -»pcos  a  ♦  \Jf  •  sin  a 
y‘  sy  -9  sin  a  -  \(»-cosa 


(22) 


At  infinity  x‘ makes  a  jump  of  -&<ficasa  and  y' a  jump  of-Ay  sina 
across  the  slit  and  the  according  doublet  strengths  does  not  va¬ 
nish. 


.5 


3 

i 
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GRID  GENERATION  FOR  TRANSONIC  FLOW  COMPUTATION 
Grid  spacing 

An  optimal  computational  grid  should  be  carefully  adapted  to  the 
mathematical,  numerical,  physical  and  geometrical  aspects  of  the 
problem.  The  spacing  of  coordinate  lines,  for  example  is  of  para¬ 
mount  importance  to  resolve  large  gradients.  A  similar  problem 
arises  when  approximating  an  airfoil  shape  by  a  polygon  as  indi¬ 
cated  in  fig.  2.  At  regions  of  greater  curvature,  i.e.  at  the  lea¬ 
ding  edge,  the  spacing  of  the  line  segments  of  the  polygon  should 
be  finer.  This  is  well  known  from  the  application  of  singularity 
methods  to  subsonic  flow  computation  problems.  Taking  the  mid¬ 
points  of  the  line  segments  of  the  polygon  as  mesh  points  was 
found  to  be  an  appropriate  grid  spacing  method  in  -direction. 


r- 


,-v 


•  -  ; 


For  the  case  of  the  far  field  the  spacing  was  done  by  an  exponen¬ 
tial  law  ensuring  an  increasing  mesh  size.  The  far  field  boundary 
was  assumed  to  be  3  to  5  times  the  chord  length  from  the  airfoil. 

The  stagnation  point  problem 

When  using  the  present  streaml i ne-type  coordinate  system  the 
stagnation  point  is  fixed  numerically.  This  seems  to  be  a  great 
restriction  of  application  and  some  critics  of  the  method  believe 
that  such  a  coordinate  system  is  not  usable. 

The  physical  transonic  flow  demonstrates  the  contrary. 

Fig.  5  shows,  the  calculations  around  the  modern  supercritical 
airfoil  Va2  were  done  by  the  method  of  Bauer-Garabedian-Korn- 
Jameson  (BGKJ)  using  an  0 -type  coordinate  system  for  determina¬ 
tion  of  the  stagnation  point  shift.  The  maximum  lift  coefficient 

C.  .  indicated  by  the  dashed  line,  was  found  experimentally  . 

l  max 

This  indicates  that  lift  coefficients  greater  than  max  are 
physically  non  existent.  From  the  graphic  presentation  at  the 
right  side  of  the  figure  it  can  be  seen,  that  for  all  realistic 
lift  coefficients  the  stagnation  point  shift  is  smaller  than  indi¬ 
cated  by  the  dashed  line.  The  shift  itself  is  not  detectable  by 
the  BGKJ-method  when  using  the  standard  number  of  160  mesh  points 
around  an  airfoil  which  gives  a  minimum  mesh  size  of  0,4  %  of 
chord  length. 

In  fig.  6  the  computational  results  of  the  present  method  agree 
quite  well  with  the  results  of  the  BGKJ-method. 

In  addition,  a  stagnation  point  shift  may  occur  due  to  boundary 
layer  effects.  This  effect  could  be  taken  into  account  by  using 
the  singularity  method  in  the  physical  plane.  In  this  case  an 
additional  singularity  distribution  of  sources  would  be  necessary. 
But  again  it  was  found,  that  there  is  no  need  of  a  grid  correc¬ 
tion  5. 

On  the  other  side,  when  the  method  of  a  plane  streamline  grid 
is  applied  to  rotational  transoilc  flow  calculations,  there  maybe 
a  need  of  corrections. 

In  the  case  of  a  flow  around  a  plane  Inlet  and  a  rotational  In¬ 
let  with  the  same  boundary  conditions  the  stagnation  points  of 
both  flows  do  not  match.  But  if  the  Internal  velocity  vp  of  the 
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plane  inlet  is  assumed  as 

Vp  =  (23) 

where  vp  is  the  internal  velocity  of  the  rotational  inlet  then  the 
plane  and  the  rotational  stagnation  points  have  approximately  the 
same  location. 

Fig.  7  shows  the  computational  grid  around  an  inlet.  The  results 
of  transonic  flow  calculations  agree  quite  well  with  experimental 
data  (fig.  8). 

The  numerical  treatment  of  the  compressible  stagnation  points 
does  not  cause  significant  difficulties  when  using  a  finite  dif¬ 
ference  method.  A  numerical  singularity  at  this  point  can  be  avoi¬ 
ded  when  solving  Laplace's  equation  instead  of  the  full  transonic 
potential  equation.  But  in  some  cases  the  residue  at  the  stagna¬ 
tion  point  converges  to  a  nonvanishing  value.  This  phenomenon  was 
not  analysed  in  more  details  because  it  was  found  that  there  is  no 
significant  effect  to  the  expected  solution. 

Application  to  transonic  interference  flows 

The  present  grid  generation  procedure  was  developed  for  appli¬ 
cation  to  transonic  interference  flows  such  as  a  flow  around  a  mul¬ 
ti-element  airfoil.  Fig.  9  shows  the  grids  around  an  airfoil  witha 
slit  in  the  physical  plane  and  in  the  computational  plane.  In 
fig.  10  present  results  are  compared  with  results  of  Arlinger's 
method  ®. 

An  other  important  range  of  application  is  the  calculation  of 
windtunnel  interferences.  Fig.  11  shows  the  grid  around  a  NACA0012 
airfoil  between  walls.  In  Fig.  12  calculated  pressure  distributions 
are  compared  with  each  other.  In  the  case  of  vanishing  free  stream 
Mach  number  wall  interferences  are  neglectable.  However  for  the 
case  of  higher  Mach  number  .75  the  windtunnel  walls  cause  a  shift 
of  the  shock  position  of  about  10  X  rearwards. 
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FIG. 4  :  MODIFIED  DIRICHLET  PROBLEM  IN 
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introduction 

ft  *• 

)  We- investigate  the  numerical  generation  of  three  dimensional  finite 
difference  grids  using  a  segmentation  approach  and  biharmonics.''  This  work 
is  an  extension  of  the  two  dimensional  grid  generation  technique  presented  in 
Reference  1.  The  present  approach  is  a  significant  variation  on  the  method  of 
Thompson  et  al.2,3.  or-  -  -  ^ 

oar  approach  is  to  construct  a  grid  system  in  a  region  f!  as  a  union  of 
subgrids  which  are  determined  individually  but  which  join  smoothly  at  the 

boundaries  between  subregions.  To  compute  the  grid  on  a  subregion  tl  -we. 

8 

determine  a  transformation  from  a  computational  cube  R  to  ST  by  solving  a 
linear  fourth  order  system  of  elliptic  equations  Grid  point  locations  on  C2g 
can  then  be  defined  as  the  image  in  £1  of  a  uniform\grid  on  R.  The  fact  that 
the  system  is  fourth  order  allows  enough  boundary  conditions  to  be  specified  so 
that  smoothness  across  subgrid  boundaries  is  assured.  The  elliptic  nature  of 
the  system  guarantees  smoothness  in  the  subgrid  interiors.  The  governing  equa¬ 
tions  are  not  only  linear  but  also  decouple,  so  that  the  x,  y,  and  z  compon¬ 
ents  of  the  transformation  can  be  independently  determined.  These  components 
turn  out  to  satisfy  first  boundary  value  problems  for  the  biharmonic.  Dis¬ 
crete  solutions  to  these  boundary  value  problems  are  obtained  by  ah  iterative 
technique  which  combines  the  conjugate-gradient  method  and  Gauss-Seidel 
iteration.  The  fact  that  the  subgrids  can  be  small  relative  to  the  composite 
grid  permits  us  to  solve  several  small  linear  systems  instead  of  one  large  one. 
The  ability  to  prescribe  (discretely)  the  transformation  on  subgrid  boundaries 
gives  a  simple  method  for  controlling  the  locations  of  grid  points  which  are 
interior  with  respect  to  the  composite  grid. 
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For  the  remainder  of  the  paper  we  will  adhere  to  the  convention  that  the 

uniform  discretization  on  R  used  to  approximate  the  transformation  to  ft  has 

s 

the  same  number  of  grid  points  as  we  wish  to  generate  in  Q  .  While  this  is  not 

s 

generally  required,  when  it  is  true  we  have  the  particularly  simple  situation 

that  each  desired  grid  point  in  ft  is  the  image  of  a  grid  point  in  R. 

s 


l 

i 

-  * 
'  ; 


ANALYTIC  FORMULATION 

We  now  consider  the  construction  of  a  single  subgrid.  Each  subgrid  is 
defined  as  the  solution  to  a  certain  fourth  order  linear  elliptic  system  where 
the  boundary  conditions  are  used  to  specify  the  grid  point  locations,  the 
orientation  of  the  grid  line  that  intersects  the  boundary,  and  the  local  grid 
spacing.  These  conditions  provide  the  control  needed  at  the  boundary  of  each 
subgrid  in  order  to  smoothly  fit  together  the  subgrids. 

2,3 

Formulating  the  problem  involves  two  steps.  Following  Thompson  et  al.  , 

we  first  formulate  equations  describing  the  transformation  from  physical  space 

to  computational  space;  then,  we  reverse  the  roles  of  dependent  and  independent 

variables  resulting  in  equations  for  the  transformation  from  computational  space 

to  physical  space.  We  will  consider  an  £-ri-C  computational  cube  R  corresponding 

to  a  subgrid  region  ft  in  an  x-y-z  space  as  shown  in  Fig.  1. 
s 

We  now  formulate  a  boundary  value  problem  to  determine  the  transformation 

£(x,y,z),  u(x,y,z),  ?(x,y,z)  from  ftg  to  R.  The  specified  locations  of  the  grid 

points  on  the  boundary  3ft  give  the  boundary  values  for  £,  r),  and  £.  To  specify 

s 

the  slope  and  spacing  conditions,  we  consider  an  £=  constant  plane  (Fig.  2) ; 
the  n  and  C,  planes  are  treated  analogously  and  the  governing  equations  are  ob¬ 
tained  by  cyclic  permutation  of  (£,r).C).  The  tangent  vectors  t^  and  t  at  a 
specified  point  P  can  be  computed  (later  by  finite  differences)  from  the  known 
boundary  data.  A  normal  vector  n=t^  x  t^  can  then  be  computed,  and  the  three 
vectors  t^, t^n  .define  a  non-orthogonal  local  coordinate  system  at  P.  Let  the 
vector  v  give  the  specified  orientation  of  the  grid  line  intersecting  the  £= 
constant  boundary  plane.  This  orientation  could  be  specified  by  two  angles  0 
and  $  giving  v  relative  to  the  fixed  x,  y,  z  coordinate  directions;  equiva¬ 
lently,  we  choose  to  describe  v  in  the  local  coordinate  system  at  P  by 


J 


from  computational  to  physical  space,  we  use  the  assumed  invertibility  of  the 
transformation  to  recast  the  equations  by  reversing  the  roles  of  dependent  and 
independent  variables.  This  process  is  based  on  the  fact  that 


764 


3(x,y,z>  [3(5,n.OJ 


«x  *y  «z 


y  z  -  y  2  z  x.  -  z  x  x  y_  -  x  v 

n  c  c  n  n  c  cn  nJc  c  n 


\  n* 


r  I  Y  Z-  -  yr*_  z„xr  -  zrx  x  y  -  x  y  (2.14) 
J  |  S  5  s  C  C  C  C  S  S  4 


,?x  ?y  5z 


•  yCzn'Vc  Vn'Ve  Vn  "  V«. 


where  J  -  -  y^)  -  x^y^  -  y^)  +  x^y^  -  y^)  . 

Again  we  consider  an  £•>  constant  boundary  plane  (£“0  or  £»1)  end  examine  condi¬ 
tions  (2.5)-(2.7).  We  note  that  x_,  y  ,  and  z_  are  unknowns  but  that  all  other 

s  s  S 

derivatives  (x^,  y^,  z^,  x  ,  y^,  z^)  can  be  computed  from  the  specified  boundary 

data.  We  first  reexpress  v  »  n  +  at^  +  (St^  «  (a,b,c)  where  a,  b,  and  c  are 

known  coordinates  with  respect  to  the  x,  y,  z  coordinate  axes.  Then  the  angle 

conditions  (2.5)  and  (2.6)  become 

an  +  bn  +  cn  -  o  (2.is> 

x  y  z 

aC  +  b?  +  c?  -  0  (2.16) 

x  y  z 

which,  using  (2.14) ,  are  linear  in  the  unknowns  xf,  y  ,  z  .  The  spacing  condi- 

s  s  s» 

tion  (2.7)  |C|  »  g  (g  ■  given)  becomes 

|Vd  -  (V£*V£)1/2  -  (rr)1/2/J  -  g  (2.17) 


where  y  -(y^*  -  y^,  znx£  “  z?xn'  xnyc  *  X;V  is  known-  Eq‘  <2*17>  iz  al*° 
linear  in  x^,  y^ ,  z^.  Hence  (2.1S)-(2.17)  comprise  a  3x3  linear  system  in  the 
unknowns  x^,  y^,  z^  at  each  point  P  on  an  5"  constant  boundary.  Specifically, 

this  system  is 


<vy)  1/2/g 


b*c- 

cy? 

cx?  - 

azc 

ayc  "  bxi 

bz  - 

n 

^n 

cxn  " 

azn 

ayn  '  bx, 

Vc 

’  W 

znxc 

'  Vn 

Vc  -  xi 
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Me  may  solve  this  system  at  each  boundary  point,  so  that  the  angle  and  spacing 

conditions  (2.5)-(2.7)  are  equivalent  to  specifying  the  normal  derivatives 

x^,  y^,  and  z^.  Clearly,  on  T)»  constant  and  £<*  constant  planes  we  may  solve 

(2.8)-(2.10)  and  (2.11)-(2.13)  to  get  x  ,  y  ,  z  and  x  ,  y  ,  z  respectively. 

f)  T)  T\  CCS 

Finally,  we  choose  the  previously  unspecified  operator  L  to  be  such  that, 
when  the  roles  of  dependent  and  independent  variables  are  reversed,  (2.1) -(2. 3) 
become 


&2x  *  0 

A2y  »  0  (2.19) 

A2z  -  0 

Now  we  note  that  not  only  are  the  governing  equations  linear,  but  they  also 

decouple,  so  that  x,  y,  and  z  may  be  determined  independently.  (It  should  be 

noted  that  this  decoupling  precludes  any  special  differencing  of  the  boundary 

conditions  as  used  in  Reference  1,  resulting  in  some  loss  of  angle  control. 

This  has  not  been  found  to  cause  any  serious  problems.)  In  fact,  letting  w 

represent  either  x,  y,  or  z,  in  order  to  generate  one  subgrid  (l  we  must  solve 

8 

three  first  boundary  value  problems  for  the  biharmonic,  namely 

2 

*  0  in  R 


w 


(2.20) 


^  \  specified  on  3R. 

3n  ' 

Here,  the  specified  values  of  w  are  the  boundary  grid  point  locations  and  the 
specified  normal  derivatives  are  obtained  by  solving  the  aforementioned  3x3 
linear  systems.  We  note  that  there  is  no  maximum  principle  for  this  system  of 
equations;  consequently,  it  is  possible  to  lose  invertibility  of  the  transfor¬ 
mation  so  that  grid  lines  of  the  same  family  in  fi  may  cross.  Our  computational 

8 

experience  with  this  method  indicates  that  problems  arise  only  in  cases  where 
the  user  asks  for  unreasonable  conditions  on  spacing  and  slopes  of  grid  lines 
near  boundaries;  for  example,  large  spacing  and  orthogonality  near  an  acute 
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For  a  variety  of  reasons,  the  linear  system  (3.1)  seems  amenable  to  the  use 
of  iterative  methods.  Although  reasonably  sparse,  even  if  I,  J,  and  K  are 
relatively  small,  A  is  a  large  matrix  with  large  bandwidth.  Furthermore,  A  is 
symnetric  and  (as  shown  by  a  discrete  form  of  integration  by  parts)  positive 
definite.  Finally,  it  is  important  to  remember  that  the  solution  of  (3.1)  is 
used  to  locate  grid  points;  consequently  a  highly  accurate  solution  is  unnec¬ 
essary. 

Unfortunately,  the  matrix  A  is  poorly  conditioned  and  point  relaxation  and 

4  5  6 

ADI  methods  converge  poorly  '  '  .  For  this  reason  we  use  a  hybrid  iteration 
scheme  based  on  alternation  between  the  conjugate  gradient  (CG)  method  and 
Gauss-Seidel  (GS)  iteration.  The  combination  of  these  two  iterative  methods  is 
quite  natural.  The  conjugate  gradient  method  works  well  in  resolving  low  fre¬ 
quency  error  waves  so  that  after  several  CG  steps  much  of  the  remaining  error  is 
high  frequency  in  nature.  These  high  frequency  waves  are  damped  effectively  by 
Gauss-Seidel  so  that  for  several  iterations  GS  is  very  effective. 

The  CG  algorithm  (see,  e.g.  Reference  7)  is  initialized  by  defining  for  an 
initial  guess  w 


p  =  r  «  f-Aw 
o  o  o 

The  iteration  is  then  given  by 


where 


w  =  w  +  a p 

k+l  k  k  k 


Vk 


k  t 

VPk 


Vi  =  VApk 


Pk+1  ”  rk+l"®kpk 


*  -X 
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Writing  the  algorithm  in  this  way  requires  only  one  multiplication  of  A  per 
step,  thereby  minimizing  the  work  per  step.  However,  we  note  that  in  general 


the  equation 


rk+i  -  VApk 


should  not  be  used  because  it  leads  to  severe  roundoff  problems  (instead  use 
r^+1  =  f-Aw^) .  Here,  since  we  take  only  a  fixed  (fairly  small)  number  of  CG 
steps  before  switching  to  GS,  the  extra  work  in  computing  Aw^  is  not  justified. 

For  the  sake  of  completeness  we  note  that  the  Gauss-Seidel  iteration  is  given 
by  -1 

wk+l  =  \  (f'AuV 

where  A^  is  the  part  of  A  on  or  below  the  diagonal  and  A^  is  the  part  of  A 
strictly  above  the  diagonal. 

For  the  model  problems  considered  in  the  next  section  the  initial  data  for 
w^  was  determined  by  interpolation  and  we  alternately  used  25  steps  of  conjugate 
gradient  and  10  steps  of  Gauss-Seidel.  After  25  steps  we  begin  to  see  serious 

roundoff  in  (3.2)  and  after  10  steps  the  GS  iterations  begin  to  lose  their 

effectiveness.  For  the  present  problem  this  hybrid  method  worked  faster  than 
either  GS  alone  or  CG  with  the  alternate  formula  for  r  ;  CG  with  (3.2)  did 

not  work  at  all.  The  usefulness  of  this  hybrid  method  for  more  general  elliptic 

problems  will  be  explored  more  fully  and  documented  in  a  later  report. 


RESULTS 

We  display  some  simple  3-D  grids  generated  by  the  present  method.  In  each 
case  the  gradient  (spacing)  conditions  (2.7),  (2.10,,  a.id  (2.13)  were  specified 
by  computing  the  gradients  along  the  edges  of  the  region  (this  can  be  done  from 
the  specified  boundary  data)  and  linearly  interpolating  along  the  "faces"  (i.e. 
the  boundary  planes) . 

In  Figs.  3A-3D  we  show  a  single  subgrid  in  which  normality  (008s  0)  was 
enforced.  Fig.  3A  shows  some  of  the  specified  boundary  data,  and  Figs.  3B-3D 
show  the  grid  lines  generated  along  selected  internal  £,  r|,  and  (  ■  constant 
planes.  Of  course,  due  to  the  discretization  error  in  approx imatino  the  solu¬ 
tions  of  (2.20),  exact  normality  of  the  grid  lines  intersecting  the  boundary 
plane  is  not  obtained. 
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In  Figs.  4A-4D  ore  grid  a  more  complex  region  by  breaking  it  up  into  toro  sub¬ 
grids.  On  planes  1  and  3  ore  specify  a  uniform  grid.  On  plane  2,  the  subgrid 
boundary,  ore  specify  a  clustered  grid.  On  the  remaining  boundary  planes  the 
grid  point  locations  are  linearly  interpolated  from  those  on  the  edges  of  planes 

1,  2,  and  3.  Since  the  grid  lines  proceeding  essentially  in  the  y-direction 
must  "turn  a  corner”  at  plane  2,  some  care  is  used  in  giving  the  angle  boundary 
conditions  to  help  the  composite  grid  turn  the  comer.  We  thus  specify  that  the 
interior  grid  lines  intersect  plane  2  at  angles  whose  values  are  interpolated 
between  the  angles  that  the  edqes  AI,  IQ,  CK,  KS,  EM,  MU,  GO,  OW  make  with  plane 

2.  On  all  other  boundaries  we  specify  that  the  grid  lines  intersect  normally 
(a»B*0) .  In  Figs.  4B-4D  we  examine  the  smoothness  of  the  grid  generated  on  some 
internal  planes.  Fig.  4B  shows  a  plane  near  the  top  (where  the  most  turning  is 
required)  and  the  grid  is  quite  smooth.  In  Fig.  4C  we  look  at  a  "top  view"  of 
emother  such  internal  plane  and  see  that  indeed  the  composite  grid  is  smooth  at 
the  subgrid  boundary  PL  and  that  normality  is  approximately  enforced  elsewhere. 
Similarly,  in  Fig.  4d  we  look  at  a  “side  view”  and  observe  smooth  results. 

In  closing,  we  note  that  a  time-consuming  and  tedious  aspect  of  3-D  grid 
generation  appears  to  be  the  specification  of  the  data  required  on  the  two- 
dimensional  boundary  surfaces.  Perhaps  existing  2-D  grid  generation  techniques 
can  be  adapted  to  manifolds  in  order  to  circumvent  this  problem. 
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Boundary  condition  formulation  at  grid  point  P  on  the  image  of 
an  5  ”  constant  plane  in  x-y-z  space. 
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INTRODUCTION 

J  The  unique  aspect  of  grid  generation  in  computational  fluid  dynamics  is  that 
the  grid  generation  equations  have  no  physical  meanings,  so  any  equation  may  be 
used  for  this  purpose  if  the  grids  generated  are  useful .  This  aspect  provides  a 
vast  freedoai  in  developing  new  methods  of  grid  generation.^)  Although  the  grid 
generation  method  originally  proposed  by  Thompson,  et.  al.1  has  been  most 
frequently  used  in  computational  fluid  dynamics,  faster  and  less  expensive 
methods  are  constantly  searched.  The  hyperbolic  grid  generation  method  proposed 
later  by  Steger  and  Chaussee2  generates  two-dimensional  grids  for  airfoil 
calculations  much  faster  than  the  eliiptic  grid  generation  method.  It  does  not 
require  iterative  solution  but  rather  the  solution  marches  from  the  inner 
boundary  (airfoil  surface)  toward  the  outer  field  generating  loops  of  grids  one 
by  one,  ao  the  computational  tiflM  is  almost  equal  to  that  of  one  iteration  in 
solving  the  elliptic  grid  generation  equations  by  an  iterative  scheme.  The 
problems  with  the  hyperbolic  grid  generation  method  are,  however,  that  (1)  often 
singularities  in  the  boundary  condition  propagate  as  the  solution  marches  out¬ 
ward,  (2)  solution  may  became  unstable  unless  an  "artificial  viscosity"  term  is 
adequately  added  to  the  equations,  and  (3)  outer  boundary  conditions  cannot  be 
specified. 

3  This  paper  explores  feasibility  of  using  parabolic  partial  differential  equa¬ 
tions  for  grid  generation.  The  advantages  of  using  parabolic  partial  differen¬ 
tial  equations  are  as  follows:  (1)  parabolic  equations  are  initial  value 
problems,  so  grids  are  generated  by  a  marching  algorithm  like  the  hyperbolic 
grid  generation  method,  (2)  the  parabolic  partial  differential  equations  have 
most  properties  of  the  elliptic  equations,  particularly  the  diffusion  effect 
which  smooths  out  any  singularity  of  the  inner  boundary  condition  if  any,  and 
(3)  the  prescribed  outer  boundary  conditions  may  be  satisfied.  The  importance 
of  the  marching  algorithm  stated  above  is  twofold:  first,  computational  time 
required  is  only  a  very  small  fraction  of  that  for  the  elliptic  grid  generation  Sy 
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-'''equations*  second,  the  fast-nemory  space  required  during 
substantially  reduced  from  that  required  by  the  elliptic 

ijj  J 

3  j  consider  the  grid  generation  for  a  two-dimensional 

tions  for  simplicity  of  discussions,  although  the  method 
is  not  restricted  to  two  dimensions  or  airfoil  problems. 


grid  generation  can  be 
grid  generation  method, 
airfoil  flow  calcula- 
described  in  this  paper 


PRELIMINARY  OBSERVATIONS 

Since  very  little  is  known  about  the  use  of  parabolic  partial  differential 
equations  for  grid  generation,  we  examine  first  the  feasibility  by  considering 
the  following  set  of  equations: 


3x(£,n)/3n  -  a32x( £,n)/3£2  +  sx 
3y(£,n)/3n  -  A32y(£,n)/3£2  +  Sy 

where 

Sx  -  Bx  +  C 
Sy  -  By  +  C 


(D 


(2) 


and  where  A,  B  and  C  are  constants,  (x,y)  is  the  physical  domain,  and  (£,h)  is 
the  computational  domain. 

Equation  (1)  can  be  discretised  on  both  £  and  n  coordinates  using  the  back¬ 
ward  differencing  scheme  on  the  n  coordinate  and  the  central  differencing  scheme 
on  the  £  coordinate.  Once  the  initial  values  of  x  and  y  are  specified  at  n-0, 
the  difference  equations  can  be  solved  with  the  tridiagonal  solution  scheme  for 
each  increment  of  n. 

He  set  the  initial  values  as 


x(£,0)  -  *0(£) 


(3) 


y(£,0)  -  y0<£) 

"here  xq( £)  and  yQ(£)  are  the  coordinates  of  the  inner  boundary  (airfoil 
surface)  on  the  physical  doeuiin. 

The  behavior  of  the  solution  of  Eq.(1)  on  the  x-y  plane  for  different  combi¬ 
nations  of  selected  values  of  the  coefficients  at  summarized  next: 

Case  ^  A>0,  B-C-0 

Each  of  Bq.(1)  is  similar  to  the  heat  conduction 
equation  for  an  insulated  loop  of  wire.  The  value 
of  x(£,h)  and  y(£,1)  approach  the  average  of  the 
xQ  and  yQ,  respectively,  as  h  increases. 

Case  2:  A>0,  B<0  and  C«0 

The  values  of  x(£,h)  and  y(£,n)  assymptotically 
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approach  x-y-Q  aa  h  increases* 
Casa  3 1  A>0 ,  B>0  and  OO 


Provided  that  the  origin  is  inside  the  inner 
boundary,  the  contour  of  (x((,n),  y(t,n))  will 
expand  outward  as  n  increases* 

Case  4:  A>0,  B»0  and  C>0 

The  contour  of  (xU,n),  y(£,n>)  will  shrink 
to  a  moving  point  on  a  line,  x-Cs  and  y»Cs, 
where  s  is  a  parameter* 

Among  the  above  four  cases,  the  result  of  Case  3  is  the  most  encouraging, 
because  the  grid  lines  generated  expand  as  n  increases*  The  above  analysis 
suggests  that  a  more  favorable  solution  for  grid  generation  may  be  obtained  if 
the  source  terms  are  improven. 

In  order  to  study  the  effect  of  the  source  terms  more  clearly,  we  set  A«0  in 
Eq.( 1 )  and  approximate  it  by 

dx(C,n)  -  s  <c,n)An 

X  (4) 

dy<e,n)  -  sy(C,n)An 

This  form  suggests  that,  as  h  increases,  the  change  of  x  and  y  is  determined  by 

Sx  and  Sy.  This  implies  that  Sx  and  Sy  should  be  specified  in  such  a  way  that 

x  and  y  change  in  the  desired  direction  and  amount.  The  role  of  x ^  and  y^  in 

Bq  (1)  may  be  considered  as  smoothing  the  grid  intervals  in  the  ^-direction.  As 

a  method,  S  and  S  may  be  determined  by  using  polynomial  interpolations3 
x  y 

between  the  inner  and  outer  boundaries. 


PRACTICAL  APPLICATIONS 

In  the  remainder  of  this  paper,  we  use  the  source  terms  in  the  form  of  a 
linear  interpolation  between  the  current  grid  and  the  outer  boundary.  The  basic 
form  of  mesh  generation  equations  adopted  here  is  written  in  a  semi-discrete 
form  as 


xj<5>  "  xJ-i<t)  “  lAx55  +  BxCn  +  sxjt5>,/c 
yj(e’  "  yj-i<C)  *  lAy«  +  ByCn  +  syJU))/c 


where  j  denotes  a  discretized  value  of  n  or  equivalently  the  j-th  grid  line 

counted  from  the  inner  boundary;  A,  B  and  C  are  constants;  S  and  S  are  given 

x  y 


sxju>  -  <xu)  -  x^tn/u-j) 

syj(C>  -  <YU>  -  yj(C))/(J-j) 


w 
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In  the  above  equations,  J  is  the  maximum  value  of  j  that  corresponds  to  the 
outer  boundary;  X<t)  and  Y(C)  are  the  outer  boundary  conditions*  The  orthogo¬ 
nality  of  grid  lines  in  the  vicinity  of  inner  and  outer  boundaries  may  be  cont¬ 
rolled  by  changing  X{£)  and  Y(C)  in  Eq.{6)  as  j  increases*  n>e  grid  spacing  in 
both  €  and  n  directions  can  be  easily  controlled  by  modifying  the  difference 
equations  for  Eq.(S). 

Notice  that  Eq.{5)  reduces  to  the  semi-discrete  form  of  the  elliptic  grid 

generation  equation  if  S  and  S  are  replaced  by 

x  y 

sxj({'*Vi(°  "V5)  t7) 

Syj(°  "  yj+i(5)  “  yj<C) 

This  relation  to  the  elliptic  grid  generation  equation  is  used  in  the  next 
section  to  derive  the  spacing  control  algorithm  in  the  marching  grid  generation 
equations • 


GRID  SPACING  CONTROL 

In  most  coordinate  transformations  used  for  computational  fluid  analyses,  the 
grid  spacing  in  both  £  and  1  directions  on  the  computational  domain  are  sat  to 
unity.  However,  this  restriction  is  not  necessary  at  least  until  the  grids  are 
used  for  actual  flow  calculations.  When  deriving  grid  generation  equations,  we 
can  assume  that  grid  spacings  are  locally  non-uniform  on  the  computational 
domain.  Once  the  grids  are  generated,  they  may  be  used  for  flow  calculations  as 
if  generated  on  a  uniformly  spaced  grids  on  the  computational  domain. 

In  order  to  explain  the  proposed  method  of  controlling  grid  spacing,  we  first 
focus  our  attention  on  the  grid  generation  equation  of  the  elliptic  type: 

V  *  (8) 

Ay«  +  b*5ti  +  c*nn  “  0 

where 

A’xn  +  yn'  B  "  -2<xCxn  +  0  m  *1  +  yC 


With  a  uniform  grid  spacing  on  the  computational  dosuin,  the  difference 
equations  for  Sq. (8)  may  be  written  in  the  form: 


Mri-1,j  "  2rl,j  +  rl+1,jJ 
*  Btri-1,J-1  ‘  ri-1,j+1  "  ri+1,j-1  +  ri-H,J+11/4 
+  Ctri,J-1  “  2ri,j  +  'l.J+l1  ”  ° 


(9) 
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Figure  1  Relation  between  the  reference  gride 
and  the  moved  grida 


- 1 

'  j* 

l 


Suppose  that  a  system  of  grids,  referred  here  as  the  refence  grids,  has  been 
generated  by  Sq.(9),  but  it  is  desired  to  generate  another  grid  system  that  is 
almost  identical  to  the  reference  grids  except  that  one  particular  grid  line, 
say  j-n,  is  moved  toward  the  adjacent  grid  line  j«n-1.  Figure  1  shows  the 
relation  between  the  two  grid  systems,  where  the  reference  grids  are  plotted  by 
solid  lines,  while  the  new  desired  line  is  plotted  by  a  dotted  line.  The 
coordinates  of  the  reference  grida  ere  denote*'  by  (x  ,  y  ),  while  those  of 

*  •  J  *•  *  J 

thm  bovac'  grid*  in  th«  d«»irtl  aystcs  &r«  denoted  by  (xj  ,  yj  ).  xtie 
distance  between  the  reference  grids  <i,n)  and  ( i ,n-1 )  is  denoted  by  l^,  the 
distanco  between  (i.n)  and  (i,n+1)  by  l2,  while  that  between  (i,n)  and  (i,n-1) 
of  tne  desired  grids  by  and  that  between  (i.n)  and  (i,n+1)  by  Me 

assume  that  the  ratios,  1$ /lJt  and  *,/£2,  are  constant  for  all  the 

grids  on  the  grid  line  j“n,  although  this  assumption  may  be  relaxed  In  practice. 
Since  the  grids  (i,n-1)  and  (i,n+1)  are  not  moved,  the  following  linear  rela¬ 
tions  hold  with  a  good  accuracy i 


where 


ri,n  "  ri,n-1  “  <ri,n  "  ri,n-1)/9n-1 
ri,n+1  '  ri,n  “  <ri,n+1  *  ri,n)/9n 

9n-1  *  L\/t-V  9n  “  t2/t2 


(10) 


J 


of  yifj  for  the  reference  grids,  and  rJ^j"  x|(j  °r  for  the 

moved  grids. 

Therefore,  the  difference  equations  that  yield  the  desired  gride  are  obtain¬ 
ed  by  eliminating  x.  and  y,  _  in  Bq.(9)  by  using  Iq.(10).  The  difference 

J.  pH  ifll 


m 


-  Jit 
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equations  for  the  desired  grid*  thus  obtained  are  all  identical  to  Eq. ( 9)  except 

for  the  following  tv-ee  equations  that  involve  r‘  : 

i  ,n 

AI  ri-1,n-1  "  2ri,n-1  +  ri+1-n-l) 


i+1 ,n-1 J 

^  B[  ri-1,n-2  -  ri+1 ,n-2  "  ri-1,n  *  ri+1,n!/t2(1  *  Vl,] 


♦  C[  r 


i,n-2 


l,n-1  +  <_ri,n-1  +  rl,n)/g 


n-1 


(ID 


A(  ri-1,n  "  2rl,n  +  ri+1,n3 


ri-1,n-1 

1  "  ri+1,n-1 

ri- 1 ,  n+ 1  +  ri+1,n+15/4 

<ri,n-1 

-  ri,n>/9n-1 

*  <-ri,n  +  ri,n+1,/9n)  “  0 

(12) 

ri-1,n+1  "  2ri  ,n+1  * 

ri+1,n+13 

ri-1,n  ‘ 

ri+ 1 , n  "  ri- 

1 ,n+2  +  ri+1,n+21/t2(1  +  9n)3 

<r! 

i»n 

'l.n+l’^n  - 

ri,n+1  +  ri,n+23  “  0 

(13) 

where  the  terms  with  the  coefficient  B  are  slightly  modified  for  simplicity  of 
equations.  Notice  that  his  procedure  is  essentially  equivalent  to  deriving  the 
difference  equation  on  the  non-uniform  grids  of  the  computational  domain  in 
which  the  n-th  grid  line  in  the  ^-direction  on  the  uniform  grids  is  moved  toward 
the  (n-l)th  grid  line  as  shown  in  Fig.  1b.  The  ratio  g^  does  not  have  to  be 
necessarily  a  constant  for  all  the  grids  along  the  grid  line  but  rather,  by 
changing  this  ratio  gradually,  the  distance  of  the  movement  may  be  changed  as  i 
changes . 


Figure  2  Notations  for  grid 
spacing  parameters 


Although  deriving  the  equations  that  moves  only  one  grid  line  has  been  men¬ 
tioned,  any  rum  bar  of  grid  lines  may  be  moved  in  both  £  and  n  directions.  By 
denoting  the  distance  ratios  by  f ^  and  g^  in  the  £  and  n  directions,  respect¬ 
ively,  as  shown  in  Fig.  2,  the  difference  equations  that  yield  the  desired  grid 
spacing  can  be  written  as 


M(ri-l,j  "  ri,j)/fi-l  +  *ri+l , j  “ 

+  B<ri+i,j+l  ~  ri+i,j-i  "  ri-i,j+i  *  ri-i, j-i +  fi>/l9j-i  +  9j’ 

+  cl<ri/j-l  "  ri*j)/9j-l  +  <ri,j+l  “  ri,j)/9j5  “  0  t14) 

Th«  non-uniform  grid  spacing  terms  in  the  above  mentioned  scheme  has  the 
similar  effects  as  the  spacing  control  terms  in  the  form  of  exponential  func¬ 
tions  introcuced  by  Thompson,  et  al.1  The  major  advantage  of  the  present 
approach  when  applied  to  the  elliptic  grid  generation  equations  is,  however, 
that  the  value  of  f ^  0r  g^  and  the  distance  between  the  adjacent  grids  maintain 
approximately  a  linear  relationship.  Therefore,  if  a  grid  system  is  generated 
by  using  a  known  set  of  and  g^  for  all  the  grid  intervals,  and  if  different 
spacing  distribution  is  desired  in  the  next  grid  generation,  the  values  of  f  and 
g  that  fulfill  the  desired  grid  spacings  can  be  easily  found  by  the  linear  rela¬ 
tionship  between  the  f  or  g  and  the  grid  spacing  in  the  previous  calculation. 

The  marching  grid  generation  equation  in  the  difference  form  with  spacing 
control  is  obtained  from  the  elliptic  grid  generation  equation,  Kq.(9),  by 
replacing  the  coordinates  x^  and  y^  by  known  values  X^  and 
as  briefly  described  in  the  previous  section.  Here,  X.  ,  and  Y,  ,  are  the 

l/«  1  p«J 

coordinates  along  the  prescribed  outer  boundary,  which  are  represented  by  x(£) 

and  Y(£)  in  the  previous  section,  while  X.  .  and  Y  are  functions  of  j, 

i *  3  * ,  J 

reflecting  the  earlier  statement  that  X(£ )  and  Y(£ )  in  Bq, (6  >  may  be  changed  as 

j  increases.  In  the  simplest  case  they  are  set  to  X  and  Y  respectively 

1  X  fl) 

for  all  j.  An  algorithm  to  prescribe  X  and  Y,  ,  is  explained  in  the  next 

1  *  3  i » 3 

section  in  conjunction  with  the  local  orthogonality  control.  Thus,  the  marching 
grid  generation  equations  for  both  x  and  y  coordinates  are  written  in  the  forms 

Af(ri-1,j  "  rl,j,/fi-1  +  (ri+1,j  “  ri,j,/fi1 
t  Ctl-r^j/Sj.,  - 

-  -  “  ri+1,j-1  +  ri-1,j-1)/(fi-1,j+  fi)/(9j-l‘K3j> 

- ct  rl.j-1/9j-1  ♦  Vjt/V  <15) 

where  is  the  distance  between  the  grid  (l,j)  and  (1,J)  on  the  computational 

plane  and  R  »x.  .  or  Y, 

r*D  1*3  1*3 

■quation  (15)  is  solved  simultaneously  for  all  the  grids  on  the  j-th  grid 
line  by  using  the  tridiagonal  solution  for  each  of  r-x  and  r-y .  The  solution 
starts  with  j-2  that  is  next  to  the  airfoil  surface  and  marches  until  j-J-1  that 
is  next  to  the  prescribed  outer  boundary  grid  line  is  reached.  The  coefficients 
A,  B  and  C  are  calculated  using  the  coodinates  of  adjacent  grids  that  are 
already  generated. 
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LOCAL  ORTHOGONALITY  OP  GRID  LINES 

In  the  flow  computations  using  a  coordinate  transformation,  often  an  approx¬ 
imate  orthogonality  of  grid  lines  in  the  vicinity  of  a  boundary,  particularly 
along  the  airfoil  surface,  is  desired  to  increase  the  accuracy  of  the  finite 
difference  approximation  for  the  flow  boundary  conditions.  The  approximate 
orthogonality  of  grid  lines  around  the  airfoil  may  be  obtained  by  changing  X. 


1.1 


and  Y 


,  .  in  Eq.(15)  as  j  increases  as  follows, 

1 » j 


First,  we  consider  the  coordinates  (X  ,  Y  ,),  which  are  used  when  the  grid 
line  next  to  the  airfoil  surface  is  generated.  Referring  to  Fig.  3,  a  straight 
line  AB  is  extended  outward  normal  to  the  airfoil  surface  from  the  grid  (1,1). 

On  the  other  hand,  a  circular  arc  CD  that  passes  the  point  (X  ,y  )  on  the 

X  t J  If J 

outer  boundary  and  has  its  center  at  (1,1)  is  drawn.  The  coordinates  (X 

Yi  3)  ara  Mt  to  those  of  the  inter  sc  tion  E  of  the  two  lines. 

The  values  of  X  and  y.  .  for  j>3  are  obtained  by  gradually  moving  the 

1 '  J  ‘1] 

point  E  toward  (X±  Yj^  j)  as  j  increases. 

If  the  grid  spacing  along  the  inner  boundary  changes  rapidly,  specifying  the 
ratio  f^_  .j/^  according  to  the  criterion 


fi-1/fi 


Wai 


(16) 


is  necessary  to  enhance  the  orthogonality,  where  di  is  the  distance  between  the 
grids  (i,1)  and  (i+1,1)  along  the  inner  boundary.  The  ratio  f^_ ^/f^  may  be 
gradually  changed  as  j  increases. 
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ILLUSTRATION  OF  THE  GRIDS  GENERATED 

Figure  4  shows  sn  O-mesh  generated  by  the  method  described  in  this  paper. 

The  grids  on  the  outer  boundary  are  equally  spaced  along  a  circle  with  the 
radius  equal  to  five  chord  lengths.  The  orthogonality  control  described  ear¬ 
lier  is  allpied  in  the  vicinity  of  the  airfoil. 

Figure  5  shows  an  M-mesh  generated  by  the  same  method.  The  horisontal  line 
that  splits  into  the  upper  and  lower  surfaces  of  the  airfoil  Is  used  as  initial 
conditions.  The  grids  above  the  airfoil  were  first  generated  starting  fro*  the 
airfoil  surface  to  the  top  boundary,  and  then  the  grids  below  the  airfloil  were 
generated  by  the  sane  procedure. 

Figures  6.  7  and  8  illustrate  the  grids  generated  by  the  present  method  for 
three  different  airfoils.  Only  the  grids  from  j«1  to  J»13  are  plotted  to  show 
the  detail.  The  strong  clustering  of  grids  toward  an  airfoil  is  obtained  by 
the  spaoing  control  algorithm. 


COMCLUBIONS 

The  present  feasibility  study  shows  that  high  quality  grids  for  computational 
fluid  dynamics  can  be  generated  by  the  marching  solution  of  psrabolic  partial 
differential  equations.  The  computing  cost  of  the  present  method  is  a  very  small 
fraction  of  that  of  the  elliptic  grid  generation  equations  and  comparable  to 
that  of  the  hyperbolic  grid  generation  equation*.  However,  the  present  method 
is  free  from  propagation  of  singularity  and  difficulty  of  satisfying  the  desired 
boundary  conditions.  The  extension  to  three-dimensional  geometries,  particu¬ 
larly  tha  fuselage-wing  flow  problems,  is  being  studied.4 
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ABSTRACT 

i  i  -  ■ 

An  algebraic  decomposition  of  the  Jacobian  matrixJ'tTH — 3k  /3€  which 
relates  physical  and  computational  variables  is  presented.  This  invertible 
decomposition  parameterizes  the  mesh  by  the  physically  intuitive  qualities  of 
cell  orientation,  cell  orthogonality,  cell  volume,  and  cell  aspect  ratio. 

This  decomposition  can  be  used  to  analyze  numerically  generated  curvilinear 
coordinate  meshes  and  to  assess  the  contribution  of  the  mesh  to  the  truncation 
error  for  any  specific  differential  operator  and  algorithm.  This  is  worked  out 
in  detail  for  Laplace ‘adequation  in  nonconservative  and  conservative  forms.  An 
analysis /'(by  G.  H.  K. ) 1  of  the  mesh  contribution  to  truncation  error  for  the 
full  potential  code  TAIR  is  given  in  abbreviated  form.  The  variables  introduced 
here,  and  their  derivatives  are  also  natural  Lagrange  multipliers  for  adaptive 
mesh  algorithms  based  on  a  variational  principle,  v'  .  _ 

1.  INTRODUCTION 

Local  truncation  error  (TE)  can  be  considered  the  local  measure  of  accuracy 
for  any  numerical  scheme  which  approximates  the  solution  of  a  partial  differ¬ 
ential  equation.  In  finite  difference  schemes,  this  truncation  error  will 
depend  upon  the  discretization  of  the  coordinate  system  (mesh)  upon  which  the 
finite  difference  approximation  of  the  differential  equation  will  be  solved. 

It  will  also  depend  upon  the  form  of  the  equation,  the  algorithm,  and  the 
(unknown)  solution.  Thus,  it  is  important  to  know  how  various  properties  of  the 
mesh  contribute  to  the  local  error  so  that  these  contributions  can  be  reduced 
where  it  is  possible  to  do  so. 

This  paper  presents  a  physically  meaningful  reparameterization  of  the 
Jacobian  matrix  (and  of  the  metric  tensor)  which  should  be  of  value  in  analyzing 
meshes  and  assessing  their  contribution  to  the  truncation  error.  This  will  be 
illustrated  for  two  dimensions  here,  but  can  be  extended  to  n  dimensions. 


++Kork  supported  by  NASA/Ames  Research  Center.  Applied  Computational 
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Let  the  physical  domain  to  be  modeled  be  represented  by  the  Cartesian  coordi¬ 
nates  x1  *  (x,y,...)  i  =  l,n  in  physical  space.  The  computational  space  will  be 
reparameterized  by  local  computational  coordinates  C1  =  (£,n,...)  in  a  computa¬ 
tional  space.  Thus  x  =  x(£,n)  and  y  =  y(£,n)  in  two  dimensions.  Without  loss 
of  generality,  we  may  assume  that  the  discretization  in  computational  space  is 
even,  i.e.,  «  IA£,  I  =  1,N.  For  the  present  we  will  work  in  terms  of  infini¬ 

tesimals. 

2.  DECOMPOSITION  OF  THE  JACOBIAN  MATRIX 

The  Jacobian  matrix  [J]  :  =  3xVH^  is  the  matrix  of  the  partial  derivatives 
of  the  physical  coordinates  with  respect  to  the  computational  coordinates,  which 
for  two  dimensions  is 


[J]  = 


x 

n 


(l) 


We  begin  the  decomposition  of  (J]  by  splitting  off  that  part  of  the  Jacobian 
matrix  which  gives  the  relative  orientation  of  the  computational  coordinate  axes 
(the  tangents  to  the  S*)  with  respect  to  the  physical  axes.  For  example,  the 
direction  cosine  of  the  ?-axis  with  respect  to  the  x-axis  is  given  by 


cosa 


+  Vr 


(2) 


In  two  dimensions  this  is  the  only  independent  angle  (see  also  ref.  2) .  In 
three  dimensions  there  are  three  independent  angles  which  can  be  related  to  the 
three  Euler  angles.  The  angle  a(£,n)  measures  the  rotation  of  the  (£,n) 
coordinates  with  respect  to  the  (x,y)  coordinates  at  every  point.  Note  that 
this  rotation  is  an  "extrinsic"  property  of  the  coordinate  because  it  depends 
upon  the  embedding  of  (£,n)  in  (x,y)  space.  This  rotation  is  only  defined  for 
flat  spaces.  For  a  curved  two-dimensional  manifold,  one  could  not  define  such 
an  angle,  since  the  integral  of  the  rotation  about  a  closed  contour  would  be 
proportional  to  the  integral  of  the  curvature,^ 

The  remaining  three  components  of  [J]  can  be  expressed  in  terms  of  the 
metric  tensor  g^  given  by 


sij 


.  dj£  dxf. 

*  dt1  dtj 


(3) 
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which  is  the  square  of  the  Jacobian  matrix  [J]  (J)  .  In  two  dimensions 


2  2 
9n  =  +  yc 


12 


x£xn  +  YCyn 


(4) 


322  =  xn  +  yn 


The  metric  tensor  is  an  intrinsic  property  of  the  computational  space,  inde¬ 
pendent  of  its  embedding.  It  may  be  decomposed  into  its  determinant  and  into 
factors  which  represent  the  aspect  ratio  of  coordinate  cells  and  factors  which 
measure  the  deviation  of  the  coordinate  system  from  orthogonality. 

The  determinant  of  the  metric  is  given  by 


det|gi-|  =  J 


(5) 


where 


% 


#■ 


if, 

i. 


& 


J  =  det 


8X1 

3.-3 


(6) 


is  the  usual  Jacobian  determinant.  In  two  dimensions 


J  “  Vn  •  Vf. 


(7) 


The  Jacobian  determinant  represents  the  volume  in  physical  space  of  a  mesh  cell 
in  computational  space. 

The  nth  root  of  the  metric  determinant  in  n  dimensions  may  be  factored  out, 

4 

leaving  the  conformal  metric  g^  which  has  unit  determinant,  in  n  dimensions 


-  2/n 

g .  .  =  J  g .  . 
13  13 


(8) 


The  nonorthogonality  of  the  mesh  cell  is  characterized  by  the  angles  8^ 
between  the  tangents  to  the  C1  and  £?  coordinate  lines,  thus 


cos8 .  .  = 


9i  j 


13  /g.  .  g.T  /g,  .g.  . 

sn  j3  ’ii  jj 


,  i  /  j,  no  sum  on  i,j 


(9) 


For  orthogonal  coordinates  0^  *  ir/2.  This  angle  depends  only  on  the  conformal 
metric,  since  the  determinant  factors  out  of  the  definition. 


i / 
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Finally,  the  aspect  ratios  of  the  cell  are  defined  as  the  rati~  it  the 
magnitude  of  the  tangent  vectors 


U0) 


Here  again,  this  ratio  depends  only  on  the  conformal  metric  . 

The  decomposition  is  summarized  in  Figure  1.  In  n  dimensions  there  are 

n<n-l)/2  orientation  angles,  1  volume  parameter,  n(n-U/2  orthogonality 
parameters  and  (n-1)  aspect  ratios. 


JACOB  I  AH  MATRIX  djd 

4{> 


l,J  *  l.'n 


(r?  component  $3 


"METRIC  TENSOR  9, 
intrinsic 


CELL  ORIENTATION  ANGLES  CELL  WlUK  J  CELL  AXIS  ANGLES  CELL  ASPECT  RATIO  A 

/direction  cosines,!  (Jacoolan  determinant)  (orthogonollty)  fsnope) 

\  Euler  onsl/i  / 


extrinsic 

intrinsic 

intrinsic 

intrinsic 

riilUcJJ  components^ 

^1  component^ 

^aiDtll  component  sj 

£ln-l>  components^ 

Fig.  1.  Decomposition  of  the  Jacobian  Matrix. 
The  complete  reparaneterization  in  two  dimensions  is  thus 


J 


Vn 


V' 


A 


±A 


xJ  ♦  V2 

<  y<J 


1/2 


coa8 


Vs  *  Vn 


>»i  *  %ui»i  * 


912 

/<Jllg22 


1 

t 

♦ 

I 

i 
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cosa 


♦  yf)1/2 


The  inverse  of  this  parameterization  in  two  dimensions  is 


(11) 


(12) 


Equations  (12)  are  unique  up  to  a  replacement  of  a  by  (a  -  6)  which  corresponds 
to  taking  a  different  choice  of  axis  for  defining  the  orientation  angle. 

The  formulas  for  the  covariant  metrics  in  two  and  three  dimensions  are, 
respectively 


A  ^  csc9  cot9 

»ij  ■ J 

cots  AcscB 

1 

A2CO8012 

A3COB013 

„  .  -2/3.-1/3 

9ij  J  A 

a2c°s0i2  a2 

A2A3°°8e23 

A3cosei3  A2A3coae23 

A3 

(13) 


(14) 


where  the  normalization  factor  A  is 

A  ■  A^Ajll  ♦  2cos8lacosei3cose23  -  cos2612  -  cos2913  -  cos2e23)  (15) 


3.  LAPLACE’S  EQUATION 

The  nonconaervative  (de  Rham)  Laplacian  operator  may  be  written  in  general 
curvilinear  coordiratea  aa 


V2f  ■  g^V^f 


(16) 


792 


where  g13,  the  contravariant  metric,  is  the  matrix  inverse  of  g. 3.  is 

ID  3 

partial  differentiation  and  is  covariant  differentiation.  We  may  also  write 
the  conservative  form  of  this  equation  in  terms  of  the  vector  density  F1  «= 
i/g  g1J  3^f,  so  that  Laplace's  equation  becomes 

*9  V2f  =  3.F1  =  3i (Sg  glj3  f)  =  0  (17) 

In  terms  of  the  parameters  introduced  in  section  2  we  have  for  the  nonconser¬ 


vative  form: 


v2f  =  _4_  JAf  .  cos6  f  _  A_1f 

jsine  ^  ££  nn 


+  [A.  -  A0_cot9  +  0  csc0]f. 

£  £  n  5 

-A  0 

+  t  — -  -£■  cot©  +  9  cscO^f  >  =  0 

A2  A  5  nj 


The  conservative  form  is 


3  (AcscO  f  -  cotO  f  )  +  3  (-cot©  f,  +  A  csc0  f  )  =  0  (19) 

£  £  n  n  £  n 

4.  TRUNCATION  ERROR 

Suppose  that  we  apply  central  differences  in  our  finite  difference  scheme, 
so  that  the  first  and  second  differences  of  f  are  given  by 


.  .  f(W  -  f(*i-i>  . 

V  - m. - -  f 


5  *  H"  Ud  *  0IM*’ 


f(£  )  -  2f (C  )  +  f(£  )  2 

S{s, - — - 1—  -  f{.  *  ^  fttt£  .  0<«*>  (20, 

The  function  f  can  be  either  the  solution  variable  or  the  physical  coordinate 

i  2 

x  .  Hence  there  will  be  an  error  of  order  (A£)  in  the  Jacobian  matrix 

components.  By  the  chain  rule  we  can  find  the  errors  in  the  metric  tensor  and 

other  geometric  quantities  derived  above.  For  example  the  truncation  error 

Ag^  in  the  metric  tensor  component  g  ^  is 


311  “  6  l2x£x£££  +  2y£y£C£J 


-  «  ,f  J  *  * 
K'  '  .  •:  • 
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Using  the  definitions  above  we  may  express  these  errors  in  terms  of  the  new 
parameters,  albeit  at  the  cost  of  some  tedious  manipulation.  Here,  for  example, 
a  partial  reparameterization  yields  the  result  that 

2 

A911  =  ~6~  2  gll,l  +  911,11  "  9ll“'l1  <22) 

Here,  x1  =  5  and  a  comma  denotes  partial  differentiation.  This  shows  us  that, 
although  the  metric  tensor  is  an  invariantly  defined  quantity,  its  truncation 
error  is  not,  since  the  first  derivative  of  the  rotation  angle  a  appears. 

The  truncation  error  analysis  for  this  problem  contains  a  great  deal  of 
algebra,  but  should  be  relatively  simple  to  do  on  a  computer,  since  the  manipu¬ 
lations  are  straightforward.  For  the  moment,  we  turn  to  a  simple  example. 

5.  POLAR  COORDINATES 

We  consider  the  transformation  to  (unclustered)  polar  coordinates 

x  =  r  cos* 

y  =  r  sin*  (23) 

so  that  (£, n)  =  (r,*) .  The  parameters  corresponding  to  this  are 

J  =  r  A=r  0=  r/2  a  =  -*  (24) 

In  the  nonconservative  case,  Laplace's  equation  is 


K 


+  fr)  =  0 


(25) 


Since  the  Jacobian  of  the  transformation  is  computed  by  finite  differences  also, 
the  corresponding  truncation  errors  in  the  metric  tensor  and  Christoffel  symbols 
must  be  computed.  We  obtain  as  a  result  of  this  computation,  in  the  non-conser¬ 
vative  case,  the  modified  equation 


(TE)f 

<TE)g 


(TE)f  +  (TE)  +  0(A) 


—  (f  +  -  f  ) 
12  rrrr  r  rrr 


44_  (—  f  +  2.  £  ) 
12  ‘r2  r**  +  r  V 


+  ~12  (r2  f****5 
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The  truncation  errors  can  be  segregated  into  two  groups.  The  "f"  errors  are 
due  to  differencing  of  the  function  while  the  "g"  errors  are  due  to  differencing 
the  metrics.  In  the  conservative  case  we  obtain  the  respective  terns. 


(TE)f 

(TE)g 


r 

12 


(4  f  +  f  )  +  M_  (_5~  f  \ 
‘  rrrr  r  rrr’  12  lr2 


|i| 
12  ‘  2 
r  T 


-  2f 


-  f  ) 
r  r 


(2b) 


Additional  characteristic  features  of  truncation  errors  are  shown  here. 

First  and  foremost,  we  observe  that  every  tern  depends  upon  the  derivatives  of 
the  (unknown)  solution,  so  that  a  complete  a  priori  determination  of  the  error 
is  impossible  and  any  a  priori  estimate  depends  upon  our  prediction  of  the  solu¬ 
tion.  Second,  the  truncation  error  depends  on  the  form  of  the  equation  (strongly 
or  weakly  conservative,  or  non-conservative) .  Of  course,  changing  the  type  and 
order  of  the  difference  scheme  will  also  change  the  error. 


6.  analysis  applied  to  the  solution  of  the  full  potential  code  tain5'6 

Some  numerical  results  will  be  presented  here.  The  results  will  be  in  terms 
of  a  post-mortem.  For  a  given  mesh  and  numerical  solution  based  on  the  full 
potential  code  (Holst5)  as  modified  by  Dougherty6  the  truncation  errors  will  be 
analyzed  to  see  if  the  mesh  indeed  was  adequate. 

The  full  potential  equation  written  in  strongly  conservative  form  for  the 
velocity  potential  $  is 


(PV*  +  <pVy  ’  0 


(27) 


where  the  density,  p,  and  the  velocity  ♦  ,  ♦  ,  are  nondimenaionalised  with 

x  y 

respect  to  the  stagnation  density,  pQ,  and  the  critical  sound  speed,  a*, 
respectively;  x  and  y  are  the  Cartesian  coordinates  and  y  is  the  ratio 
of  specific  heats. 

In  the  computational  space  the  equation  becomes 


(JPU),  +  (Jpv)  »  0 
t  n 


(28) 


795 


where 


U  “  <g22*«  '  912%)/J 


V  “  (‘912*e  +  9llV/J 


The  density  is  now  given  by 


L.x^J 

922 

*2  -  2 

912 

f9ll 

J 

p  * 

Y  ♦ 

[j2j 

♦e  2 

[j2] 

Vo  + 

[j2] 

L 


In  this  second  order  differential  equation  the  metric  tensor  components 
appear  directly.  This  is  unlike  a  first  order  differential  system  where  only 
the  components  of  the  Jacobian  matrix  appear. 

Since  for  full  potential  equations  the  density  is  usually  the  desired  solu¬ 
tion  from  which  the  pressure  and  Mach  numbers  can  be  determined  we  will  examine 
the  truncation  error  of  equation  (29)  only.  For  simplicity  simple  central 
differencing  will  be  used  throughout  the  entire  flow  field  whether  the  local 
Mach  numbers  are  sub-  or  supersonic.  Let  the  exact  density  be  given  by  pe  and 
the  numerically  derived  density  by  p^.  The  relation  between  the  two  is 


p_  »  p  +  ip  +  higher  order  terms 
E  N 


(30) 


The  ip  can  be  derived  from  the  modified  equation  form  of  equation  (29) , 
as  follows!  replace  all  the  derivatives  by  central  differences  and  expand  in 
a  Taylor  seriea.  Obtain  thereby  the  modified  equation 


The  individual  truncation  errors  in  this  modified  equation  are  computed  by 
applying  the  chain  rule.  For  example. 
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and 


fg 

*11 

_  4£2 

[XeX«U  +  y£yc«] 

U2J 

3 

J2 

n 

3J 


ij 


AJ  =  An  (x  y 

5  nnn 


"  y5xnnn>  +  A5  (ynxt« 


‘  xnye«) 


(32) 


Here  again,  the  effect  of  the  truncation  errors  of  the  metrics  and  the  solu¬ 
tion  (<p)  are  somewhat  separable.  In  equation  (31)  the  first  group  of  terms  on 
the  right  hand  side  is  the  truncation  due  to  the  differencing  of  the  solution. 
This  part  of  the  error  still  has  the  metrics  as  coefficients.  The  second  group 
of  terms  is  the  mesh-induced  truncation  error  and  also  depends  on  the  solution. 
Only  in  this  sense  are  the  two  errors  separable.  Thus,  for  a  given  solution, 
one  could  check  the  adequacy  of  a  mesh  by  computing  the  two  separate  errors  as 
above  and  require  that  the  mesh  induced  errors  be  no  larger  than  the  solution- 
induced  errors  over  the  entire  solution  domain. 

This  is  not  a  very  satisfactory  result  ..i  that  a  mesh-induced  truncation 
error  only  has  meaning  with  respect  to  a  particular  flow  field  solution,  so  that 
there  is  no  completely  independent  criterion  for  "mesh  goodness.” 


7.  NUMERICAL  RESULTS 

The  grid  is  shown  in  Figure  2.  Shown  is  a  C-type  mesh  around  a  NACA  0012 
airfoil.  The  far  field  boundaries  (not  shown)  Jure  approximately  six  chord 
lengths  from  the  airfoil  in  all  directions.  It  consists  of  175x31  node  points 
and  is  generated  by  use  of  the  Poisson  equation  with  some  grid  control 
(Sorenson7) .  A  solution  in  terms  of  density  is  shown  in  Figure  3  for  a 
free  stream  Mach  number  M^  =  0.80  and  angle  of  attack  a  ■  0*.  These  results 
are  presented  as  carpet  plots  with  computational  variables  I,  J  (representing 
the  "circumferential”  computational  variable  5 (I)  and  the  "radial"  computational 
variable  n(J),  respectively)  as  independent  variables .  The  airfoil  surface  is 
given  by  J  *  31  and  the  far  field  boundary  by  J  *  1.  The  leading  edge  of  the 
airfoil  is  at  I  «  88  and  the  trailing  edge  is  at  I  •  31.  The  plots  are  dis¬ 
torted,  but  this  should  cause  no  confusion.  The  viewpoint  of  Figure  3  and  all 
the  subsequent  figures,  except  where  noted,  is  from  the  far  field  boundary  and 
the  trailing  edge,  or  the  lower  left  hand  corner  of  Figure  2.  The  rise  of  the 

density  at  the  leading  edge  stagnation  point  and  at  the  shock  wave  is  quite 
apparent. 
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The  following  set  of  four  figures  present  the  components  of  the  Jacobian 

matrix.  These  are  xr,  yr,  x  ,  and  y  in  Figures  4,  5,  6,  and  7,  respectively. 

e,  t  n  h 

These  figures  indicate  that  the  largest  variations  of  the  metrics  occur  near 
the  trailing  edge  and  at  the  far  field  boundary.  They  are  quite  uniform  near 
the  leading  edge.  This  indicates  that  the  mesh  has  been  sufficiently  refined 
there  to  recxce  the  orientation  angle  variation  to  acceptable  levels.  It  nay  be 
possible,  however,  that  extra  resolution  is  needed  to  resolve  the  peak  of 
stagnation  density  accurately. 


Fig.  4.  Carpet  plot  of  Jacobian  matrix 


component  x 


e 


normalised  by  0.1773. 


Fig.  7.  carpet  plot  of  Jacobian  matrix  component  y 

n 


normalized  by  0.3993. 


As  before,  we  separate  out  the  rotation  parameter  a.  Its  cosine  is  plotted 
in  Figure  8.  The  sharp  turning  of  the  mesh  about  the  leading  edge  is  clearly 
in  evidence,  and  as  noted  before,  this  can  lead  to  significant  mesh-induced 
truncation  error. 


Fig.  8.  Carpet  plot  of  cell  orientation  (rotation)  parameter  cosa,  normalised 
by  1.00.  Viewpoint  is  from  lower  right  hand  side  of  Fig.  2,  far  field, 
leading  edge. 


The  parameters  based  on  the  decomposition  of  the  metric  tensor  are  shown 
next.  Figure  XI  shows  the  Jacob.  ,n  determinant  | 3 (x,y)/3 (£, n) j .  As  one  would 
expect,  the  only  large  values  occur  near  the  far  field,  and  the  variation  with 
grid  index  is  reasonably  smooth  there.  Of  more  importance  is  the  variation  near 
the  airfoil  surface,  illustrated  by  the  plot  of  the  inverse  Jacobian  in 
Figure  12.  Here  one  can  see  the  near  singular  behavior  of  the  coordinate 
system  near  the  leading  edge,  although  here  again,  the  variation  is  fairly 
smooth. 


Fig.  11.  Carpet  plot  of  the  Jacobian  determinant  (cell  volume  parameter) 

J  ■  |3(x,y)/d(C,n) |  normalized  by  0.1179.  Viewpoint  at  far  field  leading  edge. 


Fig.  12.  Carpet  plot  of  the  inverse  Jacobian  determinant  J  1  •  |9(£.n)/3(x,y) 
normalized  by  32460. 


.*->  r'  .  :.*,. 
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Fig.  14.  Carpet  plot  of  cell  orthogonality  parameter  cos0,  normalized  by  1.00. 


••  v  *■> 


Based  on  these  results  one  would  expect  most  of  the  mesh-induced  truncation 
errors  to  occur  near  the  trailing  edge  and  at  the  far  field  boundary.  That 
this  is  indeed  the  case  is  confirmed  in  Figure  15.  Shown  here  is  the  second 
group  of  terms  of  equation  (31)  in  terms  of  percentage  of  p»  (the  numerically 
computed  density) .  The  mesh-induced  errors  occur  mostly  near  the  trailing 
edge  and  the  far  field  boundary.  They  are  on  the  order  of  2  to  3%. 

The  solution-induced  truncation  error  [first  group  of  terms  of  equation  (31) 1 
is  shorn  in  Figure  16.  These  errors  are  much  larger.  They  are  on  the  order  of 
1-2%  near  the  leading  edge,  5%  at  the  shock  wave,  <5%  at  the  trailing  edge  and 
2%  at  the  far  field.  The  total  error  is  shown  in  Figure  17.  As  can  be  seen 
same  of  the  errors  at  the  trailing  edge  and  far  field  have  been  cancelled. 

This  is,  however,  a  fortuitous  circumstance  and,  in  general,  should  not  be 
expected  to  occur.  The  errors  are  still  approximately  2%  at  the  leading  and 
trailing  edges  and  5%  at  the  shock  wave. 
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Fig.  17.  Total  truncation  error  in  the  numerical  solution  for  the  density, 

expressed  as  a  percentage  of  density  p„. 

N 

One  concludes  that  the  mesh  of  Figure  2  is  probably  adquate  for 
controlling  the  mesh-induced  errors,  if  5»  solution  errors  are  acceptable.  If 
drag  calculations  are  to  be  attempted  with  this  mesh  and  numerical  procedure, 
then  2%  accuracy  at  the  trailing  and  leading  edge  is  probably  not  acceptable. 
The  errors  would  need  to  be  reduced  by  further  mesh  refinement. 

8.  FURTHER  APPLICATIONS  AND  CONCLUSIONS 

The  parameters  introduced  in  this  paper  are  useful  in  several  ways.  First, 
they  provide  a  quantitative  expression  for  the  qualities  of  each  mesh  cell, 
which  is  useful  in  its  own  right. 

Second,  the  local  truncation  error  due  to  the  mesh  is  expressible  in  terms 
of  the  components  of  (3xi/3£^>  and  derivatives.  These  can  be  recomputed,  with 
much  manipulation,  in  terms  of  the  mesh  cell  parameters,  and  their  derivatives. 
For  a  given  numerical  scheme,  it  is  possible  to  see  how  the  various  mesh 
properties  affect  the  error.  This  information  can  then  be  used  to  modify  the 
original  mesh  either  initially  or  in  the  course  of  the  calculation. 

These  parameters  are  also  natural  choices  for  the  Lagrange  multipliers  for 

g 

a  mesh  generation  algorithm  like  that  of  Brackbill,  which  is  based  on  a 
variational  principle.  Depending  on  the  scheme  used,  one  can  also  construct 
variational  principles  which  minimise  the  leading  truncation  error  of  the 
algorithm. 
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The  variables  J,  A,  8  introduced  above  are  related  to  Brackbill 's  variables 
which  describe  volume,  smoothness,  and  orthogonality.  In  addition,  we  have 
introduced  the  local  rotation  a.  This  parameter  can  be  important  in  fluid 
flow  problests  where  there  are  regions  of  high  curvature,  like  the  regions  near 
the  leading  and  trailing  edges  of  wings. 

The  extension  of  these  methods  to  three  dimensions  is  conceptually  clear. 
The  manipulations  involved  are,  however,  so  long  that  machine  calculation  of 
the  algebra  is  a  practical  necessity. 
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ABSTRACT 

This  paper  presents  an  implicit  scheme  for  numerically  simulating  fluid 
flow  in  the  presence  of  a  free  surface.  The  scheme  couples  numerical  generation 
of  a  boundary-fitted  coordinate  system  with  an  efficient  alternating-Direction- 
Impliclt  solution  of  the  finite  difference  equations.  Solutions  using  the 
scheme  presented  here  indicate  that  the  scheme  can  be  applied  successfull  to 
free  surface  fluid  flow  problems. 


<r 


INTRODUCTION 

This  paper  presents  the  initial  development  of  a  scheme  to  numerically 
simulate  two-dimensional  flow  of  an  incompressible  viscous  fluid  with  a  free 
surface.  Currently  established  numerical  simulation  methods  are  capable  of 
solving  free  surface  problems  accurately1 »2 » 3 .  However,  these  methods  are 
usually  most  successful  for  particular  geometries  or  types  of  problems.  In 
addition,  these  methods  generally  depend  on  explicit  or  iterative  calculation 
of  the  flow  boundary  conditions  and  the  free  surface  location.  The  numerical 
scheme  presented  in  this  paper  is  an  entirely  implicit  solution  technique  and 
demonstrates  efficient  calculation  of  implicit  boundary  conditions  and  free 
surface  location.  The  scheme  also  incorporates  a  curvilinear  coordinate  genera¬ 
tion  technique  which  can  follow  the  free  surface  and  hence  should  be  adaptive 
to  the  solution  of  problems  involving  complicated  geometries. 

Numerical  simulation  of  free  surface  fluid  flows  is  complicated  because 
the  deforming  free  surface  creates  a  time  dependent  and  often  complex  geometry. 
Furthermore,  location  of  the  free  surface  must  be  part  of  the  solution.  Also, 
boundary  conditions  on  the  free  surface  are  nonlinear  and  must  be  applied 
accurately  because  they  strongly  Influence  flow  throughout  the  entire  domain. 
Numerically  generating  a  dynamically  adaptive  boundary-fitted  coordinate  system 
can  help  overcome  these  problems.  Such  a  coordinate  system  can  be  generated 
automatically  by  an  appropriate  set  of  partial  differential  equations  which 
yield  coordinate  lines  coincident  with  all  boundaries  of  the  physical  problem. 
Several  authors  have  shown  the  applicability  of  numerical  grid  generation 
schemes  to  the  solution  of  free  surface  problems4*5.  One  aim  of  the  present 
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work  is  to  iaprove  the  numerical  efficiency  with  which  such  grid  generation 
schemes  may  be  implemented  to  solve  free  surface  fluid  flow  problems. 

To  achieve  increased  efficiency  and  favorable  stability  properties,  the 
numerical  solution  method  presented  here  uses  a  full  implicit  backward  differ¬ 
ence  scheme  coupled  with  an  Alternating-Direction-Implicit  (ADI)  matrix  method. 
No  iteration  is  required  to  compute  the  solution  for  a  single  time  step.  To 
improve  adaptivity  of  grid  generation  techniques  to  the  implicit  numerical 
method,  a  variation  of  the  usual  grid  generating  equations  is  used.  The  mapping 
functions  in  this  new  scheme  satisfy  parabolic  equations  rather  than  the  usual 
elliptic  equations.  The  parabolic  grid  generating  equations  may  be  solved 
simultaneously  with  the  fluid  equations.  The  reason  we  have  used  parabolic 
equations  for  coordinate  generation  is  to  try  to  improve  the  ability  of  the 
calculational  domain  to  follow  the  flowing  fluid. 

The  aim  of  this  work  is  to  investigate  the  feasibility  of  Implementing  the 
above  described  numerical  scheme  to  the  solution  of  free  surface  fluid  flow 
problems.  Consequently,  much  effort  has  been  expended  l  correctly  coupling 
the  various  elements  in  the  solution  scheme  to  produce  a  reasonable  system  of 
equations  which  may  be  solved  without  the  imposition  of  restrictive  stability 
criteria.  This  emphasis,  plus  the  limited  computational  resources  available  to 
the  authors,  has  resulted  in  only  preliminary  testing  to  date  of  a  few  simple 
fluid  flow  geometries.  Also,  as  of  yet  the  scheme  includes  no  capability  to 
cluster  grid  lines.  However,  the  scheme  could  allow  for  such  terms  in  the 
mapping  equations  and  there  are  plans  to  add  such  terms.  All  results  concern¬ 
ing  stability  and  parameter  values  are  due  to  numerical  experimentation. 


MATHEMATICAL  FORMULATION 

Consider  the  problem  of  determining  the  two-dimensional  flow  of  an  incom¬ 
pressible,  viscous  fluid  through  a  channel  with  a  rough  bottom.  Figure  1  illus¬ 
trates  schematically  such  a  geometry.  In  Figure  1,  the  free  and  the  bottom 
surfaces  are  denoted  by  y  ■  H(x,  t)  and  y  ■  F(x),  respectively,  and  the  physi¬ 
cal  region  of  flow  by  Dp. 


d.D 


(1,0) 


Fig.  1.  Physical  Plane 
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The  equation*  of  Motion  are  the  Navler-Stokas  equations  in  the  primitive  vari¬ 
able  fora.  Continuity  of  aass  is  prescribed  by  the  divergence  equation.  Written 
In  non-dlaensional  fora,  the  equations  to  be  solved  are  the  following: 

(1)  J£t  +  (ja-V)^  -  -Vp  +  j£?Ju  +  E  in  Df 

(2)  V-u  -  0  in  Dp 

where  u  denotes  the  velocity  vector,  p  denotes  the  pressure.  Re  is  the  Reynolds 
nuaber  and  E  is  the  external  force  (specifically,  E  contains  the  gravity  tera, 
—7-,  where  Fr  is  the  Froude  number) . 

Using  an  ADI  scheme  to  solve  equation  (1),  the  velocity  field  may  be 
advanced  in  time.  However,  the  role  of  pressure  in  these  equations  and  equa¬ 
tion  (2)  presents  computational  difficulties.  Introducing  an  artificial  com¬ 
pressibility  term  into  the  continuity  equation  makes  it  possible  to  determine 
the  pressure  in  a  natural  and  efficient  way.  The  equation  of  artificial  com¬ 
pressibility  is 

(3)  Bpt  --V-u 

where  6  <<  1  is  the  coefficient  of  artificial  compressibility.  This  equation 
f its  naturally  into  an  ADI  scheme.  It  should  be  noted  that  Steger*  and  Chorin7 
have  used  the  concept  of  artificial  compressibility  to  successfully  simulate 
incompressible  fluid  flows.  Indeed,  Teman'  proves,  for  a  certain  numerical 
scheme,  that  the  solution  of  equations  (1)  and  (3)  with  appropriate  boundary 
conditions  converges  to  the  solution  of  equations  (1)  and  (2)  as  8  -*■  0. 

The  most  important  boundary  associated  with  free  surface  problems  is  the 
free  surface  itself.  Boundary  conditions  on  the  free  surface  are  specified  as 
follows.  Let  the  pressure  be  constant  on  the  free  surface,  l.e., 

(4)  p  ■  PQ  on  y  -  H(x,  t) . 

Movement  of  the  free  surface,  y  -  H(x,  t)  *  0  is  determined  by  requiring  the 
convective  derivative  to  vanish.  This  results  in  the  condition 

(5)  Hfc  +  uHx  -  v  ■  0  on  y  -  H(x,  t) . 

To  enhance  the  computational  stability  of  the  free  surface  we  add  a  numerical 
viscosity  term11  and  hence,  consider  the  following  equation: 

(6)  «t  +  uHx  -  v  -  vHxx  -  0. 

The  quantity  v  is  defined  as  the  coefficient  of  artificial  viscosity.  Finally, 
continuity  of  stress  is  imposed  at  the  free  surface.  Applying  condition  4  one 
obtains  on  the  free  surface 
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(7) 


f  rl2u«  -  (u  +vj]  -  0 


^[(uy  +  vx)Hx  -  2vy  1 


on  y  *  H(x,  t) . 


Along  the  bottom,  free  slip  boundary  conditions  are  imposed  (though  no 
slip  conditions  could  also  be  applied).  At  the  inflow  and  outflow  boundaries, 
a  uniform  flow  with  hydrostatic  pressure  is  assumed.  For  computational  require¬ 
ments,  the  inflow  and  outflow  conditions  are  set  at  finite  values  of  the  channel 
length.  The  equations  describing  this  uniform  flow  at  the  inflow  and  outflow 
boundaries  take  the  form 


(8)  n»u  -  u. 

'Xj  u 

(9)  p  =  Pq  +  (H(x,  t)  -  y)/Fr2  on  x  -  0,  x  =  L. 

Here  n  is  the  unit  normal  to  the  boundary  (in  the  direction  of  flow)  and  Fr  is 
the  Froude  number.  An  accelerated  start  is  used  to  initialize  the  fluid  flow. 
Beginning  with  zero  fluid  velocities  and  hydrostatic  pressure,  an  acceleration 
term  is  used  to  increase  the  velocity  terms  from  zero  to  their  uniform  flow 
values. 

The  goal  of  the  mathematical  scheme  presented  here  is  to  find  the  solution 
to  equations  (1),  (2),  (A),  (5)  and  (7).  This  solution  is  sought  for  the 
boundary  conditions  defined  by  equations  (8)  and  (9)  and  is  determined  by 
actually  solving  equations  (1),  (3),  (4),  (6)  and  (7)  for  small  values  of  the 
coefficient  of  artificial  compressibility,  6. 


NUMERICAL  GRID  GENERATION 

Some  sort  of  grid  generation  is  very  useful  when  solving  free  surface 
problems.  Mqny  physical  problems  that  must  be  solved  numerically  have  compli¬ 
cated  geometries.  Free  surface  problems  have  both  complicated  and  time  depen¬ 
dent  geometries.  For  this  reason,  the  authors  feel  that  numerical  mapping 
techniques  hold  much  promise  for  accurate  solutions  of  free  surface  problems. 
The  basic  grid  generating  technique  employed  here  follows  a  scheme  similar 

to  those  used  by  Shanks  and  Thompson5.  Assume  that  the  physical  region  D_ 

r 

illustrated  in  Figure  1  is  mapped  onto  a  fixed  rectangle,  Q,  in  the  C  -  n 
plane,  with  boundaries  of  D^  mapping  to  boundaries  of  Q.  For  example,  suppose 
Chat  the  free  surface,  AB,  maps  onto  the  top  of  rectangle  Q,  the  bottom,  DC, 
maps  onto  the  bottom  of  Q  and  the  Bides,  AD  and  BC,  map  onto  the  left  and  right 
sides  of  Q,  respectively.  Such  a  mapping  is  shown  in  Figure  2.  Note  that  it 
is  not  necessary  that  we  map  the  region  D  in  such  a  straightforward  way  to  the 

f 

£  -  n  plane.  In  more  complex  geometries  the  mapping  will  be  more  complex.  For 
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the  preliminary  results  presented  here,  the  above  described  configuration  and 
mapping  was  considered  sufficient  to  test  overall  feasibility  of  the  scheme. 
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Fig.  2.  Free  surface  problem  transformation 


Let  5  =  £(x,  y,  t)  and  n  »  n(x,  y,  t)  denote  the  mapping  functions.  The 
variables  5  and  n  are  chosen  to  satisfy  the  following  partial  differential 
equations: 

(10)  e5t  -  V2C  -  0 

(11)  ent  -  •  0. 

(Boundary  conditions  for  these  equations  will  be  discussed  later.)  Other 
authors5  frequently  require  that  each  mapping  function  satisfy  a  Poisson  equa¬ 
tion  and  thus  maintain  some  control  over  coordinate  line  spacing.  The  present 
scheme  could  be  modified  in  this  manner.  It  is  felt  that  the  inclusion  of 
coordinate  placement  capabilities  will  be  necessary  before  the  scheme  presented 
here  can  be  successfully  applied  to  more  difficult  geometries  such  as  flow 
about  a  cylinder. 

The  difference  between  grid  generating  equations  (10)  and  (11)  and  other 
more  common  grid  generating  equations  is  the  addition  of  the  and  terms. 
Note  that  by  taking  e  small  (or  even  zero) ,  the  usual  schemes  can  be  approxima¬ 
ted.  However,  the  primary  purpose  for  introducing  the  time  derivative  terms  in 
equations  (10)  and  (11)  is  to  allow  experimentation  based  on  different  values 
of  e.  Specifically,  it  is  hoped  that  providing  a  truely  dynamic  grid  may 
better  represent  the  flow  of  the  coordinate  system  in  union  with  the  changing 
physical  domain. 

As  is  true  for  any  such  grid  generating  scheme,  equations  (1),  (3),  (4), 
(6),  (7),  (10)  and  (11)  are  solved  in  the  C  -  n  plane  rather  than  the  x  -  y 
plane.  After  transforming  the  system  to  the  S  -  n  plane  the  following  system 
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of  equations  Is  obtained: 

(12)  (Jq)t  +  U[3(yt*n  -  xtyn)  +  fyn  - 

+  {Jl«(V.  -  ytV  "  lyi  +«xC1}n 

“  +  T<DxnS)16  -  ,TL(Dyd)  +  T(D*$)]n\ 

+  £«' T(Dx^)  +  T<Dy£JJ»r,  -  [T(Dxn*>  +  Vn  +  E 

(13)  ej2xt  '  axU+26lXSn  "  YXnn  *  0 

(14)  ej2yt  -  ay«  +  28iyCn  '  Yynn  "  0 

(15>  Ht  +  T<Vn  -  W  -  v  +  7"T<rnae  -  W]£ 

-  ‘?<yA  -  VW  “  0 

(16)  un  “  7(6iue  "  Jv5) 

(id  vn  “  Y(Jue  +  Biwe> 


where  q  ■  [u,  v,  0p]T,  f  -  (p  +  u2,  uv,  u]T,  g  -  [uv,  p  +  v2,  v]T,  j  is  the 


Jacobian  of  the  transformation , 


a  »  x2  +  y2,  Bj -x^x^  +  y^y^.  Y  *  x2  +  y2  and  equations  ( 15)— ( 18)  are  evaluated 
along  the  top  of  the  rectangle  In  the  £  -  n  plane.  Several  remarks  should  be 
made.  First,  equation  (12)  is  in  conservation  lav  form.  Secondly,  equations 
(15)  through  (18)  are  on  a  line  of  constant  n  which  maps  to  the  line 
y  -  H(x,  t)  «  0.  This  makes  it  possible  to  eliminate  the  free  surface  height, 
H,  from  equation  (15).  Simplifying  gives 


.  y£ 

y  +  u- - v 

\ 


♦  vli srsL^esi, .  0. 


Thirdly,  the  mapping  functions  x  ■  x(£,  n,  t)  and  y  -  y(£,  n,  t)  are  time  depen¬ 
dent  unknowns  which  must  be  determined  at  each  time  step.  For  applications  of 
grid  generating  schemes  to  problems  without  a  free  surface,  the  mapping  func¬ 
tions  are  time  independent  and  hence  need  to  be  determined  only  once.  Finally, 
the  boundary  conditions  on  the  bottom,  inflow  and  outflow  are  unchanged  by  the 
transformation,  except  they  have  a  new  domain. 

Boundary  conditione  for  equations  (13)  and  (14)  are  defined  so  that  the 
boundary  of  Q  maps  onto  the  boundary  of  Dp  (note  that  this  is  the  Inverse  of 
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the  mapping  given  by  equations  (10)  and  (11)).  This  results  in  the  require¬ 
ments  that  x(0,  n,  t)  -  0,  y(0,  n,  t)  ■  n,  x(l,  n,  t)  -  L,  y(l,  n,  t)  -  n, 
x(C,  0,  t)  ”  L?  and  y(£,  0,  t)  -  F(x(£,  0,  t) ,  t)  where  for  simplicity  Q  has 
been  defined  as  the  unit  square. 

NUMERICAL  SCHEME 

the  goal  of  the  numerical  scheme  is  to  provide  an  efficient,  noniterative 
and  stable  method  for  solving  equations  (12)-(18)  presented  in  the  previous 
section.  As  mentioned,  an  ADI  scheme  is  used  for  numerical  efficiency.  In 
addition,  all  unknowns,  Including  the  flow  variables  and  mapping  variables  both 
within  the  domain  of  flow  and  on  the  free  surface  are  advanced  through  time 
simultaneously.  Hence  computational  efficiency  is  improved  by  having  one 
iteration  advance  the  entire  solution  one  time  step.  Moreover,  the  authors 
feel  that,  because  the  free  surface  strongly  effects  the  solution  throughout 
the  entire  domain,  free  surfat.  values  should  be  calculated  with  the  values  for 
the  rest  of  the  fluid.  It  is  hoped  that  ultimately  this  totally  implicit 
method  will  permit  larger  time  steps  and  speed  convergence  to  steady  state. 

The  numerical  scheme  presented  here  is  analogous  to  those  described  in 
reference  9.  The  format  of  the  scheme  includes: 

1)  linearization  of  the  nonlinear  terms  by  Taylor  series  expansion  about 
the  previous  (known)  ti-'e  level, 

11)  a  backward  time,  centered  space  differencing, 
ill)  an  expression  of  the  equations  as  a  system  of  coupled,  linear  differ¬ 
ence  equations,  and 

lv)  a  Douglas-Gunn12  splitting  to  generate  the  ADI  system  of  equations. 

The  final  result  Is  two  one-dlmenslonal  linear  difference  equations  that  can  be 
solved  efficiently  by  standard  block  elimination  techniques.  The  above  outline 
is  simplified.  Ignoring  the  many  computations  (and  seemingly  endless  detail) 
necessary  to  get  the  equations  in  their  final  form.  In  fact,  the  authors 
found  it  neceaaary  to  analyze  each  equation  individually.  Each  equation, 
including  boundary  conditions,  was  linearized,  differenced  and  reduced  to  a 
canonical  form.  The  equations  were  then  put  back  together  and  the  two  ADI 
block  trldlagonal  equations  were  determined.  Note,  again,  that  the  final  ADI 
system  includes  finite  difference  expressions  of  all  flow  equations  snd  toun- 
dary  conditions. 

When  un  *  (u,  v,  p,  x,  y]T  at  time  step  n  •  nAt  is  known,  the  ADI  system 
determines  ^  In  the  two  steps  shown  below: 

(19)  [An  -  AtDjKjj*  -  %“)  -  At l  (D^  +  D“  +  +  Bn] 
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[A  -  AtD Kn; 
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where  An,  d”,  Dn  and  d"  are  5x5  matrices  and  Bn  is  a  5  x  1  vector.  The 
C  n  Cn  n  th 

matrices  and  the  vector  B1  are  constructed  from  known  values  at  the  n  time 


step.  The  matrix  d"  contains  the  £  spatial  difference  operators  while  D™  con¬ 
tains  the  n  spatial  difference  operators.  Similarly,  defines  the  cross 
difference  operator;  this  operator  is  lagged  in  the  ADI  system.  The  term  u* 
is  an  intermediate  solution. 


It  is  possible  to  speed  computation  by  reducing  the  number  of  arithmetic 
operators  required  to  solve  (19)  and  (20).  Each  of  the  matrices  An,  and  d", 
that  determine  the  block  elements  of  the  tridiagonal  systems  has  the  following 
form 


where  x  denotes  a  nonzero  entry.  Thus,  the  block  tridiagonal  solver  need  only 
invert  3x3  and  2x2  blocks.  This  partition  bypasses  the  computationally 
more  difficult  Inversion  of  the  original  5x5  blocks.  Computation  time  should 
also  be  shortened  by  adapting  the  ADI  system  to  a  vector  processors.  Unfortu¬ 
nately,  such  a  facility  was  not  available  to  the  authors. 


NUMERICAL  RESULTS 

Most  of  the  authors'  computation  effort  to  date  has  been  concentrated  on 
the  problem  illustrated  in  Figure  1.  The  bump  on  the  bottom  of  the  channel  has 
a  height  corresponding  to  20%  of  the  total  fluid  depth.  Initially,  the  fluid 
depth,  H(x,  t)  -  F(x),  is  set  to  one  with  initial  velocities  u  •  0  and  v  «  0. 

An  acceleration  term  is  applied  over  the  entire  domain  on  each  of  the  first 
five  time  steps  to  Increase  the  velocities  to  their  uniform  (non-dimensional) 
flow  values  of  u  •  1.0  and  v  •  0.0.  The  fluid  flow  is  specified  by  a  Reynolds 
number.  Re  •  20.0  and  a  Froude  number,  Fr  •  2.0.  Computational  parameters  are 
0  «  0.02,  e  «  20.0  and  we  usually  used  At  -  0.02.  The  calculational  domain  is 
defined  by  a  37  x  11  grid.  At  the  end  of  sixteen  iterations,  the  results 
appear  to  be  reasonable,  although  convergence  to  a  steady  solution  has  not  been 
achieved.  The  shape  of  the  free  surface  generally  follows  trends  expected  from 
analytic  results.  Free  surface  location  at  time  t  ■  .32  is  shown  in  Figure  3. 
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Fig.  3.  Numerical  results,  Re  =  20.0,  Fr  =  2.0, 
time  t  =  .32  {at  =  0.02). 


At  this  point  It  is  difficult  to  fairly  access  the  stability  of  the  scheme. 
Limited  computer  resources  have  prevented  the  authors  from  completing  more  than 
sixteen  iterations  for  the  37  x  11  grid.  With  such  a  few  Iterations  it  is  not 
possible  to  perform  meaningful  experimentation  with  a  variety  of  time  steps. 
Nonetheless,  the  scheme  behaves  well  with  time  steps  up  to  At  -  0.05  for  the 
iterations  completed  to  date.  This  time  step  seems  to  indicate  acceptable 
numerical  stability.  Further  stability  analysis  and  numerical  experimentation 
are  merited.  It  should  be  noted  that  we  have  not  yet  added  any  artificial 
dissipation10  .  In  the  future,  numerical  dissipation  terms  will  be  added. 

The  two  parameters,  e  and  6  appear  to  have  a  significant  effect  on  the 
solution.  Although  optimum  values  of  these  parameters  have  not  been  determined 
some  observations  have  been  made.  Values  of  e  with  size  on  the  order  of  the 

Reynolds  number  (e  'v  ®<Re))  permit  the  grid  to  move  well  with  the  fluid. 

Rfe 

Unexpectedly,  when  e  was  chosen  small  (e  'v  )  the  »rid  disassociated 

itself  from  the  fluid  flow  and  numerical  instability  resulted.  Various  values 
of  6  were  also  examined  for  their  effect  on  the  solution.  In  keeping  with  the 
principle  of  artificial  compressibility,  it  was  expected  that  obtaining 
reasonable  solutions  would  be  dependent  on  small  values  of  6.  However,  for  6 
in  the  range  of  2  x  10_l*  to  2  x  10-2,  results  were  nearly  identical.  Since 
larger  values  of  0  appeared  to  provide  better  stability  for  larger  values  of 
At,  8  was  set  at  the  value  2  x  10“2 . 

The  computed  results  given  above  were  obtained  on  a  CYBER  170.  Each 
Iteration  required  roughly  1.5  mins  of  CPU  execution  time.  It  should  be  noted 
that  no  attempt  has  been  made  to  optimize  computer  programming  efficiency. 

Thus,  the  time  per  Iteration,  though  currently  longer  than  desired,  seems 
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reasonable  when  compared  to  Iteration  times  for  other  methods  which  solve  free 
surface  flow  problems. 


SUMMARY 

This  paper  presents  an  entirely  Implicit  scheme  for  numerically  simulating 
fluid  flow  in  the  presence  of  a  free  surface.  The  scheme  Includes  numerical 
generation  of  a  boundary-fitted  coordinate  domain  in  which  all  calculations  are 
performed.  An  efficient  solution  of  the  flow  equations  is  achieved  by  applying 
an  Alternating-Direction-Implicit  method  to  solve  the  transformed,  linearized, 
differenced  equations.  Algebraic  complexity  of  the  system  is  reduced  by  deter¬ 
mining  a  canonical  form  for  the  individual  equations.  Efficiency  is  increased 
by  inclusion  of  all  boundary  conditions  in  the  final  matrix  equations.  Solu¬ 
tions  obtained  using  this  numerical  scheme  indicate  that  it  can  be  applied 
successfully  to  free  surface  fluid  flow  problems. 
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ABSTRACT 

An  adaptive  grid,  finite-volume  method  has  been  used  to  solve  the  Navier- 
Stokes  equations  for  complete  (forebody  and  afterbody)  flowfields  around  blunt 
bodies.  The  code,  which  is  applicable  for  axisymmetric  or  two-dimensional 
flows,  allows  the  mesh  to  adjust  during  the  computation  to  provide  a  closer 
spacing  of  mesh  points  in  regions  of  high  gradients,  thus  minimizing  the  number 
of  required  computational  points.  The  solution  technique  is  explicit,  utilizing 
a  maximum  time-step  advancement  at  each  grid  point  to  accelerate  convergence  to 
the  steady  state.  The  code  has  been  fully  vectorized  for  efficient  solution  on 
the  CYBER  203  corqputer.  A  very  flexible  rezoning  routine  is  used  to  concentrate 
mesh  points  anywhere  in  the  field,  either  by  a  user-defined  weighting  function 
or  by  allowing  high  gradient  regions  to  adjust  the  grid.  The  grid  adjustment 
routine  is  implicit  in  nature  and  represents  a  very  small  portion  of  the  total 
computational  cost.  Currently,  the  code  runs  in  approximately  1.6  x  -kj 

<-  0.00001 

seconds  per  grid  point  per  iteration.  . 


INTRODUCTION  x 

The  finite-volume  method  of  numerically  solving  systems  of  conservation  laws 
has  been  successfully  applied  to  a  wide  variety  of  problems  in  fluid  mechan¬ 
ics.1-^  Its  ability  to  maintain  conservation  of  mass,  momentum,  and  energy 
froai  cell  to  cell,  even  in  rather  complex  nonorthogonal  coordinates,  makes  it 
particularly  attractive  for  use  with  adaptive  grid  techniques.  For  the  purposes 
of  this  paper,  a  finite-volume  formulation  (FVF)  is  defined  as  a  discrete 
approximation  to  a  conservation  law  written  in  integral  form  which  (1)  uniquely 
defines  control  volumes  in  such  a  way  that  control  volumes  (cells)  do  not  over¬ 
lap  nor  are  gaps  left  in  physical  space  and  (2)  uniquely  defines  fluxes  and 
forces  acting  through  cell  walls  so  that  summability  without  residue7  (conserva¬ 
tion)  is  guaranteed.  It  differs  from  a  finite  difference  formulation  (FDF) 
only  in  the  way  a  problem  is  approached.  For  example,  given  a  system  of  con¬ 
servation  laws  we  might  consider  the  FDF  as  a  discrete  approximation  to  the 
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differential  form  of  the  laws  while  the  FVF  is  a  discrete  approximation  to 
the  integral  form  of  the  laws.  A  review  of  various  FVF' s  suggests  that  all 
FVF' s  can  be  written  as  PDF's  (and  usually  appear  that  way  in  the  literature) 
but  not  all  PDF's  cam  be  written  as  FVF ' s.  Furthermore,  discretizing  the 

Q 

divergence  form  of  the  conservation  laws  in  general  coordinates  to  obtain  the 
PDF  does  not  guarantee  that  the  formulation  can  be  expressed  as  an  FVF  because 
conservation  is  not  maintained  due  to  seme  confusion  of  how  to  properly  define 
the  metric  coefficients.  Various  ways  of  defining  the  metric  coefficients  to 
overcome  this  problem  have  been  given  in  References  S  and  9.  The  discussion 
there  leads  one  to  conclude  that  while  there  may  be  a  certain  asount  of 
ambiguity  in  how  to  properly  define  or  discretize  the  metrics  the  problems  can 
be  overcome  without  a  great  deal  of  difficulty.  It  should  also  be  noted  that 
the  FDF  of  a  conservation  law  written  in  nondivergence  form  can  in  fact  be  a 
conservative  FVF.  An  example  of  such  a  scheme  is  presented  in  Reference  10. 

The  discussion  up  to  this  point  has  been  concerned  with  taking  a  differential 
form  of  a  conservation  law,  approximating  it  by  an  PDF,  and  testing  if  it 
satisfies  the  requirements  of  an  FVF  (or  forcing  it  to  satisfy  the  requirements 
by  suitably  defining  the  metrics) .  The  approach  taken  in  the  presentation  which 
follows  is  to  start  with  the  integral  form  of  the  conservation  law,  approximate 
it  with  an  FVF  on  some  generalized  grid,  and  expand  the  formulation  to  see  what 
FDF  results.  It  will  be  shown  that  no  special  treatment  of  metrics  is  required 
and  in  fact  no  terms  which  are  readily  recognizable  as  metric  coefficients  ever 
appear.  It  is  only  when  the  FVF  is  expanded  into  a  format  more  familiar  as  an 
FDF  do  these  metrics  appear  as  ratios  of  the  dimensions  of  cell  walls  to  cell 
volumes.  Furthermore,  the  unexpanded  form  of  the  FVF  is  ideally  suited  for 
vector ization . 

Within  this  framework  a  grid  adaption  routine  has  been  developed  which 
greatly  facilitates  placement  of  mesh  points  where  needed.  A  description  of 
how  the  adaption  algorithm  has  evolved  from  the  groundwork  established  in 
references  11  and  12  to  the  current  inpllcit  adaption  scheme  will  be  presented. 
Finally,  sample  calculations  of  Buper sonic  flow  over  a  Viking  Aeroshell,  includ¬ 
ing  flow  in  the  wake,  demonstrate  the  versatility  of  both  the  FVF  and  the 
adaption  algorithm  through  its  ability  to  concentrate  points  not  only  in  the 
boundary  layer  but  also  in  the  free  shear  layer. 

FINITE-VOLUME  FORMULATION 

Consider  a  system  of  two-dimensional  conservation  laws  which  can  be 
expressed  by  the  vector  relation 
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3U  ^  3f  ,  3g 
3t  +  ^  +  3?"  ° 


3u  .  , 

|3tdv  + 


(Fi  +  Gj)  •  ds 


where  Equations  (la)  and  (lb)  sure  the  differential  and  integral  forms  of  the 
conservation  laws  respectively,  and  i  and  j"  are  unit  vectors  in  the  x  and 
y  directions,  respectively. 

A  control  vo-i’ime  in  two-dimensional  (or  axisyasaetric)  space  is  determined  by 
a  quadrilateral  whose  vertices  are  defined  by  adjacent  mesh  points.  The  [i,j] 
cell  refers  to  the  cell  with  vertices  (i,j),  (i+l,j),  (i,j+l),  (i+l,j+l). 

Points  of  constant  j  index  define  £  coordinate  lines,  increasing  £  in 
the  direction  of  increasing  i.  Points  of  constant  i  index  define  n 
coordinate  lines,  increasing  T)  in  the  direction  of  increasing  j  (see 
Fig.  1).  The  flux  through  the  wall  defined  by  the  points  <(i,j),  (i,j+l)> 
is  calculated  using  information  from  the  (i,j)  vertex  on  the  predictor  step 
and  from  the  (i, j+1)  vertex  on  the  corrector  step  for  odd  time  steps.  The 
order  is  reversed  for  even  time  steps.  The  flux  through  the  wall  defined  by 
the  points  <(i,j),  (i+1, j)>  follows  a  similar  pattern  of  definition,  using 
information  from  the  (i,j)  vertex  on  the  predictor  step.  The  FVF  for  the  [i,j] 
cell  is  written: 


3U  n+*  n  n 

3t  .  Ai,j  +  Fi+l,j(yi+l,j+l  '  yi+l,j}  ‘  Gi+l,j(xi+l,j+l  '  *i+l,j> 
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'  ^.j^i.j+i  "  yi,j}  +  Gi,j(xi,j+i  ‘  xi,j) 


”  Fi,j+l<yi+l,j+l  "  +  Gi,j+lUi+l,j+l  “  Xi,j+1 
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where  A^  ts  the  area  of  the  [i, j]  cell.  Equation  (2)  must  approximate  the 
integral  form  of  Equation  (1) .  The  first  term  of  Equation  (2)  must  approximate 
the  integral  of  3u/3t  over  the  entire  cell.  In  the  FVF  we  set 
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Note  the  use  of  a  At  which  varies  from  point  to  point  in  Equation  (4) . 

Now  consider  a  finite-difference  formulation,  PDF,  of  Equation  (1)  which 
can  be  transformed  to 


(5) 


where  x  -  x(5,n),  y  -  y<£,n).  The  FDF  of  (5)  is  written: 


The  FVF  (Eqs.  (2)  and  (4))  and  the  FOP  (Eg.  (6))  are  equivalent  if 


“  <yi+l, j+1  "  yi+l,j)  A?/Aij  <7*> 

T1xij  ”  <yi,j+l  "  Yi+l,j+l)  An/Aij 

“  <xi+i. j  "  xi+i, j+i)  A^/Aij  (7c> 

,Vij  =  <xi +i,3+i  "  xi,j+i>  An/Aij  <7d) 

5«ij  "  (yi-i,j  "  yi-i,j-i*  ^‘i-i.j-x  <7«) 

S  <yi-i,3-i  -  yi,j-i*  ^i-i.j-i  <7*> 


i—  1 ,  j—l  j'  Ul»/ 1, j-1 


v  'y/ 


f1y^j  E  (xi.j-l  "  Xi-1» j-l*  An/Ai-l,j-l 


A  linearized  analysis  of  the  FDF  (Eq.  (6)},  after  it  has  been  expanded  into 
a  one-step  scheme  shows  the  following:  (1)  Equation  (6)  is  a  consistent 
representation  of  Equation  (5) ,  (2)  the  truncation  error  for  variable 
At . is  first  order  in  time  and  cam  be  expressed 


_  3u  .  _  3u 
C^  +  Dln 


_  3f  r  ,3g  r  _  3f  ^  ,3g  „ 

c  “  JS  ex  +  So  V  D  ■  nx  +  TO  ny 


hi;j(C.n)  -  At(?,n)/At(5ij,nij) 


Note  that  Ej  ■  0  if  At^  »  constant,  and  (3)  the  spatial  truncation  error  is 
of  0(A2)  where  A  is  proportional  to  a  cell  wall  dimension  if  all  £*  ,  etc. 
are  first-order-accurate  approximations  to  £x J  etc.,  and  +  t^J/2,  etc.,  , 
are  second -order -accurate  approximations  to  etc.  These  conditions  are 

formally  satisfied  by  Equation  (7) .  For  example 


(C  +  Q/2  “  +  l 


iJyen}Z  *  +  An(Jy5n)n}/2 


wh«.  J"Yn'*nV 

Consequently,  it  is  seen  that  while  the  FDF  or  FVF  is  second-order-accurate 
(for  At^  ”  constant)  excessive  stretching  or  skewness  of  the  grid  can 
introduce  large  factors  of  second-order  terms.  Furthermore,  these  factors 
multiply  terms  like  32U/3£2,  etc.,  and  they  contribute  to  the  overall 
rtificial  viscosity  of  the  method.  At  present,  grid-induced  errors  are 


checked  by  coopering  results  obtained  for  the  same  problem  on  the  different 
grids  constructed  from  more  points  or  from  different  adjusting  parameters  (see 
section  on  ADAPTIVE  GRID) .  It  should  also  be  noted  that  while  Equation  (5)  is 
not  in  strict  conservation  form,  the  FVF  which  models  Equation  (lb)  is  con¬ 
servative  in  the  strict  sense  of  summation  without  residue.^  For  exaiiple, 
regardless  of  the  grid  used,  the  FVF  returns  an  exact  uniform  flow  if  a  uniform 
flow  is  used  as  an  initial  condition. 

It  is  noted  that  the  equations  and  analysis  in  this  section  are  for  two- 
dimensional  flow.  An  axisyimnetric  extension  introduces  only  minor  complica¬ 
tions.  Finally  we  point  out  that  the  FVF  (Eqs.  (2)  and  (4))  reduces  to 
MacCormack ' s  method13  in  Cartesian  coordinates.  There  are  an  infinity  of  other 
ways  to  define  cells  and  flux  through  cells  on  a  general  grid,  each  of  which 
lead  to  a  unique  FVF  and  unique  definitions  of  metric  coefficients  for  that 
particular  FVF. 

BOUNDARY  CONDITIONS 

Only  a  cursory  description  of  boundary  conditions  can  be  provided  due  to 
space  limitations. 


Shock: 


S  we  try: 


Outflow: 


Adiabatic  wall  or  constant  wall  temperature.  3p/3n  -  0. 

(n  coordinate  normal  to  wall) 

Rankine-Hugoniot  relations  for  a  discrete  moving  shock  are 
applied.  Pressure  behind  shock  obtained  from  extrapolation 
from  interior  points. 

Limiting  form  of  differential  form  of  governing  equations 
solved  using  MacCormack' s  method. 

Primitive  variables  obtained  by  extrapolation. 


ADAPTIVE  GRID 

The  present  grid  adjustment  scheme  has  evolved  from  one  which  imparted 
velocities  to  grid  points  based  on  gradients  in  the  field  as  in  References  11 
and  12  to  one  which  rezones  the  computational  mesh  using  an  implicit  algorithm 
at  any  desired  frequency  (i.e.,  once  per  time  step  or  once  per  1000  time  steps) 
Originally  ery  point  (i, j)  in  the  computational  plane  was  connected  o  the 
four  adjacent  points  (i±l,j),  (i,j±l)  by  springs  whose  spring  constants 
jcJ,  k1  were  determined  by  a  function  of  the  gradient  of  some  dependent 
variable  between  the  points.  For  example,  the  spring  along  the  ith  row 
connecting  points  (i,j)  and  <i,j+l)  was  defined 


v  ".V 


where  c  is  a  constant  and  Ar  is  the  distance  between  the  points.  Grid 
points  on  the  boundaries  were  free  to  move  along  the  boundary  as  if  on  a 
frictionless  rod.  Grid  points  on  the  comers  of  the  domain  were  held  fixed. 
Small  adjustments  in  the  x  and  y  directions  were  assigned  to  grid  points 
as  determined  by  the  net  forces  on  the  grid  points  in  the  respective  directions. 
After  every  time  step,  the  grid  was  updated  and  checked  to  make  sure  that  no 
grid  overlap  was  imminent. 

In  a  noninteractive  test  cue  where  P(x,y)  was  prescribed  to  model  the 
pressure  field  of  an  oblique  shock  crossing  a  uniform  flowfield  (p(t)  =  0), 
the  grid  evolved  from  one  of  equally  spaced  rectangular  cells  to  the  one  shown 
in  Figure  2.  In  an  interactive  test  case  where  the  solution  p(x,y,t)  was 
allowed  to  evolve  with  time,  the  final  grid  distribution  (Fig.  3)  is  seen  to 
be  much  more  erratic  than  that  of  the  previous  case.  The  pressure  field  for 
this  case  is  shown  in  Figure  4. 

By  sacrificing  the  column  to  column  (or  row  to  row)  influence  of  the  spring 
system  (i.e.,  no  springs  between  column  i  and  column  i+1)  a  superior  algorithm 
in  terms  of  computational  costs  and  smoothness  of  grid  distribution  can  be 
constructed.  (Smoothness  of  grid  distribution  is  a  subjective  judgment.  A 
coordinate  line  whose  direction  or  length  changes  erratically  from  point  to 
point  is  judged  nonsmooth. ) 

Consider  the  coordinate  line  of  constant  index  i  as  shown  in  Figure  5. 

Let  s.  be  the  length  of  the  line  in  physical  space  from  the  first  point  to 
the  jth  point  as  defined  below. 

l»j>l 

«i  ■  °»  «j  ■  ^  [(*]  -  xi_x)2  +  (yi  ■  yi-i)2J1/2  f11) 


Let 


f .  be  a  table  of  dependent  variables  at  the  point 
j»m 
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defined  by 


V  rj,2  "  yj'  rj , 3 


V  fj,4 


V  fj.5  "  V  fj,6 


(12) 


The  grid  points  in  physical  (x,y)  space  are  mapped  onto  a  straight  line  in 
s  space.  Let  each  grid  point  be  connected  to  its  neighbor  in  s  space  by  a 
spring  with  spring  constant  between  the  j  and  j+1  points  to  be 
defined  later. 


y-r-  *t**^;r-  **■  . 


Let  Anj  be  the  distance  between  the  j  and  j+1  points  in  s  space. 
Then  Kj  Arij  equals  a  constant.  Therefore, 


6nj  =  Kx  Anj/Kj 


The  known  total  length  of  s  can  be  expressed  as 


son+i  -  2  ^ 2  l/k3  ■  sum 


where  JN  -  total  number  of  intervals.  Consequently, 


^i  -  sjn+i/(ki  sm) 

-  SJH+l/(Kj  Sm)  (1S 

The  constants  can  be  defined  explicitly  or  implicitly.  An  explicit 

definition  of  assigns  a  value  to  the  spring  constant  independent  of  the 

position  of  the  spring  in  s  space.  For  example. 


Kj  -  expt-Cj  ♦  j/JN) 


provides  an  exponentially  increasing  spacing  of  grid  points  from  j  -  1  to 
j  »  JN  where  the  constant  is  used  to  control  stretching.  This  definition 

provides  no  adaptive  capability  but  does  provide  a  very  quick  way  of  con¬ 
centrating  points  near  boundaries. 

An  implicit  definition  of  assigns  a  value  to  the  spring  constant 
which  is  a  function  of  the  position  of  the  spring  in  s  space.  For  an 
implicit  case,  the  algorithm  is  implemented  as  follows: 

(1)  Start  at  the  first  column  (or  row)  of  data  and  compute  and  store  all 

the  values  of  a.  and  f .  . 

j  _  j  »■ 

(2)  Initialize  n^  and  equal  to  s^  for  all  j,  ITER  “  0. 

(3)  Set  ITER  *  ITER  +  1. 

(4)  Using  the  known  stored  values  of  independent  variable  s^  and  dependent 

variables  f ,  ,  compute  the  new  values  of  the  dependent  variables  d.  at 

j«a 

all  with  a  univariate  interpolation  routine  where  djpi  “  xj*  dj,2  “  yj* 
etc. 

(5)  Compute 


J;Vf  ,v.  V-' ' 

f'il' 
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6)  Confute  the  new  coordinates  n-s  from  Equation  (15)  i  set  n_,.,  =  s_,., 

J  JNtI  jn+± 

to  keep  end  point  values  unchanged. 

(7)  Compute  an  error  norm  to  determine  convergence 


L 


2 


(n. 


(17) 


If  I*  <  0.0001,  proceed  to  step  (9). 

If  ITER  >  100,  stop  the  procedure. 

(6)  Set  =  ru  for  all  j  and  go  to  step  (3) . 

(9)  Replace  x  ,  y.,  p  ,  etc.,  with  d.  ,,  d.  ,,  d.  ,,  etc.,  go  to 

j  J  J  J  3i‘  3  »■» 

next  column  of  data  and  repeat  all  steps. 

Typical  definitions  of  employ  gradients  of  velocity,  internal  energy, 

or  Mach  number.  For  example, 


Kj  -  1  +  c3|e(nj+1)  -  e(nj)|/(nj+l  -  n })  (18) 

where  c3  can  be  used  to  control  the  concentration  of  mesh  points  in  regions 
of  high  gradient.  Examples  of  grid  distribution  using  these  gradient  adaptive 
mechanisms  will  be  presented  in  the  RESULTS  Section. 

In  cases  where  a  high  gradient  develops  rapidly,  as  in  the  vicinity  of  an 
expansion  corner  of  a  planetary  probe,  the  adaption  algorithm  can  have  trouble 
converging.  This  problem  is  overcome  as  follows. 

(1)  After  step  (4)  in  the  adaption  algorithm,  the  overall  change  in  the 
new  grid  distribution  n_,  is  damped  by  writing 

"j  “  c4nj  +  <19> 

where  0  <  c^  1  (c4  is  typically  of  order  1/2) 

(2)  After  step  (5)  in  the  adaption  algorithm,  the  values  of  the  spring 
constants  are  filtered  by  writing 

Kjn+1  -  (K}_1  +  2K  +  Kj+1)n/4i  j  -  2,JN-1  (20) 


I 


I 


Often  the  convergence  problems  can  be  overcome  by  keeping  the  reran ing  interval 
small  or  by  avoiding  large  changes  of  c3  in  Equation  (18)  between  rezonings. 

The  major  advantage  of  the  rezoning  procedure  described  herein  is  that  it 
provides  a  very  quick  way  of  providing  an  adaptive  capability  to  the 
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finite- volume  formulation.  The  option  to  control  rezoning  frequency  allows  the 
grid  to  dynamically  adapt  to  developing  features  of  the  flow  (i.e. ,  shock, 
shear  layers)  and  then  to  be  held  fixed  as  steady  state  is  approached.  The 
rezoning  procedure  can  also  be  used  as  a  separate  program  to  study  the  effects 
of  monitoring  various  gradients  in  the  field  or  using  different  definitions 
of  Kj. 

RESULTS  AND  DISCUSSION 

The  finite-volume,  adaptive  grid  algorithm  described  in  the  previous  sections 
has  been  used  to  compute  supersonic  floufields  over  spheres,  cylinders  and  two 
planetary  probe  configurations.  The  most  comprehensive  tests  to  date  for 
testing  the  adaption  algorithm  have  been  on  the  Viking  Aeroshell  (Fig.  6) ,  a 
configuration  which  protected  the  Viking  lander  for  its  descent  through  the 
Martian  atmosphere.  This  section  will  deal  exclusively  with  those  results. 

The  freestream  conditions,  »  2,  y  *  1.285,  Re^  °  5000,  have  been  chosen 
to  permit  comparison  with  the  results  of  Reference  14.  Subsequent  calculations 
at  higher  Reynolds  numbers  have  been  generated  to  demonstrate  the  capabilities 
of  the  adaption  algorithm. 

The  grid  shown  in  Figure  6  was  achieved  with  an  explicit  definition  of 
(Kq.  (16))  with  Cj/JN  «  0.15,  90  points  around  the  body  and  down  the  wake 
centerline  and  31  points  between  the  body /wake  centerline  and  the  bow  shock. 

The  pressure  distribution  around  the  body/wake  centerline  is  presented  in 
Figure  7.  This  case  was  run  to  convergence  in  approximately  35  minutes  of 
computing  time  with  a  timing  of  *3  x  10  5  sec/iteration/grid  point.  Recent 
changes  in  the  code  affecting  the  manner  in  which  data  are  stored  have  do- 
creased  timing  to  si. 6  *  10-5  sec/iteration/grid  point. 

An  adaptive  grid  calculation  which  monitored  velocity  gradients  was  applied 
to  this  same  problem.  In  the  previous  case,  the  grid  was  not  sufficiently 
stretched  to  adequately  resolve  the  boundary  layer  at  the  separation  point. 

Since  the  separation  region  is  very  important  in  determining  the  nature  of  the 
flow  in  the  wake,^  it  was  decided  to  run  this  case  with  91  points  across  the 
shock  layer.  The  converged  grid  for  c3  -  0.5  is  shown  in  Figure  8.  In 
defining  the  values  of  K_j  near  the  wall,  a  test  was  included  that  would 
make  »  3,  j  <  4  if  was  previously  less  than  3.  From  j  ■  5  to  9, 
the  minimum  allowable  value  of  was  decreased  linearly  to  zero.  This 

forces  a  concentration  of  points  near  the  body  and  in  the  wake.  Pressure 
distribution  is  plotted  in  Figure  7.  Comparisons  with  numerical  results  of 


830 


Reference  14  for  shock  shape  and  pressure  distribution  down  the  wake  centerline 
show  generally  good  agreement  in  Figures  9  and  7,  respectively. 

Solutions  for  the  higher  Reynolds  number  cases  (5  *  10^  ,  5  *  10^)  were 
generated  sequentially  using  the  previous  results  as  initial  conditions.  All 
of  these  results  are  for  laminar  flow  and  so  while  the  highest  ones  are  physi¬ 
cally  in  error  they  test  the  adaption  routine's  ability  to  resolve  the  large 
gradients  associated  with  such  flows. 

Some  interesting  results  of  these  high  Reynolds  number  studies  are  presented 
in  Figures  10  through  17.  The  converged  grid  showing  a  concentration  of 
points  in  the  free  shear  layer  is  presented  in  Figure  10.  The  streamline 
pattern  around  the  expansion  corner  of  the  vehicle  and  associated  Mach  number 
contours  are  presented  in  Figures  11  and  12.  The  outer  extent  of  these  figures 
is  defined  by  the  physical  location  of  the  25th  mesh  point.  The  velocity  and 
grid  point  distributions  along  the  n  coordinate  line  (i=22)  located  just 
ahead  of  the  expansion  corner  are  given  in  Figure  13  for  Re^  *  104  and  106. 
These  results  were  obtained  using  twenty  passes  through  Equation  (20)  with 
c3  «  0.5  and  1.0  respectively,  ftie  global  internal  energy  contour  plot  in 
Figure  14  shows  the  high  gradient  regions  in  the  shear  layer  behind  the  expan¬ 
sion  comer,  the  captured  recompression  shock  in  the  wake  and  a  small,  high 
gradient  shock-like  region  on  the  symmetry  line  just  behind  the  base  where 
recirculating  velocities  rapidly  change  from  supersonic  to  subsonic.  This 
phenomenon  was  also  observed  in  the  results  of  Reference  14  using  a  different 
numerical  approach.  The  high  gradient  free  shear  layer  extends  approximately 
one-fourth  maximum  body  radius  beyond  the  corner  after  which  point  the  gradients 
rapidly  decrease  and  the  flow  turns  toward  the  axis.  There  is  a  large  region 
just  below  the  shear  layer  of  low  density  ( .2  <  p/p^  <  .7)  recirculating  flow. 

A  Mach  number  distribution  along  an  n  coordinate  line  (i-34) ,  Figure  15, 
shows  the  high  gradient  region  and  distribution  of  mesh  points  through  the 
shear  layer.  The  complexity  of  the  flow  in  this  region  and  the  ability  of 
the  adaption  process  to  concentrate  mesh  points  in  the  high  gradient  regions 
away  from  the  wall  further  demonstrate  the  versatility  and  sensitivity  of  the 
adaption  process. 

CONCLUDING  REMARKS 

The  Finite-Volume  Formulation  (FVF)  described  herein  has  been  shown  to  be 
a  consistent  and  conservative  approximation  to  the  Navier-Stokes  equations. 

The  formulation  has  a  first  order  error  in  wave  speed,  proportional  to  the 
local  value  of  At,  when  the  local  maximum  time  step  is  used  to  advance  the 
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solution  at  every  point.  The  formulation  is  second  order  accurate  when  constant 
time  increment  is  used  to  advance  the  solution.  However,  at  large  Reynolds 
numbers  (small  cell  volumes)  the  constant  At  advancement  of  the  solution, 
using  one  value  of  At  that  is  stable  for  all  points,  is  impractical  because 
many  more  iterations  jure  required  to  converge  the  solution.  Converged  solutions 
for  complete  blunt  body  flows  using  approximately  3000  mesh  points  can  be 
obtained  within  30  minutes  using  the  vjiriable  At  option  jmd  adaptive  grid 
rezoning  on  the  CYBER  203  computer. 

In  all  of  the  problems  considered  herein  adaption  along  only  one  coordinate 
line  is  quite  sufficient  for  the  purpose  of  moving  mesh  points  to  high 
gradient  regions  in  the  flow.  Restricting  grid  motion  along  one  coordinate 
direction  permits  application  of  a  highly  efficient  implicit  grid  adaption 
procedure.  The  routine  can  be  implemented  at  any  desired  frequency  thus 
permitting  dynamic  adaption  or  cost  savings  by  adapting  only  after  large  incre¬ 
ments  of  iteration  count.  Grid  point  concentration  in  the  boundary  layer  and 
free  shear  layer  have  demonstrated  the  success  and  versatility  of  the  adaption 
algorithm. 
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Fig.  1  Schematic  showing  relation  Fig.  4  perspective  view  of 

of  indexing  system,  physical  (x,y)  pressure  on  (x,y)  plane  for 

coordinates,  and  computational  oblique  shock  calculation  on 

(£,nJ  coordinates.  interactive  grid. 


Fig.  2  Noninteractive  example  of 
grid  adapting  to  prescribed 
pressure  distribution  with  two 
degrees  of  adaptive  freedom. 


Pig.  3  Interactive  example  of 
grid  adapting  to  cosputed  pressure 
distribution  across  oblique  shock 
with  two  degrees  of  adaptive 
freedom. 


Fig.  5  Schematic  showing  spring 
system  for  one  degree  of  adaptive 
freedom  along  n  coordinate  line. 


Fig.  6  Grid  over  Viking  Aeroshell 
obtained  with  explicit  definition 
of  K_j ,  Cj/JN-.15. 


Fig.  8  Grid  over  Viking  Aeroshell 
obtained  with  implicit  definition 
of  K. ,  Re  *5000. 
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Fig.  7  Pressure  distribution 
around  body/wake  centerline  of 
Viking  Aeroshell.  *4^*2,  Rew*5000, 
y-1.285. 


Fig.  9  Bow  shock  over  Viking 
Aeroshell  for  *1^*2,  Re^-5000. 
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Pig.  14  Cbntour  plot  of  internal 
energy  over  Viking  Aeroshell  for 
M«*2'  - 


•«  12  M  1.6  20  2,4  24 


Pig.  15  Mach  number  and  grid 
spacing  distribution  through 
separated  shear  layer  behind 
expansion  comer  along  rj  coordinate 
line. 
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\  IDEALIZED  DYNAMIC  GRID  COMPUTATION  OF  PHYSICAL  SYSTEMS 

JOSHUA  C.  ANY  I  WO 

NASA  Langley  Research  Center 

Hampton ,  VA  2366S  USA 


INTRODUCTION 

This  paper  considers  the  construction  and  utility  of  an  idealized  computa¬ 
tional  space  (henceforth  called  tau  space)  for  finite-difference  computation 
of  physical  systems.  y~ —  -  - 

The  tau  space  idealization  is  with  respect  to  the  following  features: 

(a)  the  "physical  system-adaptive"  grid  discretizing  tau  space  is  to  be  always 
uniform  and  orthogonal;  (b)  the  transformed  equations,  initial  and  boundary 
conditions  are  to  be  not  more  complicated  than  the  subject  physical  problem 
space;  and  (c)  the  transformation  relations  between  tau  space  and  physical 
space  are  to  be  reasonably  simple  and  easy  to  implement  in  conjunction  with 
desired  finite-difference  schemes. 

The  construction  of  such  an  idealized  computational  space  requires:  (a)  the 
ability  to  discretize  a  physical  problem  space  with  an  orthogonal  grid  which 
is  everywhere  and  always  adaptive  to  the  collective  influences  of  the  geometry, 
the  physics  and  the  number  of  grid  cells  (or  discretization  scale)  of  the  sub¬ 
ject  physical  system;  and  (b)  the  ability  to  formulate  relatively  simple 
transformation  relations  between  such  a  "physical  system- adaptive"  grid  and  a 
prototype  uniform  and  orthogonal  grid. 

One  method  of  approach  is  to  first  construct  a  reasonably  simple  measure 
field  which  is  independent  of  reference  frame  and  which  unifies  the  interactive 
influences  of  the  geometry  and  physics  of  a  system  and  the  scale  of  the  grid 
discretizing  that  system.  Once  such  an  invariant,  unified  measure  field  is 
specified,  the  dynamic  (or  moving  adaptive)  grid  for  a  physical  system  in  a 
reference  frame  would  logically  be  defined  as  the  grid  in  that  reference 
frame  which  instantaneously  equidis tributes  the  subject  system's  invariant, 
unified  measure  field.  Furthermore,  a  computational  space,  idealised  in  the 
aforementioned  sense,  may  then  be  constructed  by  basing  the  metric  of  the 
system's  problem  space  on  the  instantaneous  values  of  that  system's  invariant, 
unified  measure  field. 

This  paper  successfully  implements  the  above  approach  and  also  outlines  a 
reasonably  simple  procedure,  based  upon  tau  space  transformation,  for  efficient 
and  accurate  finite-difference  computation  of  physical  systems. 
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A  number  of  specialized  grid  methods  for  finite-difference  computation  of 
physical  systems  have  been  proposed  in  the  past;  for  example.  References  1 
and  2.  Most  of  them,  however,  employ  static  grid  discretization  with  or  without 
adaptation  to  the  system's  physics.  A  few,  such  as  References  3  to  6  have 
incorporated  sene  sort  of  dynamic  grid  adaptation.  But  none  of  these  methods 
has  been  developed  to  explicitly  and  efficiently  incorporate  the  interactive 
influences  of  scale,  geometry  and  physics  in  the  computation  of  systems,  ttie 
ideas  presented  in  this  paper  not  only  fill  the  above  needs  but  also  open  the 
way  for  further  developments  towards  efficient  and  accurate  physical  system 
solvers . 

STRAIN  FIELD  MODEL  OF  PHYSICAL  SYSTEMS 

Consider  a  physical  system  to  be  always  covered  by  a  uniform,  regular, 
orthogonal  base  coordinate  system  x{x* ,t} ,  which  may  be  chosen  arbitrarily 
to  properly  describe  the  system.  Further,  let  the  physical  system  also  always 
be  referred  to  an  orthogonal,  curvilinear  coordinate  frame  S{si,t},  which 
is  always  fitted  to  the  system's  boundaries.  The  reference  frame  S{s*,t}, 
then  represents  the  physical  system's  geometry,  and  the  distributions 
Tk(si,t),  k>  1,  i  >  1,  of  the  system's  material  properties  Tfc,  relative  to 
sts^t}  characterize  the  system's  physics. 

It  is  desired  to  construct  a  reasonably  simple,  invariant  measure  field 
which  unifies  the  interactive  influences  of  the  geometry,  physics  and  discreti¬ 
zation  scale  of  a  finitely  discretized  physical  system  space.  The  procedure 
used  in  this  paper  is  sketched  in  Table  1  and  described  below. 

First  a  common  basis  oust  be  established  with  which  to  unify  the  scale, 
geometry  and  physics  of  a  physical  system. 

Consider  a  finite  discretization  of  a  physical  system.  It  may  be  perceived 
as  a  process  of  deforming  the  base  coordinate  system  *u,t}  relative  to  some 
undeformed  absolute  frame  A.  As  the  number  N,  of  discretizing  grid  cells 
tends  to  infinity  one  recovers  the  undeformed  absolute  frame.  But,  since 
fewer  than  three  grid  cell  nodes  may  not  be  used  to  meaningfully  discretize  a 
space,  the  base  coordinate  system  X,  may  be  perceived  as  becoming  infinitely 
deformed  relative  to  A  as  N  ■*  2.  Thus,  the  discretisation  scale  of  a 
finitely  discretized  physical  system  may  be  specified  in  terms  of  a  deformation 
moment  wA>  of  the  base  coordinate  system  covering  the  physical  system's  space. 
And  da  may  be  defined  as  an  inverts  function  of  (N  -  1) . 

The  geometry  of  a  physical  system  may  be  uniquely  specified  from  knowledge 
of  the  system's  boundaries  and  the  distribution  of  the  principal  geoamtric 
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TABLE  1 

A  STRAIN  FIELD  MODEL  OF  PHYSICAL  SYSTEMS 


PHYSICAL  SYSTEM 

BASE  GEOMETRY 

REFERENCE  GEOMETRY 

PHYSICS  j 

REPRESENTATION 

y 

y 

T 

X 

X 

s 

SLOPE  (OR  SHEAR).  0 

CIRCULAR  CURVATURE,  U 

TORSION.  0 

TOTAL  CURVATURE  <y  +  p> 

DISCRETIZATION  SCALE.  # 

0A  =  O 
ma  =  i/n 

PA=° 

("A*  “a) 

Sr  =  y 

“  X  3/2 

Pq:  defined  in  text 

#  =  1/tn  (N  - 1) 

a.  =  T 

T  *  ,3/7 

■,-WM) 

PT:  NEGLECTED 

Ct  *  pt) 

DEFORMATION  FIELDS,  o 

°x(A)  5Va* 

0$(X)  =  K2|Mq  ♦ 

°T(SI  S  lc3l|®T 

♦leVMH'l 

ABSOLUTE  DEFORMATION 
FIELD,  r 

Y  =  jox(A)  ♦  0$(X>  ♦  0T(S)| 

ABSOLUTE  STRAIN 
DENSITY  FIELD 

r  =  »y 

deformation  moment — total  curvature  (U  +  B  ) --of  the  system' a  reference 
i  ,  G  G 

frame  s{s  ,t},  relative  to  x{x  ,t}. 

Finally,  the  physics  of  a  physical  system  may  be  uniquely  specified  from 
knowledge  of  the  boundary  conditions  of  the  system's  material  properties  and 
the  distribution  of  the  principal  material  deformation  moments — slope  (or  shear) 
0T,  and  total  curvature  (y^  +  @T> — of  the  system's  material  properties 
relative  to  the  reference  frame  s{t i,t}. 

Thus,  the  scale,  geometry  and  phyBics  of  a  physical  system  each  represents 
a  deformation  field  which  is  uniquely  specified  by  scan  set  of  principal 
deformation  moments.  Grid  adaptation  becomes  meaningless  as  the  number  N, 
of  discretizing  grid  cells  tends  to  infinity,  since  all  grids  would  tend  to 
the  same  size.  Therefore,  the  discretisation  scale  influence  must  be  made  to 
permeate  both  the  geometric  and  the  material  deformation  moments,  too. 

Let  the  magnitude  of  a  scale,  geometric  or  material  deformation  be  presumed 
to  be  invariant  with  respect  to  all  reference  frames.  Hie  unified  influence  of 
the  scale,  geometry  and  physics  of  a  system  may,  therefore,  be  represented  by 
a  "resultant  absolute  deformation  field,"  whose  total  deformation  magnitude 
remains  invariant  with  respect  to  all  reference  frames.  This  total  deformation 


0 


field  would  be  the  sum  of  the  principal  deformation  moments  of  x{xi,t} 

relative  to  A,  of  stsSt}  relative  to  xtsSt},  and  of  T.  (s^,t)  relative 

i  * 

to  S{s  ,t}. 

Let  the  scale  deformation  field  be  specified  by  the  parameter  ax(*)»  which 
is  defined  by  some  inverse  function  of  (N  -  1) ,  where  N  is  the  number  of 
discretizing  grid  cells.  A  relation  which  models  this  scale  influence,  but 
which  may  not  necessarily  be  the  ideal  relation  is: 


°X(A)  *  ki/{n  *n(N  "  U) 

Let  the  geometric  deformation  field  be  specified  by  the  invariant  parameter 
O-(X) ,  which  is  defined  as  a  function  of  the  invariant  total  curvature  of  the 
reference  frame  s{s  ,t},  relative  to  x(x  ,t).  This  function  must  be 
modified  by  the  scale  influence:  a  simple  relation  is: 


<yx)  -  K2(PG  +  6G)/J.n{N  -  1) 


(2) 


The  sign  of  the  curvature  is  significant  to  a  unique  specification  of 
geometry. 

Let  the  material  deformation  field  be  specified  by  the  invariant  parameter 
®T(S).  For  the  purpose  of  grid  adaptation  the  direction  of  the  material 
deformation  field  is  not  significant.  Therefore,  0j,(S)  may  be  defined  as 
the  simple  sum  of  the  magnitudes  of  the  principal  material  deformation 
moments  6^  and  (UT  +  @T> .  This  function  must  also  be  modified  by  the 
scale  influence;  thus: 


vs>  “  K3{|0tI  +  l(%  +  8T)|j/*nCN  -  1) 


(3) 


If  a  physical  system  is  characterized  by  more  than  one  property  (or  dependent 
variable)  T^,  k  »  1,  2,  ...,  M,  then: 


0T(S) 


1 


0T  <S) 
Tk 


(4) 


The  resultant  absolute  deformation  field  of  a  physical  system  may  then  be 
specified  by  y  where: 


y  -  (aY(A)  +  o.(x)  +  a_(s> } 


(5) 
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For  compatibility  each  of  the  above  three  deformation  field  components  should 
be  normalized,  using,  for  instance,  the  maximum  value. 

Let  the  measure  of  deformation  be  referred  to  as  a  "strain,"  and  let  the 
strain  per  unit  of  a  reference  frame  be  called  the  "strain  density"  in  that 
reference  frame.  It  follows  from  the  foregoing  that  a  finitely  discretized 
physical  system  may  be  modeled  in  a  reference  frame  S,  as  a  strain  density 
field  T (S) )  and  such  a  model  would  uniquely  identify  the  physical  system 
except  with  respect  to  the  direction  of  gradients  and  curvatures  of  the 
material  properties  of  the  system. 

The  strain  density  field  T(S),  measuring  the  invariant  total  absolute 
deformation  field  Y#  may  be  expressed  as  some  function  of  y.  Desirably, 
a  simple  function  with  features  which  enhance  the  utility  of  the  resulting 
measure  should  be  chosen.  The  exponential  function  is  simple,  smooth,  makes 
the  measure  field  positive  definite  and,  above  all,  permits  the  measure  field 
to  be  split  conveniently  along  desired  coordinate  directions  of  a  reference 
frame.  Because  of  these  desirable  features  the  exponential  function  will  be 
employed  to  express  the  strain  density  field  of  physical  systems.  Thus: 


For  finite-difference  computation,  the  reference  frame  SlsSt},  of  a 
physical  system  is  usually  represented  as  a  finite  set  of  curvilinear 


coordinate  curves,  s  ,  sequenced  along  the  time  coordinate. 


The  components 


of  the  deformation  and  the  strain  density  fields  along  each  s1  coordinate 
curve  are  than: 


axi(A>  -  KlVi  *  Ki*i^i 

08iUi)  -  <2ivGi  + 

Vsi)  “  K3{leTil  +  l(wTi  +  V'K 


ri(,i)  ■  +  k2<yg1  ♦  eGiiKt  +  K3{l0Til  +  |(v  +  V'w] 


-y- -v.  ‘  . 

•,  K' J.?., 'Vi*'  .  . 
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where  overbars  denote  appropriately  normalized  quantities;  and 

l|>,  »  l/ln(N.  -  1).  Note  the  crude  similarity  between  Equation  (7d)  and  the 

11  5 

grid  stretching  ideas  of  Dwyer  et  al. 

The  values  of  the  coefficients  kj(  may  be  chosen  arbitrarily 

within  certain  bounds,  and  may  therefore  be  used  to  produce  desired  weighting 

effects  on  scale,  geometry  and  physics,  respectively.  In  that  sense,  k^, 

,  k3  may  be  called  grid  clustering  intensity  coefficients.  From 

experimenting  with  a  few  examples  the  following  typical  values  seem  adequate: 


*1  "  11  K2  "  ~0'1’  0  <  *3  1  5  (8) 

For  dynamical  systems  with  advection  and  diffusion  of  properties,  is 

really  a  function  of  the  average  cell  Reynolds  number  Rec  5  UL/ (VN) , 
where  U,L  are  respectively  the  scaling  parameters  for  velocity  and  length  in 
the  physical  system,  and  v  is  the  relevant  diffusion  coefficient. 

Any  value  of  >  0  produces  grid  clustering  adaptive  to  a  subject 
system's  physics  at  an  intensity  proportional  to  k^.  But  values  of  k3  >  5 
may  tend  to  overpack  the  grids  leading  to  both  numerical  errors  and  reduced 
computational  efficiency. 

Given  the  invariance,  with  respect  to  reference  frames,  of  the  total 
absolute  strain  of  a  system,  one  may  refer  to  a  strain  field  model  of  a 
physical  system  in  a  reference  frame  as  an  "invariant  map”  of  that  system. 

The  process  of  generating  such  strain  field  models  in  different  reference 
frames  may  then  be  called  "invariant-mapping." 


Sample  confutation  of  strain  density  fields 

Consider  the  following  simple  physical  system:  a  plane  parabolic  curve- 
y  «  1  -  x2,  0  <  x  <  1 — with  a  sine  wave  distribution  T  ■  sin(2irx) ,  of 

temperature  along  the  curve.  Let  the  system  be  discretized  by  N  cells, 
absolute  strain  density  field  may  then  be  computed  as  follows: 


scale  influence  parameter 
base  geometric  space  curvature 
reference  geometric  space  circular  curvature 
(where:  yx  -  3y/3x,  -  32y/3x2) 

reference  geoewtric  space  torsion 
material  ahaar 
material  circular  curvature 
(where:  T#  ■  3t/3s,  T#g  •  32T/3a2) 


T 


Tss/(1  +  ts)3/2 


The 


-  l/*n(N  -  1) 
y.  -  1/N 

WG  "  +  *X,3/2 


geometric  strain  density 


material  strain  density 


absolute  strain  density  “ 


•  exp{KxuA  +  <2WgH») 
-  exp|ic3*(|eT|  + 

f|oy  +  k2^G  +  ^(^tI  *  Kl)j 


Figure  1  displays  these  strain  density  fields/  for  the  parameter  values) 
K  ■  1,  <2  *  -0.1,  i<3  -  0.05,  N  -  10. 


0  33  .W  1.0 


(a)  geometric  field 


o  i  i.O  l.i 

i 

(b)  material  field 


rG'.  GEOMETRIC  STRAIN  DENSITY 


iy  MATERIAL  STRAIN  DENSITY 


0  .5  1.0  l.S 

s 

(e)  strain  density  fields 

Pig.  1.  Sample  strain  density  field  model  of  a  physical  system 

IWNMilC  GRID  GENERATION  USING  INVARIANT  -HARP  ING 

A  fundamental  requirement  of  a  dynamic  grid  is  that  the  grid  intensity 
should  at  all  times  mimic  the  unified  influence  of  the  scale,  geometry  and 
physics  of  the  subject  system  in  the  reference  frame,  this  may  be  assured 
by  equidistributing  any  proper  measure  of  the  unified  influence  of  the  scale, 
geometry  and  physics  of  a  system  among  the  discretising  grid  culls. 

Recalling  that  the  absolute  strain  field  of  a  physical  system,  as 
conceptualised  in  this  paper,  instantaneously  measures  the  unified  influence 
of  the  scale,  geometry  and  physics  of  the  system  in  the  system's  refer an oe 
fr«e,  it  follows  that!  "the  dynamic  grid  of  a  system  in  a  reference  frame 
may  be  constructed  by  requiring  that  the  instantaneous  absolute  strain  field 
of  the  system  in  the  subject  reference  frame  be  equidistributed  among  the 
grid  cells.” 
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The  equidistribution  of  the  instantaneous  absolute  strain  of  a  system  among 
its  discretizing  grid  cells  implies  the  relation: 

rk(S)  •  Avk(S)  =  constant  =  4>(t)/N  (9) 

where  r^iS)  is  the  local  value  of  the  strain  density  in  the  kth  discretizing 
cell  of  size  Av^ (S ) ,  in  the  reference  frame  s{s,i,t}|  4>(t)  is  the  instan¬ 
taneous  total  absolute  strain  for  the  subject  physical  system:  and  H  is 
the  number  of  discretizing  grid  cells. 

The  invariance  of  the  total  absolute  strain  of  a  system  which  respect  to 
reference  frames  then  implies  that: 

N 

2  rk<s)  •  Avk(s)  s  «(t)  do) 

k=l 

•  instantaneous  constant  in  all 
reference  frames 

In  view  of  relations  (9)  and  (10)  it  follows  that  between  any  two  invariant-maps 
of  a  physical  system,  each  discretized  by  the  same  number  N,  of  grid  cells, 
the  following  relation  must  hold  at  any  instant: 

^(Rj)  •  AVj^O^)  -  I^O^)  •  AVJt(R2)  =  $(t)/N  (11) 

where  ^(Rj),  ^(R^  are  local  values  of  the  subject  system's  strain 

density  fields  in  corresponding  cells  of  sizes  AVk (R^) , 
reference  frames  R^{rJ,t},  R^r^.t),  respectively. 

Relation  (11)  implies  that  provided  a  physical  system  is  not  an  infinitely 
deformed  space  a  transformation  with  nonvanishing  Jacobian  exists  by  which  a 
physical  space  dynamic  grid  for  the  system  may  be  related  to  some  prototype 
(or  computational)  space  dynamic  grid  of  prescribed  features. 

THE  TAD  COMPUTATIONAL  SPACE 

In  light  of  the  invariant-mapping  and  dynamic  grid  generation  schemes 
already  presented  in  this  paper  it  may  be  observed  that  if  an  invariant-map 
of  a  physical  system  is  discretized  with  a  dynamic  grid  whose  metric  is  based 
upon  the  instantaneous  absolute  strain  of  the  subject  physical  system,  then 
such  a  dynamic  grid  will  alwaye  be  uniform  and  rsgular.  The  change  of  the 


AvJt(F2)  in  the 
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space  metric  will  essentially  appropriately  "stretch"  all  "equi-strain" 
regions  to  become  "equi-sized"  regions. 

The  new  reference  frame  represented  by  this  uniform,  regular  dynamic  grid 
is  referred  to  in  this  paper  as  tau  space, 

In  order  to  map  a  physical  system,  discretized  by  N  grid  cells,  from  its 
physical  space  reference  frame  S{si,t}  to  tau  space  T(5*,t},  relations  (9) 
and  (10)  are  combined  to  form  the  following  special  tau  space  invariant  mapping 
relation: 


1  N 

rk(s)  •  Avk(s> 

/ 

rk(s)  •  Avk(s) 

k-1 

Av*  (T) 


(12) 


where  Av^fT)  is  the  unit  measure  of  grid  cell  size  in  tau  space.  Since 
Av* (T)  «  1/n,  this  unit  measure  of  grid  cell  size  in  tau  space  may  be  set 
equal  to  unity  and  made  time- independent  by  multiplying  relation  (12)  by  N. 

In  so  doing,  tau  space  becomes  an  integer  space,  with  N  ♦  AV*(T)  =  AV^CT)  »  1. 


A  grid  dynamism  constraint 

Applying  the  tau  space  relation  independently  along  the  boundary-fitted 
curvilinear  coordinate  lines  one  may  state  in  a  limiting  form  the  following 
transformation  relation  between  s{s  ,t}  and  T{f^  ,T } : 


Ss1/^1  -  s1. 


(M 


i/<Hiri)  =  v± 


(13) 


where  V  may  be  called  a  "strain  function"  field,  and  is  its  component  in 

the  i- coordinate  directioni  is  the  number  of  grid  cells  along  the 

i-coordinate  directioni  and,  no  summation  over  repeated  indices  is  intended. 

Equations  (13)  show  clearly  that  the  transformation  metric  coefficients 
relating  a  system's  physical  space  reference  frame  sisSt}  and  tau  apace 
,t }  are  explicit  functions  of  the  subject  physical  system's  absolute 
strain.  Since  a  system's  absolute  strain  is  formulated  to  mimic  the  scale, 
geometry  and  physics  of  the  system  at  all  times,  it  follows  that  Equations  (13) 
constitute  a  valid  set  of  generation  equations  for  dynamic  grids — moving  grids 
adaptive  to  the  scale,  geometry  and  physics  of  a  subject  physical  system. 
Thereto  Equations  (13)  may  be  called  a  grid  "dynamism  constraint"  relation. 


* ?*:***¥  rx. 


846 

The  grid  dynamism  constraint  is  equivalent  to  the  following  requirement: 


Physical-Tau  Space  Transformation 

Jacobian  Field,  J  =  Physical  System  Strain  Function  Field,  V 

-  Physical  Space  Dynamic  Grid  Cell  Size  Field 


Steger  and  Sorenson7  imposed  this  requirement  in  their  grid  method  but  employed 
an  empirical  static  model  for  V  instead  of  the  dynamic  strain  function 
field  introduced  in  this  paper. 

One  may  further  establish  the  transformation  metric  coefficients  in  terms 
of  the  base  coordinate  system  x{x*,t}.  This  requires  knowledge  of  the 
transformation  relation  between  xtx^t)  and  sfs^t}.  If  xtx^t}  is 

Cartesian,  then  the  quadratic  form:  (dsi)2  »  g, ,  dxi  dx7  may  be  expressed 

13  i 

in  terms  of  the  angle  of  slope  ^ ,  of  the  curvilinear  coordinate  curve  s 
relative  to  the  base  coordinate  line  x7;  the  result  is: 


ds*  “  dx7  cos  (14) 

For  a  two-dimensional  problem  space  the  use  of  Equation  (14)  permits  the 
general  first-order  transformation  metric  coefficient,  x^  «  3xV3£^  to 
be  written  in  terme  only  of  the  strain  function  field  and  the  angle  of  slope 
fields,  as: 


x^.  ■  V.  cos  a.,  (no  suosiation)  (15) 

£3  3  31 

For  a  three-dimensional  problem  space  the  cosine  function  would  be  replaced  by 
a  more  complicated  function  of  a^.  Higher  order  metric  coefficients  my  be 
obtained  by  repeated  differentiation  of  Equations  (15) . 

A  grid  orthogonality  constraint 

A  requirement  of  orthogonality  would  impose  constraints  on  the  a^-fields, 
commensurate  with  the  constraint  that  the  transformation  metric  tensor 
g^  =  x^jXgj  have  only  diagonal  entries. 

The  a^-fields  may  be  computed  by  developing  and  solving  their  governing 
differential  equations,  for  instance  as  suggested  by  Warsi. 8  Alternatively, 
the  -fields  may  be  obtained  by  interpolation  between  known  boundary  values, 
aa  discussed  in  Appendix  1  of  this  paper. 
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A  grid  smoothness  constraint 

In  addition  to  and  higher  derivatives  thereof  there  are  also  the 

i  i. 

transformation  metric  coefficients  x  =  3x  /3f,  which  indicate  the  speed  of  the 

i  T 

dynamic  grid.  The  evaluation  of  x  has  significant  consequences  on  the 

T  3 

quality  and  utility  of  any  adaptive  grid  method.  Rai  and  Anderson  have 
attempted  an  empirical  model  of  x^  with  encouraging  results.  A  nonempirical 
expression  for  x*  may,  however,  be  given,  based  upon  a  generalized  principle 
of  continuity,  namely:  “that  a  property  Q,  of  an  object  evolves  in  the  space 
of  that  object  always  according  to  the  generalized  advection-dif fusion  law: 

OQ/St)  =  V{-u*Q  +  v*Vq)  (16) 

where  t,  V  are  respectively  time  coordinate  and  the  V-operator  in  the  object- 
space,  and  u*,  V*  are  respectively  the  advection  and  diffusion  coefficient 
fields  of  the  subject  property  in  the  object-space.” 

Such  a  continuity  principle  merely  specifies  a  "smooth”  field  of  the 
subject  property  in  the  object-space. 

The  object-space  of  interest  here  is  the  computational  (or  tau)  space 
T{£*,t}.  In  tau  space  the  physical  space  base  coordinates,  x  ,  are  dependent 
variables  which  evolve  by  advection-diffusion  processes.  Therefore,  from 
Equation  (16)  a  natural  constraint  on  the  physical  space  base  coordinates  x1 
in  tau  space  is: 


1  nr  *  i  .  *n  il 

x^  «  Vl-u  x  +  v  Vx  } 


A  physics-adaptive  geometry  for  a  problem  space  essentially  requires  that: 

(a)  the  diffusion  coefficient  for  x  be  identical  with  the  diffusion 
coefficient  v,  of  the  dependent  variable (s)  driving  x*,  and  (b)  the 
advection  velocity  for  x*  mimic  the  corresponding  advection  velocity  field  u, 
of  the  dependent  variable (s)  driving  x1,  but  always  remain  smaller  in 


magnitude.  That  is  v  «  Vj 
may  be  rewritten  as: 


c  u  and  0  <  c  <1.  Thus,  Equation  (17a) 


x*  ■  V{-c*uxi  +  vVx*} 


Equations  (17)  in  conjunction  with  Equations  (15)  are  a  complete  set  of 
generation  equations  for  the  physics-adaptive  geometry  of  a  physical  system. 
Since  they  derive  from  the  generalised  principle  of  continuity,  which 
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essentially  is  s  "smoothness"  constraint  on  the  evolution  of  property  in 
space,  Equations  (17)  constitute  a  grid  'smoothness  constraint*  relation. 
Equations  (17)  My  further  be  rewritten  in  an  elliptic  fora  as  follows: 


•-*  '  -*r-- 

,  . ,  v  ,  ■ '  •  >■  •>:*  '  -V- 


«  •- 


7 (vV*1)  -  {*T  +  V(c*uxi)> 

-  P^.t) 


(18a) 


For  a  boundary- fitted  but  nonadaptive  geometry,  x*  •  0  and  c  «  0.  Thus: 


VMVx*)  -  0 


(18b) 


One  nay  infer  from  Equations  (18)  that  the  popular  elliptic  grid  generator 
methods  of  Thoapson,  et  al9  constitute  an  imposition  of  the  grid  smoothness 
constraint  in  an  elliptic  form,  which  requires  either  no  adaption  to  a 
system's  physics  or  the  eapirical  formulation  of  a  complicated  grid  forcing 
function  P (£* ,T ) . 

A  TAU  COMPUTATIONAL  SPACE  METHOD 

In  general  one  would  first  transform  a  subject  physical  system  from  its 
physical  apace  to  a  tau  space  representation.  Then,  using  a  suitable  finite 
difference  method,  one  solves  the  transformed  system  instant  by  instant  on 
the  uniform,  regular,  fixed  grid  of  tau  space.  By  computing  also  the 
physical  space  grid  corresponding  to  the  fixed  tau  space  grid  at  each  desired 
instant,  one  then  has  an  instantaneous  physical  space  solution  of  the  subject 
system. 

The  detailed  tau  computational  apace  method  is  now  presented  and  illustrated 
with  two  sample  problems . 

Step  0:  specify  the  physical  problem  space.  The  physical  problem  space 
consists  of  the  set  of  governing  equations  and  the  initial  and  boundary  con¬ 
ditions  that  describe  the  geometry  and  physics  of  the  subject  system  in 
physical  space. 

Step  1:  obtain  the  tau  problem  space.  Transform  the  physical  problem 
space  into  the  equivalent  tau  problem  space}  that  is,  obtain  the  transformed 
governing  equations,  initial  and  boundary  conditions  that  describe  the  geometry 
and  the  physics  of  the  subject  system  in  the  idealised  reference  frame  -tau 
space.  For  this  purpose,  the  relations  in  Appendix  2  are  used.  This  consists 
of  the  application  of  (a)  a  grid  dynamism  constraint — to  continuously  adapt 
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the  geoewtry  to  the  physics  and  scale  of  the  problem  (b)  a  grid  orthogonality 
constraint-- to  reduce  the  number  and  complexity  of  the  transformation  as  trie 
coefficients;  and  (c)  a  grid  smoothness  constraint — to  functionally  express 
the  grid  speeds  x*  in  terns  of  the  sys tea's  physics,  geometry  and  discretisa¬ 
tion  scale.  The  result  is  a  set  of  equations  and  conditions  containing  only 
Tk,  V^,  and  as  the  dependent  variables  and  (?St)  as  the  independent 

variables. 

Step  2;  set-up  a  tau  space  finite-difference  achats.  Set  up  the  desired 
finite-difference  scheme  for  the  tau  problem  space.  For  this,  it  would  seen 
that  a  locally  one-dimensional ,  weighted-swan  finite-difference  method  would 
be  most  compatible.  Such  a  scheme;  (a)  has  nearly  identical  perspective 
of  the  "grid  cell1*  as  the  tau  oosputational  space  concept  of  this  paper; 

(b)  employs  a  three,  five,  and  seven  point  operator  for  one-,  two-,  and  three- 
diswnsional  spaces,  respectively;  (c)  is  antisymmetric  in  relation  to  the 
velocity  field;  and  (d)  may  be  used  in  conjunction  with  an  explicit  or  implicit 
solution  method. 

Step  3 i  obtain  the  tau  solution  space.  Implement  the  finite-difference 
solution  of  the  tau  problem  space,  for  instance  in  the  manner  shown  in  Figure  2. 


USIK  KW  TIM  Ova  Tk  FICUS  AM  CUMfNT  «,|  AM  V(  FICUS. 
COmWTt  STS  TIM  UVa  V| 


Til 


V,  AM  T„  FICUS 


Pis? 


Fig.  2.  Flowchart  of  tau  space  computational  method 
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It  should  be  noted  that  the  two  key  parameter  fields — and  V — critical 
to  these  solutions  ire  evaluated  in  tau  space  as  follows:  (a)  are 

evaluated  by  the  simple  interpolation  scheme  outlined  in  Appendix  1;  and 
(b)  V  is  evaluated  along  each  coordinate  direction  as: 

-  |j  r.  dsi|/(Niri) ,  with  no  summation  over  repeated  indices.  The  tau 

solution  space  consists  of  the  instantaneous  values  of  T^,  V  and  at 

the  tau  space  grid  nodes. 

Theoretically/  in  the  numerical  solution  process  each  time  level  (or 
instant)  should  be  iterated  until  Tfc,  v^,  and  simultaneously  converge 

everywhere.  In  practice,  however,  since  one  desires  only  that  the  discretizing 
grid  mimic  (but  not  necessarily  exactly  match)  the  unified  influence  of  the 
scale,  geometry  and  physics  of  the  subject  system,  it  is  usually  sufficient 
for  the  adaptive  grid  to  lag  the  physical  property  fields  by  one  time  level. 

For  the  initial  time  level,  however,  all  fields  must  be  solved  to  simultaneous 
convergence  everywhere. 

Step  4:  obtain  the  physical  solution  space.  At  desired  instants  obtain 
the  physical  solution  space  by  computing  the  base  coordinates  x1  at  each 
tau  space  grid  node,  corresponding  to  the  already  computed  T^,  V,  and 
fields.  For  this,  the  grid  dynamism  constraint  relations  (15)  are  integrated 
along  each  coordinate  curve,  using  boundary  values  of  x1. 

The  integration  procedure  used  in  this  paper  is  the  following: 


x1^1)  -  xi(l) 


fC  f"1 

K1^)  -  xl(l)  |  Wl  cos  oii  d?1  /I  V±  cos  au  d£l 
*1  •'l 


i  <  r  <  Hi 


no  suomatian  over  repeated  indices.  This  normalized  form  ensures  that  no 
boundary  overshoot  occurs. 

This  completes  the  solution  of  the  physical  system  at  the  desired  time 
instant. 

Illustrative  example  1.  Consider  the  following  1-D  Burger's  equation: 


■  % 

/  :  'v 

ft  t* 


.*?  > 

■  ...  V 


: 


•  jm*?  —  •■•t 


■  -uux  +  vUxx  )  -1  <  X  <  1 


u(x,o)  *  X  »  -1  <  x  <  1 


*  -1  )  X  =  1 


u(-l,t)  =  1  ;  u(l,t)  -  -1 


Using  the  1-D  version  of  Appendix  2,  the  transformed  equation  in  tau  space  is: 


uT  -  -u*ue  +  V*u^  »  5  >  1 


V/V  J  V  =  xr 


• .  •  -s 
I 

i 

/  % 
•  ■'*  1. 


U*  =  cu/v  ;  c  >  1  (c  =  1/(1  -  c*)) 

and  c*  is  as  defined  in  Appendix  2.  The  initial  and  boundary  conditions 
in  tau  space  conform  with  the  given  physical  space  conditions. 

Equation  (21)  is  discretized  with  a  weighted-mean,  finite-difference 
scheme  such  as  is  given  by  Fiadeiro  and  Veronis.*0  An  implicit  solution 
method  is  employed. 

The  results  are  presented  in  Figures  3  and  4.  For  all  Reynolds  numbers 

convergence  to  steady  state  was  rapid  and  the  maximum  error  at  steady  state 

was  less  than  0.01%,  provided  0  <  £  5  and  1  c  <  10  are  judiciously 

chosen — in  this  case,  in  proportion  to  the  average  cell  Reynolds  number 

Re  =  2/ (vN) ,  with  k,  5,  c  ■+  10  as  Re  -*•  “>  and  K,  0,  c  1  as 

C  3  C  3 

Re  0. 
c 

Illustrative  example  2.  Consider  the  following  two-dimensional  advection- 
dif fusion  equation: 


Ut  *  -lUx  -  a2uy  +  V(uxx  +  V  °-Xi1'  °^-1 

where  a^,  a^  are  positive  constants  or  variables. 

This  is  to  be  solved  in  a  square  domain  with  the  initial  and  boundary 
conditions : 


1 .  "".A ; < -W- 


*<•-.'  ■'  ■  •  '*-s- ' 

t r*- .. .  ’  w-r ^ _ 


c  *  1.1  C  =  10 

R»  =  10  N  *  7  R»  =  1C^ 


Fig.  3.  Steady  state  solutions  of  sample  problem  1 


(a)  u- field  in  physical  space  (b)  u- field  in  tau  space 


(e)  strain  density  field  fd)  x-field  in  tau  space 

Fig.  I*.  8teady  state  fields  of  dependent  Tariables  in  sample  problem  1 


u(x,0,  t)  ■  1  ♦  {1  -  exp(  (x  -  l)/v)}/{l  -  exp(-l/V) } 
u(0,y,t)  -  1  +  {l  -  exp((y  -l)/v  }/{l  -  exp(-l/v) } 
u(x,y,0)  -  1»  x  >  0,  y  >  0 
u(x,l,t)  -  u(l,y,t)  -  1 

Using  the  relations  of  Appendix  2,  the  transformed  equation  in  tau  space  is: 


where 


"T  -  -Vs 


U1  "  Cl(al 


u2  “  C2(a2 


cl'°2  i  1 


V1  “  V/Vl 


v2  -  v/v2 


-  u2“n  +  V«  +  v2V 

cos  a  +  a2  sin  a)/v3 
cos  a  -  sin  °0/V2 


£  >  If  n  >  1 


(23) 


The  initial  and  boundary  conditions  in  tau  space  conform  with  the  given  physical 
space  conditions. 

Equation  (23)  is  discretised  on  a  (7  x  7)  grid  in  the  Sr  D  direction# 
respectively#  using  a  weighted-mean  finite-difference  scheme.  Reference  10. 

An  iaplicit  locally  one-dimensional  solution  method  is  employed. 

The  results  for  Re  »  5,  k3  ■  0,  *3  »  1  and  c^  •  c2  ■*  1.1  are  presented 

in  Figures  S  and  6.  Convergence  to  steady  state  was  rapid  and  the  maxi— 
error  at  steady  state  was  very  small.  As  indicated  in  the  previous  exasple, 

«3  and  ci'c2  **•  functions  of  the  relevant  grid  cell  Reynolds  nueber  Rec# 
which  is  defined  in  Appendix  2  of  this  paper. 


CONCLUDING  REMARKS 

The  tau  computational  space  method  proposed  in  this  paper  is  a  dynamic 
grid#  weighted-mean  finite-difference  scheme  for  coaputing  physical  systems. 
All  computations  are  performed  in  tau  space,  which  at  any  instant  represents 
the  dynamic  grid  of  a  subject  physical  system  appropriately  stretched  into  a 
uniform,  orthogonal  grid.  An  implication  of  this  method  is  that  the  error  in 
a  finite-difference  computation  of  a  physical  system  would  be  minimised  if  the 
finite-difference  scheme  is  of  the  weighted-mean  type  and  proportionately 
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Fig.  5.  Solution  of  sample  problem  2,  with  grid  clustering 


anploya  the  Interactive  influences  of  the  physics,  geometry  and  discretization 
scale  of  the  physical  system  in  the  scheme's  weighting  functions.  In  such  a 
finite-difference  scheme  the  number  N  £  3,  of  the  discretizing  grid  cell 
nodes  would  no  longer  be  an  explicit  constraint,  since  N  is  involved  in 
the  scheme’s  weighting  functions. 

The  relationship,  if  any,  between  the  error  minimization  scheme  implied 
in  the  tau  space  method  and  that  employed  by  Gough,  et  al4  and  Brackbill  and 
Salzman6  has  not  been  investigated  in  this  paper.  Such  a  study  needs  to  be 
carried  out. 

The  tau  space  method  employs  the  three  essential  classes  of  constraints — 
dynamism,  orthogonality  and  smoothness — in  a  reasonably  simple  fashion  to 
appropriately  regulate  the  geometry  of  a  physical  system.  Each  of  these  three 
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essential  classes  of  constraints  can  independently  provide  a  control  on  the 
geometry  of  a  physical  system,  as  References  3,  11  and  9  have  shown.  But, 
the  concerted  action  of  all  three  classes  of  constraints  should  be  most 
desirable  from  the  point  of  view  of  enhanced  finite-difference  computation  of 
physical  systems. 

Other  desirable  features  of  the  tau  space  method  include  the  following: 

(i)  dynamical  similarity  is  inherently  maintained  between  the  physical  and 
tau  space,  by  virtue  of  the  strain  field  idea; 

(ii)  the  strain  field,  which  is  a  critical  element  of  the  tau  space  method, 
is  formulated  am  a  relatively  simple  function  of  the  geometrical,  physical 
and  scale  deformation  fields  of  the  subject  physical  system; 

(iii)  by  specifying  a  system's  geometry  in  terms  of  the  angle  of  slope 
fields,  relating  the  physical  reference  frame  and  a  uniform  base  geometry  of 
the  system,  the  system's  geometry  is  functionally  interpolated  in  a  rather 
simple  but  accurate  manner,  using  only  the  known  boundary  geometry  and  the 
strain  fields  of  the  system.  No  complicated  boundary  geometry  and  governing 
equations  need  be  derived  or  solved  in  order  to  adapt  a  system's  geometry  to 
its  physics.  This  lends  the  tau  space  method  the  desirability  of  the  algebraic 
grid  generator  methods; 

(iv)  all  transformation  metric  coefficients  are  evaluated  as  simple 
analytic  functions  of  the  strain  field  and  the  angle  of  slope  fields.  This 
obviates  those  computational  errors  usually  introduced  by  a  finite-difference 
recursive  evaluation  of  metric  coefficients; 

(v)  the  implementation  of  the  tau  space  method  is  reasonably  straight¬ 
forward;  the  transformation  relations  are  reasonably  simple;  and  the  resulting 
computational  efficiency  and  accuracy,  using  only  a  few  grid  cells,  appear 

to  be  quite  high;  and  finally 

(vi)  dynamical  systems  of  more  than  one  dependent  variable  can  be  handled 
without  increased  difficulty. 

By  being  able  to  operate  accurately  and  efficiently  with  minimal  number  of 
grid  cells,  the  tau  computational  space  approach  may  make  it  possible  to 
solve,  at  reasonable  costs,  some  large  physical  systems  which  hitherto  easily 
overtasked  available  computer  facilities. 

Many  interesting  features  of  tau  space  still  remain,  however,  to  be  fully 
understood. 
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Appendix  It  distribution  of  a^j  in  two-dimensional  tau  space 

The  general  scheme  for  computing  the  a^-fields  of  a  subject  physical 
system  in  tau  apace  is  not  given  here  but  may  be  readily  formulated. 

If  a  physical  space  is  a  plana  and  if  the  orthogonality  constraint  is 
Imposed,  then  only  one  -  a  field  requires  to  be  known.  For  such  cases 
the  distribution  of  a  on  the  bounding  curves  would  usually  be  known. 
Recognising  that:  (a)  at  any  instant  the  intermediate  curves  between  the 
bounding  curves  must  sswothly  develop  from  one  to  the  other*  (b)  the  spacing 
of  these  intermediate  curves  is  determined  by  the  transverse  component  V2, 
of  the  a train  function  field:  and  (c)  the  distribution  of  points  on  each 
bounding  or  intermediate  curve  is  determined  by  the  longitudinal  component  V2 
of  the  e train  ft action  field,  it  follows  that  if  one  can  establish  the 
adaptive  distribution  of  points  on  the  bounding  curves,  then  along  each 


£  “  constant  curve,  transverse  to  the  n  -  constant  curves,  one  knows  the 
boundary  values  of  a.  The  intermediate  values  of  a  may  than  be  estimated 
by  the  following  interpolation: 

“  "  (°I  +  V  f('*>  ,ja> 

where 

Oj  -  a(£,l)  +  n{a<e,n2)  -  a(£,l)} 

fn  -  rM2 

“g  -  1  Q  •*  -  n  I 
n  -  (n  -  d/(m2  -  i) 
f(n)  -  1  -  4nd  -  n) 
q  -  av2/3t 

Equation  (Al)  appears  to  give  results  which  satisfactorily  approximate  the 
solutions  of  the  wave- type  equations  (Reference  8)  governing  the  evolution  of 
(Xjj  on  a  plane  surface.  It  contains  two  parts.  The  first,  f(n),  is  a 
nonlinear  direct  interpolation  of  a  between  its  boundary  values  explicitly 
independently  of  the  problem's  inner  field  physics.  The  second  part, 

<*cf  (D)  is  a  "generation-of-a"  coupon ent.  it  is  explicitly  independent  of  the 
boundary  values  of  a  and  reflects  and  direct  influence  of  the  inner  field 
physics  on  the  system's  geometry. 

appendix  2«  transformation  ms  trie  coefficients 

When  a  physical  system  is  invar iantly  mapped  onto  tau  space  the  governing 
equations  must  be  rewritten  in  terms  of  tau- space  coordinates.  In  general, 
if  f  -  F^x1)  -  FjtC1),  i  -  1,  2,  3,  4,  then: 

9f/3£3  -  Of/ax1)  OxVa?3)  (A2) 

From  Equation  (A2)  and  higher  derivatives  thereof  generalised  transformation 
relations  can  be  fully  oonstrueted  for  derivatives  of  the  dependent  variable  f. 

From  the  grid  dynaadsm  constraint  relations  outlined  in  this  paper  the 
transformation  metric  coefficients  for  a  two-dimensional  space  may  be  written 
as  follows: 


r '  r  flT  i »  '  I1T  ~r  imiSUlt  'I  i  n - -  '  ~  - -  ■**"!»"**•  •-•'  '• 


x5  =  vx  cos  a;  ^  =  -V2  sin  a 


y^  =  v2  sin  aj  y^  =  V2  cos  a 


XT  =  '°JU1X?  ■  °2u2xn  +  V«  +  v2xnn 


yT  "  -°iuiy?  '  c2u2yn  +  V«  +  v2ynn 
J  -  V2  =  (x5yn  -  Vc> 

Vn  +  y?V  “  °-  (A3) 

where  ,  u2  are  the  transformed  advective  velocities  of  the  dependent 
variable  (s)  in  the  £  and  n-directions ,  respectively,  \>2  are  the 

corresponding  transformed  diffusion  coefficients;  and  0  £  c£  <  1,  k  =  1,  2 
are  constant  coefficients  whose  values  tend  to  unity  as  Rec  * 
tends  to  infinity  and  tend  to  zero  as  Rec  *►  0»  Rec  is  the  average  grid 
cell  Reynolds  number  based  upon  the  average  physical  space  grid  Bize  , 

the  scaling  velocity  0  and  the  relevant  property  diffusion  coefficient  v,_. 


',-*  "V  ^3*  •  #>£*■!*  '-,  JS:?*-1  «x»  #■  • 
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The  accuracy  of  finite  difference  solution  of  the  differential  equations  of 
fluid  flow  is  increased  by  fitting  the  mesh  to  flow  boundaries  and  refining  it 
where  the  solution  has  sharp  variation.  Fitting  a  mesh  to  flow  boundaries  is  a 

— i — - 

subject  of  current  research  effort.  Refinement  in  layers  at  the  boundaries  is 

readily  accomplished  in  a  boundary-fitting  grid. 

The  wave  fronts  and  shocks  of  many  gas  dynamic  flows  present  additional 

layers  of  sharp  variation  away  from  the  boundaries.  Before  the  benefits  of  mesh 

refinement  in  these  regions  can  be  obtained,  simultaneous  flow  solution  and  grid 

adjustment  are  needed.  A  split  calculation  that  alternates  between  steps  of 

solution  and  steps  of  mesh  improvement  would  be  nearly  as  fast  and  easier  to 

implement.  The  results  reported  here  are  derived  for  the  mesh  improvement  step 

of  the  split  calculation.  A  properly  refined  mesh  is  obtained  that  fits  a  given 

solution  function.  _  _  . .  . . 

An  optimally  refined  grid  for  numerical  computation  minimizes  the  truncation 

error  of  the  difference  equations  being  solved.  This  grid  has  proven  to  be  ex- 

2 

pensive  and  difficult  to  construct  for  one-dimensional  problems. 

A  readily  constructed  grid  that  can  reduce  truncation  error  uses  distance  s 
along  the  solution  curve  as  the  equally  incremented  computational  coordinate. 

Let  x  be  the  independent  variable  and  z  the  dependent  one,  and  let  variable 
subscripts  denote  differentiation.  Then 

2  .  2  , 
s  s 

so  that  xg  and  Zg  are  restricted  to  being  less  than  1  in  magnitude  for  any 

slope  z  .  Even  though  a  system  with  two  dependent  variables,  x  and  z,  needs  to 

X  2 
be  solved,  much  more  accurate  results  are  obtained  on  several  examples  than 

with  the  original  one-dependent-variable  system.  Adding  multiplecof  the  curva- 
3 

ture  to  the  distance  s  further  increases  the  accuracy  but  also  produces  a 
system  of  higher  order. 

A  generalization  to  two-dimensional  surfaces  of  the  one-dimensional  curvi¬ 
linear  distance  coordinate  is  the  equidistant  mesh,  in  which  the  grid  points 
divide  each  grid  line  into  segments  of  equal  lengths.  If  the  flow  region  is 


/ 


compact  and  simply  connected,  a  computational  domain  with  the  same  topology  may 
be  taken  to  be  the  unit  square.  After  the  corners  of  the  square  are  located  on 
the  boundary,  the  boundary  segments  are  mesh  lines  with  equidistant  mesh  points. 
An  alternating  direction  implicit  solution  can  then  be  carried  through  to  locate 
the  interior  mesh  points. 

The  difference  equations  to  be  solved  are  written  in  terms  of  the  grid  as 

projected  into  the  (x,y)  plane.  For  low  truncation  error  the  projected  grid 

4 

should  be  as  nearly  orthogonal  as  possible.  The  corner  points  are  therefore 
moved,  by  an  outer  iterative  calculation,  toward  achieving  orthogonality.  The 
algorithm  for  this  minimises  the  sum  of  the  squares  of  the  cosecants  of  all  the 
angles,  a  quantity  readily  calculated  from  the  vector  products  of  the  sides  of 
each  angle. 

Figure  1,  taken  from  a  previous  report,^  shows  the  grid  obtained  with  a 
rather  academic  example.  The  mesh  points  are  properly  clustered  where  the 
solution  surface  is  steep.  The  corner  points  are  located  so  that  at  least  some 
of  the  angles  are  nearly  90  degrees. 

The  gas  dynamic  example  in  Figure  2  represents  the  flow  of  air  past  a  semi- 
infinite  slab  with  a  wedge-shaped  leading  edge.  The  wedge  half-angle  has  been 
chosen  to  be  14.3  degrees  so  that  the  bow  shock  is  at  45  degrees  to  the  on¬ 
coming  Mach  2  flow.*"  The  rarefaction  from  the  shoulder  is  contained  between 
characteristics  of  slope  58.1  and  30.8  degrees.  The  flow  region  is  a  rectangle 
8  slab-widths  long  and  4  wide  that  extends  one  width  upstream  of  the  leading 
edge.  The  region  is  not  wide  enough  for  the  shock  and  rarefaction  wave  to 
Interact . 

Function  z  has  been  taken  as  a  smooth  approximation  to  the  Mach  number.  With 
the  origin  of  Cartesian  coordinates  at  the  leading  edge,  the  flow  is  approxi¬ 
mated  by 

z  »  1.728  +  0.272  tanh  2(y-x) 

upstream  of  the  rarefaction  wave.  Downstream  of  the  rarefaction  wave,  z  «  1.95. 
For  the  rarefaction  wave,  there  is  a  cubic  spline  Interpolation  in  the  slope 
between  z  «  1.46  and  the  z  -  1.95.  To  avoid  a  singular  point  on  the  boundary, 
the  center  for  the  approximation  to  the  rarefaction  wave  was  moved  0.1  slab 
width  below  the  shoulder. 

The  8  x  8  equidistant  grid  for  the  above  function  z  is  shown  in  Figure  3. 
Little  effect  of  the  function  Itself  is  evident.  Also  the  corners  of  the  flow 
region  apparently  Inhibit  the  motion  of  the  computational  corners,  which  remain 
very  close  to  initially  guessed  locations. 
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To  Increase  the  effects  of  functional  variations,  the  function  values  were 
multiplied  by  5  and  10  with  the  resulting  grids  shown  in  Figures  4  and  S.  The 
functional  effects  are  increasingly  evident:  the  grid  lines  cluster  near  the 
shock  and  roughly  fan  out  in  the  rarefaction.  In  Figure  6  the  4x8  grid  is 
presented  for  the  same  function  as  in  Figure  5.  Differences  between  Figures  5 
and  6  are  small.  One  may  conclude  that  mesh  refinement  will  not  appreciably 
alter  the  grid. 

The  equidistant  grids  satisfactorily  cluster  near  the  shock  and  the  flow 

corner,  but  are  so  distorted  as  to  be  unlikely  to  increase  the  accuracy  of  the 

difference  calculation.  An  alternative  to  the  equidistant  mesh  on  the  solution 

surface  is  an  Isometric  mesh.  Isometric  grid  lines  are  orthogonal  to  one 

another  and  become  more  nearly  equidistant  at  any  point  the  finer  the  mesh.^ 

The  isometric  grid  is  found  by  solving  Beltrami's  equations  for  the  two  grid 

8 

coordinates.  The  use  of  these  equations  has  been  suggested  and  some  calcula- 

9  10 

tions  made  by  analogy  with  the  widely  used  Laplace  grid  generators  to  which 

they  reduce  when  the  surface  is  plane.  A  disadvantage  of  the  isometric  grid  is 

that  it  Is  orthogonal  on  the  surface  rather  than  in  its  projection  on  the  (x,y) 

plane. 

One  may  conclude  that  the  equidistant  mesh  does  automatically  provide  refine¬ 
ment  in  regions  of  large  variation.  However,  the  mesh  can  be  useful  only  if  a 
way  of  obtaining  more  nearly  orthogonal  grids  is  found. 

Support  of  this  work  by  the  Air  Force  Office  of  Scientific  Research  is 
gratefully  acknowledged. 
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FIGURE  3  EQUIDISTANT  GRID  FOR  FLOW  MACH  NUMBER 


FIGURE  6  EQUIDISTANT  GRID  FOR  FLOW  MACH  NUMBER  TIMES  10 
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INTRODUCTION 

— '  Generating  computation  meshes  for  irregular  region*  have  been  of  lntereat  to 
a  lot  of  people  in  many  area*  of  reeeareh  for  a  long  time.  One  technique  that 
haa  met  with  eucceaa  over  the  long  run  haa  bean  to  generate  meahea  ualng  an 
elliptic  equation  or  a  ayatem  of  elliptic  equation*. 

The  technique  in  lta  almpleat  form,  uaea  a  ayatem  of  Laplace  equation*  which 
are  eolvad  by  direct  or  iterative  method*.  A*  people  gained  more  experience 
with  thla  method,  aource  terme  were  added  to  the  Laplace  equation*  to  gain 
additional  control  of  the  meah.  In  addition,  variable  coefficient*  of  the 
derivative*  were  added  for  further  flexibility. 

In  thla  paper work  with  a  method  that  ayetematlcally  generate*  a  act  of 
elliptic  equation*  without  having  to  explicitly  perturb  a  aet  of  Laplace 
equation*  with  aource  term*  and  variable  coefficient*.  Thla  technique  uaea  the 
variational  method*  often  aaaoclated  with  elliptic  equation*. 

'’’Uy 

Following  thla  introduction,'  w  ***  briefly  dlacua*  the  variational 
formulation  in  two— dime ne local  cartealan  geometry.  Then  the  formulation  will 
be  generalised  to  three  dimensions.  Next,  several  three-dimensional  test 
problems  will  be  shown.  After  displaying  thee*  three-dimensional  results, 
will  then  exhibit  an  application  of  the  mesh  generation  technique  in  two 
dimensions.  Thla  application  involves  generating  an  adaptive  mesh  for  a 

supersonic  flow  past  a  step  in  a  wind  tunnel.^ 

*Thi«  work  performed  under  the  auspice* 
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THE  VARIATIONAL  FORMULATION  IN  TWO  DIMENSIONS 

Finite  difference  schemes  on  nonuniform  meshes  sll  have  the  obvious 
characteristic  that  the  independent  variables  in  the  calculation  must  be  kept 
track  of  as  well  as  the  dependent  variables.  This  is  usually  done  by 
introducing  an  indexing  scheme  that  tags  the  Independent  variables  in  the  same 
was  as  the  dependent  variables.  For  example,  in  two  dimensions,  this  is  done 
by  assigning  two  Indices  to  a  variable  such  aa  the  fortran  dimension  statement 

dimension  x(30,40),  y(30,40) 

This  is  quite  suggestive  of  a  mapping.  This  mapping  la  one  from  a 
rectangular  array  of  Integers  to  a  set  of  real  coordinates.  By  filling  in 
between  the  points  using  an  interpolation  scheme  of  sosw  sort  we  now  have  a 
continuous  mapping  of  a  rectangular  region  into  some  two-dimens tonal  region. 
This  mapping  la  illustrated  in  figure  1.  To  be  more  systematic  we  will  call  the 
collection  of  points  farmed  from  the  indices  of  the  grid  points  the  parameter 
space  while  we  will  call  the  collection  of  points  formed  from  the  grid  points 
the  physical  space.  With  this  mapping,  we  now  have  a  tool  to  describe 
qualities  of  the  given  mesh  in  a  quantitative  manner. 


(UMAX) 

pr~ 


(IMAX.JMAX) 

3| 


_2| 

(IMAX.l) 


Fig.  1 


KM  -.v;  . 

MLv  >  .  .  .f  . -.rnyy-  ■ 


4’  *  /O' 

' 


■4,  ■  .  ■.  " 

•l;  *  ■'  *  '  ^ 


•.  , .  v  -■  i  Va.* .•  r  fy, 


867 

Aa  Illustrated  la  the  first  figure  we  consider  s  upping  from  the 
two-dltsensloaal  paraaeter  space  (utv)  to  the  space  ( x,y ).  He  can  quantify  a 
napping  between  these  two  spaces  using  the  following  functionals. 


*.  ■  1!  ^x.y*)2  +  (’x.y^2  d*d* 

(1) 

*o  "  //  ^x,yu  *  7x,yv>2  d*d7 

(2) 

lv  “  J7  w(x,y)J  dxdy 

(3) 

where 

,  _  3(*.y) 

STuTvT 

(4) 

and  w  Is  a  given  function  of  x  and  y. 

We  aow  describe  the  meaning  of  each  functional. 

The  Integral  In  equation  (1)  neasurea  the  snoothness  of  the  napping  from 
(u,v)  to  (x,y).  In  particular,  the  gradients  In  the  Integrand  neasurea  the 
spacing  of  the  constant  u  and  v  lines.  It  seens  plausible  that  a  nesh  that  has 
smooth  changes  In  spacing  would  have  a  functional  value  less  than  a  jeggedly 
spaced  mesh.  He  will  call  this  Integral  the  smoothness  functional.  The 
Integral  In  equation  (2)  measures  the  orthogonality  of  constant  u  and  v  lines. 
If  the  nesh  were  perfectly  orthogonal  then  the  Integral  would  be  sero.  He  will 
call  this  Integral  the  orthogonality  functional.  The  Integral  in  equation  (3) 
measures  how  well  the  volume  eleaents  are  confornlng  to  a  given  weight  function 
w(x,y).  If  we  were  to  mlnlnlse  this  Integral,  we  would  predict  that  Where  w  Is 
large  J  should  be  snail  and  conversly  where  J  Is  large  w  should  be  relatively 
small.  Further,  If  J  Is  snail  In  a  neighborhood  of  some  point  P  then  the  grid 
should  have  many  points  close  together  In  a  neighborhood  of  the  point  P.  He 
will  call  this  last  Integral  the  volume  weighting  functional. 

The  functionals  In  the  first  three  equetlons  all  neaeure  useful  qualities  of 
a  mesh.  Both  snoothness  and  orthogonality  of  a  nesh  are  Important  to  maintain 
accurate  differencing.  The  volume  weighting  functional  Is  useful  In  measuring 
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hew  •  Msh  1*  la  adapting  to  a  given  function.  In  addition  to  Manuring  Mah 
qualities,  theae  functlonala  can  be  uaed  to  generate  Mahee  aa  well.  Thle  la 
done  bp  deriving  a  system  of  elliptic  aquations  froa  the  functlonala.  Thla 
proceaa  la  broken  Into  aeverel  atepa. 

The  firet  atap  tn  thla  procaaa  la  to  write  the  Integrate  ualng  (u,v)  aa  the 
Independent  varlablea.  Thla  la  uaeful  later  on  whan  we  will  difference  bom 
equetlona.  Meat  we  take  a  linear  combination  of  the  integrate.  The  laabdaa 
are  all  choaen  poaltlve  and  their  relative  alee  determine*  the  importance  given 
to  each  Integral.  With  a  a  Ingle  aua  defined,  we  can  minimise  thla  Integral 
using  the  methoda  of  the  calculua  of  varlatlona. 

1  -  1,1,  +  x0i0  +  xviv 

,3  33  J  3  i  _ 

■  SH  5^  "  5T  F"° 

(3  _  3  8  .8  »  1  .  .  „ 

where  T  la  the  Integrand  of  the  right  hand  aide  of  equation  (5). 

To  do  ao  we  calculate  the  Buler  derivative  of  the  Integrand  of  the  aua  In 
equation  (5).  Theae  expressions  are  Hated  In  equetlona  (6)  nod  (7).  Notice 
that  having  written  the  Integrals  la  terms  of  (u,v)  we  can  now  difference  the 
correapoadlag  elliptic  equations  using  symMtrlc  difference*  on  a  rectangular 
region.  He  have  choaen  to  aolve  the  equations  ualng  an  Iterative  schema.  Thla 
aeheM  la  the  classical  Gauas-  Jacobi  Iteration  which  la  very  cm  nab  la  to 
vectorlsatlon.  How  that  we  have  given  a  sketch  of  the  two  dlMnalonal 
equations,  we  move  oato  three  dlMoalooe.  lafereoces  [1,2]  cover  the  two 
dlMnalonal  equations  la  mere  detail.  One  particular  detail  that  ahould  not  be 
left  to  the  references  la  that  la  practice  the  orthogonality  term  la  multiplied 
by  the  term  J3  to  eewater  problaM  with  rounding  errors.  This  new  term 
slightly  alters  the  effMt  of  the  fmaetloMl  la  that  regions  where  J  la  large 
are  orthogonallsed  Mrs  than  regions  where  J  la  small. 


(5) 

(6) 

(7) 
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GENERALIZATION  0?  THE  VARIATIONAL  FORMULATION  TO  THREE  DXMESIORS 

Tha  nrUtloul  fornulatlon  aaally  generalises  to  thrac  dtnensiona.  Tha 
first  atap  la  generalising  tha  aquations  la  to  define  tha  approprlata  napping. 
This  Is  slnply  dona  by  adding  oaa  spaca  dlaanslon  to  both  («,f)  sod  (x,y)  to 
gat  (u,y,w)  sod  (x,y,s).  Equations  (8),  (9),  (10)  sod  (11)  ara  tha  approprlata 
ganarallsatloos  of  aquations  (1)  thru  (A). 

I.  -  Uf  <Vy,.u>2  +  <**.,, ,">2  +  <**,y,«">2  d*d*d*  <•> 

*o  “  ///  ^x.y.s"  ‘  7x,y,.»>2 
+  tfx.y.t'*)  *  7x,y,.«>2 

♦  ^x.y.s^  *  vx,y,*«>2  <’> 

"  ///  w(x,y.s)J  dxdyds  (10) 


•here 


J 


a 

y 


(u.v.wi 


(11) 


Tha  only  raal  additional  couplexlty  is  found  In  tha  orthogonality  functional 
•here  two  additional  tarns  oust  ha  addad  to  Insure  that  orthogonality  of  all 
coordinate  lines  ara  naasurad.  Again  linear  conblnatlons  of  tha  Integrals  ara 
taken  and  tha  Euler  derivative  of  tha  Integrand  of  tha  sun  of  these  Integrals 
la  calculated.  Equations  (12)  thru  (IS)  list  these  expressions. 

I  -  1,1,  +  A0Io  +  X,ly 

J  3  _  3  8  ,8  »  _  8  »i..„ 

*57  5757;  575?;  57  57;  f  0 

i  8  88  88  88... 

57  57;”  57  57;'  57  57;  T'° 


(12) 

(13) 
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(15) 


5 

Again,  In  practice,  the  Integrand  of  the  orthogonality  tern  la  multiplied  by  3 
to  reduce  problems  with  rounding  errors* 


To  d'-monstrate  how  these  variational  principles  work  In  three  dimensions 
several  model  problems  will  be  presented.  The  first  problem  has  a  cubic 
physical  region.  Hlthln  this  region  a  spherical  exponential  weight  function  is 
defined  about  the  center  of  the  cube.  This  problem  will  show  how  the  weight 
functional  Influences  the  mesh.  The  second  problem  has  a  physical  region  that 
looks  like  an  Inverted  pyramid  with  the  tip  cut  off.  Thla  frustum  problem  will 
use  the  orthogonality  functional  to  show  Its  effect  on  the  aeeh.  The  last 
model  problem  uses  the  smoothness  functional  to  generate  a  mesh  around  a 
cylindrical  fuselage  and  an  attached  wing. 


Figure  2  shows  the  mapping  for  the  first  model  problem.  The  figure  Is  a  bit 
misleading  since  the  cube  actually  rests  at  the  origin.  There  are  20  points  In 
each  coordinate  direction  yielding  a  total  of  8000  polnce.  However  only  18  x 
18  x  18  (5832)  points  are  actually  Iterated  on  since  the  others  are  fixed  at 
the  boundary.  He  use  the  following  weight  function.  In  this  problem  the 
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weight  X  g  for  the  smoothing  functional  will  be  set  to  one  while  the  weight  of 
the  orthogonality  functional  will  be  set  to  zero.  The  weight  for  the  volume 
weighting  functional  will  vary  between  zero  and  one.  To  be  able  to  show  the 
full  variation  In  the  effect  of  the  weight  function  while  varying  the  parameter 
between  zero  and  one  a  geoaetry  dependent  normalization  was  Introduced  for  both 
the  weighting  functional  and  the  orthogonality  functional.  These 
normalizations  are  Introduced  by  dividing  the  lambdas  by  the  lambda  primes 
Introduced  In  equations  (16),  (17)  and  (18). 

V-(i)7  <«> 


X 


v 


(17) 


5  “  ^  ///  *(*.y.*>  dxdydz 


(18) 


where 


V  Is  the  physical  volume  region. 

1  Is  the  physical  length  scale. 

1  Is  the  parameter  length  scale  (number  of  points  In  a  direction). 


Theae  normalizations  were  arrived  at  by  using  dimensional  analysis.  The 
’dimensions''  of  the  weighting  functional  and  the  orthogonality  functional  were 
normalized  to  those  of  the  smoothing  functional.  Finally  the  weighting 
function  w(x,y,s)  is  defined  In  equation  (19). 


w(x,y,z)  -  1000  exp[(0.2S  -  (x2  +  y2  +  z2)1/2)2  /  0.05) 


(19) 


Figure  3  show*  the  behavior  of  the  weighting  functional  ee  a  function  of 
laabda.  The  behavior  of  the  curve  la  what  one  expects  since  as  aore  weight  Is 
given  to  the  functional  Its  Influence  should  be  felt  nore. 


Fig.  3 

The  triangles  aark  values  (right  axle)  of  the  voluae  weighting  functional 
and  the  squares  aark  values  (left  axle)  of  the  ■  soothing  functional. 

Figure  4  shows  various  cross-aectlons  of  the  aeah  when  Xv  la  set  to  one. 


Figure  5  Illustrates  the  f rue tun  used  In  the  second  nodal  problea.  The 
coordinates  of  the  bottoa  plane  of  the  frustua  are  (x,j,i)  -  (0.25,0.25,0.5), 
(0.25,0.75,0.5),  (0.75,0.75,0.5)  and  (0.75,0.25,0.5).  The  coordinates  of  the 
top  plane  are  (x,y,t)  -  (0.0,1),  (1,0,1),  (1,1,1)  and  (0,1,1).  In  this  problea 
the  weighting  for  the  eaoothness  functional  le  set  to  one  while  the  weight  of 
the  orthogonality  functional  varies  between  0  and  1000  .  The  voluae  weighting 
functional  la  not  used  and  subsequently  has  weight  taro.  Figure  6  shows  the 
behavior  of  the  orthogonality  functional  aa  a  function  of  X0  for  the  given 
range  0  to  1000  .  Again  the  curve  exhibits  a  predictable  behavior.  Figure  7 
shows  several  cuts  aade  Into  the  frustua.  The  cuts  display  how  the  aesh 
generation  algorlthn  pushes  the  grid  planes  upward  to  aake  as  aany  points  as 
orthogonal  as  possible. 


Fig.  6 

ght  axis)  of  the  orthog 
left  axis)  of  the  smoot 
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Figure  8  display*  the  lest  aodel  problem  used  to  demonstrate  the  mesh 
generator.  This  figure  shows  a  cylindrical  fuselage  with  a  wing  attached. 


The  fuselage  is  extended  so  that  the  cylinder  extends  -90  degrees  fro*  the 
horizontal.  In  addition,  a  wall  la  constructed  perpendicular  to  the  wing. 
With  these  extensions  a  rectangular  grid  is  wrapped  around  the  wing  as 
illustrated  in  figure  9  .  In  this  problem  the  smoothness  functional  will  first 
be  used  without  either  of  the  other  functionals  to  generate  a  regular  mesh.  In 
figure  10  a  cut,  seen  from  the  front  of  the  fuselage,  of  the  grid  la  shown 
after  50  iterations.  The  mesh  appears  to  be  regular  but  has  one  troubling 
characteristic.  One  notices  that  the  mesh  is  tightly  spaced  around  the  edge  of 
the  wing.  After  examining  the  equations  derived  fro*  the  smoothing  fur>;{d.  oal 
it  becomes  clear  by  using  electrostatic  analogies  that  the  mesh  llrep*  should 
bunch  around  the  sharp  wing  edge  much  as  potential  lines  concentrate  about  e 
lightning  rod. 

One  possible  way  to  fix  the  problem  at  the  edge  is  to  use  the  weighting 
functional  to  redistribute  the  grid  points  away  fro*  the  edge  by  choosing  a 
weight  function  appropriately.  Figure  11  shows  the  region  where  the  weight 
function  is  large.  Elsewhere  the  weight  function  is  very  small  or  zero.  The 
form  of  the  function  is  unimportant.  However,  its  location  is  away  from  the 
edge  making  It  a  good  candidate  to  pull  the  mesh  lines  away  fro*  the  wing  edge. 
Finally  figure  12  shows  a  cut  made  In  the  same  aanner  as  in  figure  10. 
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AN  APPLICATION  IN  TWO  DIMENSIONS 

In  this  section  we  will  show  how  the  mesh  generator  can  be  combined  with  a 
two-dimensional  cartesian  hydrodynamics  code.  All  three  functionals  will  be 
used  to  make  the  cartesian  code  adaptive.  The  step  In  a  wind  tunnel  problem 
will  be  solved  numerically  to  demonstrate  the  power  of  the  method.  This 
problem  has  been  studied  by  many  people  and  more  Information  about  Its 
background  can  be  found  In  references  (2,3].  We  first  discuss  the 
hydrodynamics  code. 

An  appropriate  model  for  the  wind  tunnel  problem  Is  the  compressible 
Invlscld  fluid  equations  in  two  dimensional-cartesian  geometry.  These 
equations  are  listed  below  using  a  lagrangean  formulation  and  an  Ideal  equation 
of  state. 

iB-  +  p7  •  u  -  0  (20) 


du 

p_  +  V  P 


(21) 


p«  +  PV 
dt 


u  -  0 


(22) 


p  -  (Y  -  1)  p  I 


(23) 


The  standard  variable  names  are  used,  p  Is  the  density,  p  Is  the  pressure 

♦ 

(which  could  Include  viscous  contributions),  u  Is  the  velocity,  I  Is  the 
Internal  energy,  t  Is  time  and  gamma  Is  the  ratio  of  specific  heats.  Although 
the  fluid  equations  are  Invlscld,  a  viscous  pressure  will  be  added  to  prevent 
ringing  at  shock  fronts. 
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The  equations  will  be  differenced  In  two  etepe.  The  first  step,  called  the 
Lagrangean  phase,  will  approximate  the  above  equations.  Following  the 
Lagrangean  phase  a  renap  phase  will  follow  allowing  an  arbitrary  mesh  to  be 
used.  Because  of  length  constraints  on  this  paper,  we  cannot  go  Into  detail  on 
the  differencing.  However,  some  general  connents  should  be  aade  about  the 
differencing. 


5 

«*• 


* 

i 
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In  the  Lagrangean  phase  a  conservative  differencing  scheme  Is  used  on  a 
staggered  quadrilateral  grid.  The  velocities  and  aaases  are  vertex  centered 
while  pressure  and  Internal  energy  are  cell  centered.  Differencing  Is  explicit 
in  tine  and  stability  Is  maintained  using  a  courant  limitation  on  the  time 
step.  More  details  can  be  found  In  reference  [2].  The  remap  phase  of  the 
calculation  Is  also  conservative  making  the  entire  scheme  conservative.  The 
central  Idea  employed  In  the  remap  phase  Is  the  utilization  of  the  fully 
two-dimensional  FCT  algorithm  of  Zalesak  generalized  to  an  arbitrary 


INFLOW  PARAMETERS 

p  =  1.4 
P  =  l.O 
u  =  3.0 
v  =  0.0 
7  =  1.4 


n*.  13 
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quadrilateral  mesh  (references  [2,4]).  The  remap  phase  Is  dissipative  Insuring 
stability. 

Figure  13  Is  a  scheaatic  of  the  Initial  conditions  and  boundary  of  the  wind 
tunnel  problem.  Free  slip  boundary  conditions  are  used  on  the  top  and  bottom 
boundaries  since  the  model  Is  lnvlscld.  At  the  corners  of  the  step,  the 
velocities  are  constrained  to  a  direction  parallel  to  a  chord  formed  using 
adjacent  boundary  points.  The  outflow  boundary  conditions  simply  set  all 
normal  derivatives  to  zero.  As  It  turns  out,  the  flow  Is  always  supersonic  at 
the  outflow  boundary  making  the  boundary  conditions  irrelevant.  The  Inflow 
boundary  Is  set  to  make  the  flow  Mach  3  .  The  Interior  initially  also  has  a 
uniform  Mach  3  flow  In  the  horlcontal  direction.  Next,  the  initial  mesh  (120  x 
40  cells)  Is  created  using  the  smoothness  functional.  Finally  we  introduce  the 
weight  function  used  In  .'■he  volume  weighting  functional.  It  Is  well  known  for 
this  problem  that  multiple  shock  structures  develope  throughout  the  region.  To 
resolve  these  structures  we  have  chosen  the  gradient  length  of  pressure  listed 
In  equation  (24). 

w(x,y)  -  |Zl|2  (24) 

P 


Figures  14  and  13  are  snapshots  of  the  computation  at  times  0.5  and  2.0 
respectively.  The  primary  purpose  of  these  Illustrations  Is  to  show  that  the 
grid  changes  drastically  over  time  In  order  that  It  may  follow  the  structure  of 
the  flow.  Further  comparisons  can  be  made  at  fixed  times  to  show  that  the  grid 
Is  concentrated  around  gradients  in  the  pressure.  Another  property  of  the 
computation  mesh  that  Is  observed  Is  how  It  aligns  Itself  with  the  gradients  of 
the  pressure.  The  cells  contract  In  a  direction  parallel  to  the  gradients 
which  enhances  the  resolution  more  than  If  the  cells  shrunk  In  a  uniform 
manner.  Computations  were  carried  out  without  using  the  weighting  functional 
as  well.  The  primary  shock  structures  were  still  recognised  In  this 
computation,  but  shock  thicknesses  wars  doubled.  Also  finer  structures  that 
appeared  near  the  shocks  were  lost  completsly.  In  this  particular  problem, 
very  little  extra  computation  time  was  expended  In  running  with  an  adaptive 
mesh  for  two  reasons.  The  first  reason  Is  that  the  adaptive  algorithm  adds 
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little  expense  since  few  Iterations  were  needed  to  update  the  mesh  each  tlae 
step.  A  aore  Important  factor  was  that  the  Courant  condition  for  this  problea 
was  most  Halting  at  the  step  corner.  As  a  result  both  probleas  ran  with 
alaost  the  saae  nuaber  of  tlae  steps  for  a  fixed  Interval  of  tlae. 

CONCLUSIONS 

To  conclude,  we  suamarlse  our  results.  We  have  shown  that  the  variational 
formulation  for  generating  aeshes  can  easily  be  extended  to  three  dimensions. 
Further  the  aesh  generation  equations  behave  in  an  easily  predictable  manner  as 
Illustrated  with  the  three  aodel  probleas  given.  We  have  also  outlined  a 
successful  two-dlaensional  application  of  the  aesh  generator  to  a  problea  with 
moving  multiple  structures.  The  aesh  generator  moved  the  coaputatlon  grid  with 
the  shock  fronts  and  enhanced  the  resolution  of  the  difference  scheme 
significantly. 
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INTRODUCTION 

V  \ 

— >  Recently,  the  problem  of  numerical  generating  curvilinear  coor¬ 
dinate  meshes  has  received  a  vast  exploration  because  of  its  out¬ 
standing  importance  in  solving  the  partial  differential  equations 
of  continuous  mechanics.  The  major  advantage  of  this  method  is  that 
the  boundary  of  the  region  becomes  a  coordinate  line  which  decided¬ 
ly  simplifies  the  numerical  schemes  for  approximate  integration  of 
boundary  value  problems.  In  some  sence  the  method  of  adapted  coor¬ 
dinates  is  an  alternative  to  the  method  of  finite  elements. 

In  two  dimension  the  most  natural  way  to  create  curvi 1 i nearyl — 
meshes  was,  perhaps,  the  inversion  of  conformal  mapping1''3.  This 
approach  was  generalized  by  means  of  variational  principle'^^The 
coordinates  obtained  in  this  way,  however,  were  not  orthogonal  in 
general  and  the  Jacobian  assumed  in  some  cases  incomfortable  values 
approaching  zero  or  Infinity.  It  was  due  to  the  rigid  prescription 
of  the  boundary  points.  The  orthogonality  has  been  restored  only 
after  reducing  the  conditions  on  jthe  boundary  points  to  the  natural 
ones  for  a  conformal  mapping’*  .  In  present  note  an  other  approach 
ensuring  the  Jacobian  to  be  a  priory  prescribed  function  is  at¬ 
tempted. 


GOVERNING  EQUATIONS 

Consider  a  region  0  In  the  plane  Oxy  with  boundary  6D.  The  trans¬ 
formation 

(1)  x  =  x(C,n)  and  y  =  y(C, n) 

relates  D  to  a  region  O'  of  the  plane  Otn  (see  fig.l).  Respectively 
C  =  const  and  n  s  const  represent  two  families  of  curves  in  Oxy 
which  are  desired  to  be  orthogonal.  Then 

(2)  ♦  y^y^  -o 

where  subscribing  denotes  a  partial  differentiation. 

Since  eq.(2)  Is  not  enough  to  define  the  two  functions  x  and  y 


886 


one  more  relation  is  needed.  In  present  work  it  is  chosen  to  impose 
a  condition  on  Jacobian,  namely 

(3)  xcyn  -  xnyc  *  f'^x.y)  * 

where  f(x,y)  is  certain  arhitrary  function.  &especti vely  F(c,n)  * 
f ( x ( C  ,n )  ,y(C ,n  ) )  •  In  the  case  when  f(x,y)  =  l  the  coordinates  ob¬ 
tained  can  he  named  "uniform". 

The  boundary  conditions  for  the  system  (?),{3)  are: 

(4)  e(x,y)  =  0  at  (x,v)£«0,  i.e.  at  (e.nleeo' 

where  *(x,y)  is  the  analytical  representation  of  the  curves  which 
comorise  6D.  For  complete  definiteness  it  is  necessary  to  prescribf 
the  rule  of  correspondence  between  the  corners  A,B,C,E  and  A',B', 

C '  ,E  1  (see  f i g .  1 ) . 


The  boundary  value  problem  (2), (3)  and  (4)  in  its  present  form 
is  very  Inconvenient  for  direct  numerical  integration.  In  addition 
its  correctness  Is  not  obvious.  However,  (2)  and  (3)  are  readily 
transformed  to 

(5)  f(x,y)xc(xj  ♦  y*)  *  y„  and  f(x.y)yc(xj  ♦  yj;)  -  -Xfi 

which  is  certain  nonlinear  generalization  of  the  Cauchy-°i emann 
problem.  This  is  which  assures  one  that  the  problem  is  of  elliptic 
type  and  could  be  expected  to  possess  a  soluti  under  the  bounda¬ 
ry  conditions  (4). 


W.-9- 
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After  obvious  manipulations  one  finds 
(*)  +  v*)(*J  ♦  vj)  ■  1 

and  then  eqs.(5)  are  easily  transformed  into  following 

(7)  f{*.y)y„(x£  +  Vf)  *  x?  and  f(x,y)xn(x^  +  y*)  =  -y^ 

The  last  set  of  «quations  is  not  independent  of  (c)  and  it  is  out¬ 
lined  only  for  further  convenience. 

Since  sufficiently  fast  numerical  method  for  direct  integration 
of  Cauchy-niemann  problem  is  not  known  it  is  convenient  to  render 
(5)  and  (7)  into  more  standart  form,  namelv: 

(»)  V(x-J',Hn  IT  *  &  '  »• 

2  2  2  2  2  2 

where  H  r«  xr  ♦  yr  and  H  *  x  ♦  v  end  the  squares  of  the  coor- 
>  s  s  n  n  n 

dinate  scale  factors.  This  system  of  two  second-order  differential 
equations  is  equivalent  to  a  boundary  value  problem  of  Cauchy- 
Riemann  type  only  when  one  of  the  first-order  equations  is  satis¬ 
fied  at  the  boundary  ao.  In  present  work  it  is  assumed  to  employ 
the  orthogonality  condition  (2)  as  a  boundary  condition  for  (8), (9) 
along  with  (4). 


METHOD  OF  SOLUTION 

In  order  to  solve  the  set  of  nonlinear  elliptic  equations  (8), 
(9)  with  the  boundary  conditions  (2), (4)  the  method  of  convergence® 
is  chosen.  Therefore  derivatives  of  x  and  y  with  respect  to  some 
fictitious  time  t  are  added  into  (8)  and  (9)  respectively, 


(ID 


»v 


TT 


fH‘ 


iv 

TT 


4  fu2  22 
in  t  »n 


The  f ini te-df fference  scheme  is  constructed  on  the  basis  of  the 
alternating-direction  method®! 
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<**>  -&T1  •  *;«  ♦  *:«•  .  '-i&±  •  *;> •  »;»•  « 

n  +  1 
.1 

h .  5r  "C  "f) 


(13)  Xil  ~dii  =  A?X  +  Anxn  +  1 


vn+1-V 

-to11  ■  »?»  * 


Here  »nj ) ,  E^m(i-l)h^-n,5h?i  o.j  =  (j-l)h^-0.5h^,  where  and 

hn  are  the  unlform  9rid  spacings  in  and  directions  respectively. 
The  differential  operators  are  apornximated  with  second  order  of 
approximation  as  follows: 

*ui,i  *  *i-i,  j 

-  ]*.,1 

•  [<fHt»”„4  *  *i.j 

where  is  either  x  or  y. 

The  above  scheme  Is  completed  with  a  second-order  aoriroximation 
of  the  boundary  conditions  (21  and  (4): 

(xl,j  +  l  '  X1J-1  +  x2 , j  +  1  *  x2,j-l)(x2,j  "  X1J> 

-  yjt1.!  ♦  y^.j  +  l  '  y2,j-l)(5,2,j  '  h.jj  ■  0  • 


*1*1 if"  +  y1.1  *  y2.J  if"  .  _  F' 

2  »X  T  T  iy  ‘  * 


(12a) 


h.  .tvr  J 


{ 12h  ^ 


(x1,ui  '  +  xM+l,i  +  l  *  x5+1.J-1,('m,<  '  *‘\j' 

+  ^yM,j  +  l  ‘  4  y"+l,i+l  *  0  • 


Vj  4  X,*+l..i  i£n  ,yM,j  4  VM+j.,1  iln  ,  .  Fr 
i  a  x  2  a  v 


XM,,i  4  xM+l.j  >Fn  yM,j  4  yM+l,j  4£n 

2  ix  2  »y 


»y  • 


,x"  -Vn  +  »n  .  xn  w  "+1  .  ,n+1  \ 

'Xi+l,l  Xi - 1 » 1  X 1  -*•  1  * 2  X1 -1 ,2  ' ' X1 , 2  *1.1  ’ 


(13S) 


4  (y1+l,l  *  yi-l,l  4  y1 +1 , 2  _y"-  1 . 2^yf  tl  '  V"!l) 


n+1  vn+l  n  +  1  n+1 

xl,l  *  -hi  iL  +  y<-»i  *  y<>2  i£n  .  .  F« 

2  ax  2  ay 

♦  xLi ;  *?.2  if"  +  yLi  :_yit2  ^ 

7  »x  2  ay  * 


*n  -  xn  -  *"  u*n+1  *n  +  l» 

*1+1, N  X1-1,N  4  Xi+1,N+1  X1-1,N+1HX1  ,N+1  xi,N' 

(yui.N  *  yi-i ,n  4  yi+i,n+i  ’  ■  0  » 


(13b) 


n+1  n+1  n+1  n+1 

X1.N  4  x1.»»+l  IF"  .  y1.N  4  y1.N+l  »Fn  „n 

2 —  - 77  4  ■  -1  '2 —  - Tv  *  *  F 


X1.N  4  X1.N+1  IF"  y1,h  4  y1,N+l  lFn 

2  ax  2  ay  • 


The  major  significance  of  the  scheme  proposed  here  Is  that  the 
functions  x  and  y  are  being  computed  together  as  a  vector  at  each 
fractional  step.  This  appear  to  be  crucial  because  of  the  struc- 
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ture  of  the  boundary  conditions  containing  both  the  functions.  In 
fact,  on  each  half-time  steo  an  algebraic  system  of  followin')  type 
is  solved: 


04) 


xi-l  xi  xi+l  fi 

*(„  ’)  *  C{J)  4  B{ w,  +  1)  -  {„’) 


i  4 1 


Here  A,B,r  are  natrices  2x2.  It  is  easily  proven  that  they  satisfy 
the  sufficient  conditions  for  stability  of  the  Gaussian-elimination 
-type  method  proposed^  for  system  with  the  above  structure. 


RESULTS  ANO  hlSfUSSION 

The  method  outlined  here  can  be  used  in  two  major  ways.  The 
first  is  the  construction  of  regular  orthogonal  meshes  for  domains 
with  curved  boundaries.  The  simpllest  and,  perhaps,  the  most  natu¬ 
ral  definition  of  regularity  is  the  requirement  Jacobian  to  be 
equal  to  unity,  l.e.  f«l.  The  meshes  related  to  this  condition  can 
be  informally  named  "orthonormal M . 

First  of  all.  It  has  been  checked  out  wether  cartesian  coordi¬ 
nates  appear  to  be  among  these  uniform  coordinates.  Indeed,  when 
the  above  boundary  value  problem  has  been  solved  for  the  case  when 
the  region  9  is  simply  the  unit  square,  then  the  mesh  obtained  has 
resulted  Into  cartesian  set  with  very  oood  accuracy. 

The  next  test  has  been  to  generate  an  uniform  orthogonal  mesh 
for  the  curvilinear  rectangular  domain  shown  on  fig. 2.  It  is  spe¬ 
cially  selected  to  possess  right  angles  in  order  to  avoid  some  dif¬ 
ficulties  connected  with  the  breaking  of  conformity  at  the  corner 
points  when  the  angles  are  not  right.  It  is  not  a  restriction  in 
general,  but  the  case  with  arbitrary  angles  requires  a  special  care 
when  spacing  the  grid  points  near  the  corners.  The  latter  goes  be¬ 
yond  The  frame  of  present  short  note.  In  addition  three  straight 
rims  are  selected  and  only  one  curved  boundary  is  allowed  according 
to  the  formula  y«1.5  -  .5  cos(*x)  ,  This  is  fully  enough  to  dis¬ 
play  the  method.  The  grid  is  chosen  to  be  uniformly  spaced  in  both 
directions  with  space  steps  h£  and  hn  respectively.  In  order  to 
obtain  higher  accuracy  as  well  as  to  check  and  verify  the  computa¬ 
tions  two  different  meshes  are  employed  with  number  of  grid  tells 
21x21  and  41x41  respectively.  Results  turn  out  to  vary  slightly 
with  the  reduce  of  the  grid  sire.  On  the  basis  of  the  two  solutions 
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and  by  means  nf  °ichardson  ex  t  rapnl  a  1 1  on  a  "solution  with  order  of 
t  a 

approximation  0(h_+h  )  on  the  mesh  21x?l  is  constructed.  On  fig.? 
s  n 

are  shown  several  characteristic  coordinate  lines  of  this  solution, 
while  on  fig. 3  are  olotted  the  coordinates  obtained  simnly  from  the 
conformal  mapping.  It  is  well  seen  the  spoiled  behaviour  of  the 
Jacobian  in  the  last  case  as  well  as  the  significant  Improving 
attained  aftpr  the  method  of  the  present  wort'  is  applied. 

The  second  way  of  application  of  th»  proposed  method  is  in  con¬ 
struction  of  optimal  meshes.  nne  of  the  possible  usefull  defini¬ 
tions  of  optimality  is  to  seek  for  a  mesh  which  is  more  dense  in 
the  regions  where  the  profile  of  certain  qiven  function  is  more 

Q 

steep.  4  similar  idea  was  employed0  but  on  the  basis  of  a  varia¬ 
tional  principle.  In  pr^i^nt  work  the  instrument  for  governing  the 
mesh  appears  to  be  function  f.  It  is  assumed  that  f(x,y)  is  nothing 
but  the  two-dimensional  slope  of  a  given  surface 

(15)  f(x.y)  -  ^ f\  ♦  u;2  ♦  u;? 

where  t  «  u(x,y)  is  the  equation  of  that  surface.  Fq.(3)  obviously 
yields: 

dxdy  »  (1  ♦  u'*  ♦  u'*)  *7  dtdn  . 

A  j 

Tha  latter  relation  asserts  that  if  one  tekes  a  regularly  spaced 
grid  in  the  region  O'  one  obtains  coordinate  lines  In  0  which  are 
more  dense  in  the  regions  where  the  two-dimensional  slope  of  func¬ 
tion  u(x,y)  is  greater,  i.e.  where  function  u(x,y)  is  steeper. 

To  avoid  the  unnecessary  complications  and  to  demonstrate  the 
idea  of  optimality  in  Its  pure  form  it  is  considered  here  a  square 
domain  In  the  plane  Oxy.  It  should  he  mentioned  that  several  dif¬ 
ferent  "leading  functions"  u(x,y)  has  been  used  in  calculations.  To 
give  a  better  feeling  of  the  results  the  simplest  function 
u(x,y)  ■  1  ♦  x  +  y  has  been  chosen  among  others  to  expose  the 
method.  The  optimal  mesh  obtained  with  this  function  is  shown  on 
fig. 4.  The  shape  of  function  u  along  with  the  coordinate  mesh  is 
plotted  on  fig. 5.  There  can  be  seen  the  uniform  portions  in  which 
the  surface  area  Is  divided  by  the  coordinate  lines. 

In  the  end  it  should  be  mentioned  that  the  rate  of  convergence 
of  the  method  for  the  optimal  meshes  has  been  much  greater  than 
that  for  the  uniform  ones  with  curved  boundaries. 
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GENER  AL  I  7  AT  1 1*!  fop  THn£E  WESTON* 

It  is  Important  to  note  that  the  present  method  is  easilv  nener-- 
alized  in  three  dimensions,  i.e.  when  three  cartesian  coordinates 
x,yz  are  transformed  to  three  curvilinear  coordinates  E.n.c.  In 
this  case  there  exist  three  conditions  of  orthogonal i ty: 

x.x  +  yry„  +  2r2„  “  0  • 

5  n  E  n  t  n 

d6)  v?  +  ynyc  +  vc  -  o  . 

Ve  +  Ve  +  Ve  *  0  • 

but  only  two  of  them  are  independent.  The  condition  on  Jacobian  is 

(17)  VozC  +  xnyczE  +  x;yEZn  *  VnzE  "  XnyEzc  '  XEycZn  *  f_1  • 
Once  again,  it  is  easy  to  show  that 

(18)  f2(x,y, z )  H*  H l  -  1 

and  to  derive  the  following  set  of  equations 


(19)  -f-fiiV  -if  +  ±-fH*H?  +  ^-fH*  hJ  Ji  -  0  , 

'  n  C  «E  in  c  E  .in  ac  E  n  ac 


where  «  is  either  x.y  or  z. 

The  boundary  conditions  for  this  system  of  equations  are  the 
equation  of  boundary  surface: 

(20)  F(x.y.z)  -  0  at  (x,y,z)e  60 

on  one  hand  and  two  of  the  othogonality  conditions  (16)  on  the  oth¬ 
er.  At  each  side  of  the  unit  cube  in  O'  have  to  be  chosen  those  two 
of  (16)  which  are  normal  to  this  side. 


CONCLUSIONS 

In  present  work  a  method  for  constructing  orthogonal  coordinates 
when  their  Jacobian  satisfies  certain  condition  is  outlined.  The 
respective  equation  of  this  condition  along  with  the  orthogonality 
condition  yield  a  system  of  equations  which  is  a  nonlinear  analog 
to  the  Cauchy-Rlemann  problem.  The  role  of  a  boundary  condition  is 
played  by  the  equation  of  the  boundary.  This  system  is  rendered  to 
a  pair  of  coupled  second-order  elliptic  equations  which  Is  solved 
by  means  of  a  kind  of  splitting  method. 


Two  general  ways  of  application  are  displayed:  generation  of 
“uniform”  meshes  with  unit  Jacobian,  and  "optimal"  meshes  for 
which  the  Jacobian  is  governed  by  the  magnitude  of  the  two-dimen¬ 
sional  slope  of  a  given  function.  The  latter  assures  one  that  the 
mesh  is  more  dense  in  the  regions  where  computed  function  is 
steeper. 

Generalization  of  the  method  for  the  case  with  three  dimensions 
is  sketched. 
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Oonfonsal  sapping,  50,  64,  66,  72,  107,  172,  193-4,  198-9,  206-7,  228,  230-1, 
280,  359,  361,  410,  415-6,  419,  481-2,  508,  519,  525-6,  528-31,  536-7,  554, 
563-4,  565,  569,  570-2,  578,  579,  585,  601,  885,  891 
Conformal  metric,  789,  790 
Conical  surface,  112-3 
Conjugate  gradient,  504,  761,  767-8 
Connectivity,  442 

Conservative,  22-7,  35,  195,  202,  284,  289,  295-6,  306,  419,  426,  485,  493, 
525-6,  530,  735,  787,  792,  794,  814,  819-22,  825,  879 
Continuity,  236^484-5  ,  653  ,  663  ,  847 
Contraction,  38,  58,  73,  723,  725,  726,  727 
Contravariant ,  20-3,  43,  76,  298,  526-7,  792 

Control,  79,  144,  164,  168,  194,  196,  204,  207,  210-1,  229,  235-43,  277,  29S, 
324-329,  357-62,  406,  426,  447,  529,  586,  594,  596,  619-20,  633,  636,  653, 
655-8,  667-72,  678,  687-93,  700,  731,  761-5,  778,  781,827,  865,  896 
Control  functions,  81-5,  90,  95-104,  137,  154,  156,  159-63,  168,  700,  705-7, 
714-5 

Control  parameters,  671-6 

Control  points,  660-1 

Control  surfaces,  139,  447 

Control  volumes ,  621,  822 

Convection  diffusion  equation,  283 

Convective  transport,  285 

Convex,  19,  81,  102,  124,  376,  724 

Coordinate  redistribution  function,  721 

Comer,  6,  14,  103,  178,  180,  236  ,  266,  273  ,  376  ,  587-8,  596  ,  598  ,  610-1,  616, 
692,  765,  769,  826,  860,  890 
Comer- removing  mappings,  587  ,  589  ,  597 
Cost,  195,  241,  349,  607,  819 
Oovariant,  20-1,  42-3,  76,  791 
Crack,  184 

Critical  points,  603-9,  612-5 
Cross  derivative,  62,  194,  241,  733 
Cryptic  language,  465,  472 
Cube  cluster,  465,  467,  469-71 
Curl,  21,  26 

Curvature,  33,  49,  67,  73,  81,  86-9,  97-9,  119,  124,  199,  200-2,  216-7,  288, 
290,  294,  345,  364,  440,  *52,  485,  554,  573,  668,  670-3,  678,  697,  701,  721, 
732-3,  747,  788,  807,  839-42,  859 
Curvature  clustering,  448 
Curvature  constraint,  222,  225-31 
Curvature  tensor,  41,  66 
Curve  definition,  450 

D 

Darboux's  Theorem,  217 
Defect  correction,  503-4 
Deferred  correction,  733-5 
Deflection  contours,  270-5 
Deformation  field,  839-41,  855 
Deformation  noawn t,  838-40 
Depth-averaged,  412 

Derivative  correspondence  across  outs,  16 

Derivatives,  29,  31,  37,  137,  143,  167,  169,  480,  482,  486-7,  611,  795 
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DERMOD,  487 

Difference  approximations,  31-6,  101,  221,  300,  304-5,  344,  367,  423,  479,  490, 

494,  502,  867,  879 
Difference  metric,  220 
Difference  orthogonality,  202,  222,  454 
Differencing  metrics,  301,  794 
Differential  equations,  410 
Differential  geometry,  29 
Differential  models,  41 

Diffuser,  357,  360,  362,  372,  374,  381,  520-2 
Discontinuities,  103,  493,  595,  645,  700,  704 
Discretized  transfinite  mappings,  177 
Distortion,  37,  176,  326-9,  376,  480,  705 

Distribution,  79,  288,  441,  448,  462,  529,  659,  667,  669,  670,  704-5 
Distributive  lattice,  179 
Divergence,  21,  25 
Divergence  form,  35,  296,  820 
Divergence  Theorem,  21 
Donor  cell  differencing,  289 
Douglas-Gunn  splitting,  815 
Droplet  combustion,  340 

Ducts,  129,  360-4,  376-7,  507-10,  521,  527-8,  531,  543,  563,  565-6 
Dynamic  grid,  813,  837,  844-5 
Dynamism,  854 

Dynamism  constraint,  845,  850,  857 

E 

Edges,  97,  178,  180,  675 
Efficiency,  304,  348,  553,  818 
Elastic  torsion,  253 
Elasticity,  254,  258,  275 
Electric  field  equations,  729-33 
Electrode,  731,  734 
Electrostatic  analogy,  550,  875 
Ellipse,  274,  455,  457 
Ellipsoid,  201,  217,  676 

Elliptic,  6,  9-12,  79,  107-8,  117,  195,  206-7,  211,  230,  241,  320,  359-64,  410, 

416-7,  619,  653,  667.  688,  695,  717.  727,  729,  739,  761-3,  768,  775-8,  781, 

848,  865,  868,  887,  892 
Embedded,  10-1,  194,  447,  453 
Engine,  465 
Equidistant  mesh,  859 

Error,  31-2,  37,  103,  144,  220,  253,  266-8,  272-4,  277,  282,  284,  292,  299,  300, 

305,  320,  323-5,  334,  340,  395,  502-3,  528-9,  610-1,  768,  787,  792-4,  804,  806, 

824,  842,  853 

Estuarine  hydrodynamics,  409 
Euler  angles,  788 
Euler  characteristic,  470 
Euler  derivative,  868 

Euler  equations,  86,  279,  280,  282,  287,  290,  305,  326,  332,  333,  482,  486 
Euler  Time- Stepping,  465 
Execution  time ,  542 
Expansion  of  grid  spacing,  34,  38 
Exponential ,  34 

External  flow,  295,  381,  508,  529,  531 
Extremal  principles,  80 
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Faces,  180,  671,  673,  768 
Factorisation,  347-8,  437,  697 
Fan-in  wing,  472 

Fast  Fourier  techniques,  118-21,  125,  127,  130,  589 

Fast  Poisson  solver,  128,  130,  131 

Fictitious  comer,  236-7,  243,  246,  376 

Fictitious  points ,  766 

Field  boundaries,  236 

Filtering,  394-5,  827 

Finite  element,  127,  243,  385,  410,  441-2,  488,  495 

Finite  volume,  110,  127,  131,  243,  295,  303,  547,  553-4,  668,  819 

First  fundamental  fora,  46 

Fisher's  equation,  286,  289,  293 

Five-sided  cells,  645 

Flaae,  340,  343-4,  348-56 

Flap,  659-62 

Flooding  boundaries,  428 

Flux  corrected  transport,  286,  423,  879 

Fluxes,  202,  284-5,  304,  493 

Forcing  function,  S3,  363-75,  687-94,  848 

Forgiving  algorithms,  242-3,  250-2 

Four- color,  393 

Fourier  transform,  499 

Free  shear  layer,  820 

Free  stream  correction,  301 

Free  stream  metric  variation,  302 

Free  surface,  385-95,  401*6,  645,  651,  809-18 

Fronts,  346 

Full-potential,  656,  6S9,  663-4,  787,  794-5 
Fundamental  Differential  Equation,  211,  213,  221 
Fuselage,  236,  239,  529,  573,  676,  724,  870,  875 
Fuselage-wing,  783 


G 


cam  Codes,  729 

CM  cods,  139 

GRID  3C,  563,  572-3,  582-3 

Garrick  transformation,  122 

Gaa  dynamic  calculations,  8S9 

Gauss  Equations,  41,  45,  496,  717 

Gauss- jaoobi  iteration,  868 

Causa- Seidel  iteration,  419,  761,  767-8 

Gaussian  curvature,  199,  200,  216,  225 

Cauasian-eliaination,  890 

Gaussian  surfaces,  89 

Generalised  coordinates,  172-3 

Geodesic  curvature,  216 

Gradient,  21,  25,  109,  254,  277,  282,  285-7,  290,  303-6,  320,  326,  332,  339, 
342-5,  353,  356,  564,  659,  747,  819,  825-30,  841,  867,  880 
Gradient  length,  292,  880 
GMuPE,  11,  101,  633,  652-9,  663 
Graphics,  131,  lit,  168,  169,  447,  455 
Grid  changes,  296 
Grid  distortion,  315 
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Grid  distribution,  689 
Grid  motion,  832 

Grid  refinement,  437-45,  729,  861 
Grid  resolution,  520,  573 
Grid  spacing,  31,  34,  38-9 
Grid  speeds,  318-34,  849 


H-type,  399,  549,  553-60,  564,  659,  691-4,  783-4 

Halo  corners,  484 

Halo  width,  482 

Halo  zone,  483 

Handles,  471 

Harmonic  functions,  63,  611,  740,  744-7 
Harmonic  mean,  493 

Heat  and  mass  transfer,  303,  339,  357,  81,  531,  619 

Helmholty  equation,  243,  252 

Hermite  blending  functions,  176 

Hermite  interpolation,  139,  209-10,  438,  502 

Hermite  projector,  209-10,  217 

Hinge  point  transformations,  120 

Homotopic  mappings,  138 

Homotopy  argument,  603 

Hosted  algorithm,  236-7,  242-3,  730 

Hybrid  grids,  598-9 

Hybrid  iteration,  767-8 

Hydrodynamics,  409-10,  415,  422,  878 

Hydrofoil,  645,  651 

Hyperbolic,  79,  213,  217,  231-2,  303,  362,  775 
Hypersonic  scram jet  flows,  360 


Impeller,  113 

Incompressible  flow,  110,  124,  303 

Infinity,  125,  564,  568,  570 

Inhomogeneous  terms,  81,  363,  655 

initial  guess,  102,  368,  370,  373,  382-3,  635,  730 

Inlet,  115-6,  120,  122,  127-9,  303,  360-2,  376,  472,  518-20,  755-6 

INMESH,  633-8,  645,  651 

Instability,  168,  286,  301,  344,  394,  817 

Integral-equation,  585 

Integral  form,  820 

Integrals,  23,  29 

Interactive,  168-9,  437,  636 

Interactive  graphics,  171,  362 

Interfaces,  176-7,  305,  469 

Internal  flows,  357,  507,  563 

Interpolation,  97-9,  102,  130,  137-9,  146-7,  151-4,  160,  168,  173-5,178-80,298-11, 
217,  220,  240-1,  284  ,  344  ,  354  ,  358  ,  363  ,  370-1,  377,  437-40,  448  ,  459,.  477, 
482,  487-8,  490-9,  503-4,  519,  565,  567,  670-5,  702-6,  768-9,  777,  828,  846, 
850,  855,  857,  866 
Intersection  angle,  101 
Invariant  mapping,  842-5 
invariant  measure  field,  838 
inviscid  flow,  110,  297,  312-3,  525 
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Inviscid  shear  flows,  302 
Irregularities,  242-3 
Isentropic,  227 

Isen tropic  elastic  plates,  25 3 
Islands,  409,  419,  428 
Isometric  grid,  861 
Isomorphism,  179 
Isoparametric,  441,  564 

Isothermic  coordinates,  49,  55-6,  64,  71,  75-6,  198 
Iterative  solutions,  101-3 

Jacobian,  19*-20,  36,  108,  142-3,  199,  212-3,  231,  240-1,  278,  297,  301,  319, 

323,  326,  376,  418,  496,  504,  526-34,  669,  674,  699,  701,  732-3,  787,  814,  844, 
846,  885 

Jacobian  damping,  324,  329 
Jacobian  factorizations,  347 
Jacobi  iteration,  282 
Joukowski  transformation,  115 
Juncture,  675 


K 

Karman-Tre f f tz  transformation,  115,  117-8,  121,  587-8,  596 
Keyseat,  269-70 
Kinks ,  706 


I, 


L- shaped,  5,  6,  167 
W  decomposition,  347 
Lagrange  interpolation,  488,  490-5 
Lagrange  multipliers,  787,  806 
Lagrangean  phase,  879 
Lame's  equation,  70 

Laplace,  21,  26,  33,  37,  41,  49,  50,  58-66,  76,  80-3,  86,  128,  172,  219,  228, 
242,  250,  254,  365,  388,  401,  495,  499,  530,  591,  596,  602,  634,  636,  699,  744 
749,  787,  791-3,  861,  865 
Lasers,  729-30,  733 
Laterally  averaged,  410 
Lax-Mendroff,  525 
Least-squares,  490-4 
length  element,  43 
Line  integral,  24,  28,  68 
Linear  equation  solvers,  130 
Linear  grid  generation  equations,  241 
Linear  lofting,  175 
Little's  square,  211 
Lobed  mixers,  361 
Local  coordinate  system,  15 
Lofting,  178 

Logarithmic  transformation,  117  123,  592 
Lost  comers,  246 
Lubrication,  113 
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MACSYMA,  735 

MacCormack,  304,  323,  333,  525,  825 
Mach  reflections,  525 
Magnetic  reconnection,  288 
Magnetosphere,  294 
Mainardi-Codazzi  equations,  47 
Mapping  modulus,  109-11 

Marching  scheme,  195-6,  222,  231,  303,  729,  775 

Marker-and-cell ,  385 

Mass-residue,  622-4 

Matrix  splittings,  347 

Matrix  techniques,  13C 

Maximum  principle,  362,  765 

Median  faces ,  469 

Median  line,  467-8 

Median  point,  467 

Median  surface,  469-70,  474 

Membrane  analogy,  254-5 

Memory,  110,  445,  542,  572,  776 

Mercator  projections,  113 

Mesh  density,  550,  554 

Mesh  intervals,  343-6 

Mesh  refinement,  345,  350,  806 

Mtsh-sensitive,  295 

Method  of  characteristics,  529 

Metric,  19,  109,  194,  196,  198-204,  224-232,  304,  306,  341,  353,  496-7,  796, 

837,  844 

Metric  coefficients,  25,  41,  43,  50-1,  55-7,  66-8,  71,  75-6,  212-8,  222,  224, 
295,  298-9,  359,  508,  511,  517-8,  529,  536,  670,  719,  820,  825,  845-7,  855,  857 
Metric  conservation  law,  300 
Metric  constraint,  225 
Metric  differencing,  299 
Metric  equations,  217,  224 
Metric  error,  301 
Metric  identities,  300 
Metric  relations,  301 
Metric  rule  on  coordinate  changes,  226 
Metric  specification,  226 

Metric  tensor,  20,  43,  76,  530,  787-95,  801-2,  846 

Miner vo  approximation,  495 

Minicomputer,  437 

Mixed  derivatives,  211,  225,  230 

Modulus  of  the  domain,  722 

Moving  aileron,  303 

Moving  boundaries,  275,  288 

Moving  control  volume,  289 

Moving  grid,  28,  286,  320 

Multi-block  grid,  235-7,  243-6 

Multi-body  problems,  636-8 

Multi-channel  configurations,  360 

Multielement  airfoils,  585-6,  653,  659-63,  749 

Multi-grid  technique,  37,  304,  360,  465-8,  504,  564,  706,  732 

Multi-material  calculations,  290 

Multiple  block  structures,  688 

Mu.'  ;-.le  bodies,  122,  123,  129,  166,  303,  410,  416,  639 
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Multiple-connectedness,  633 
Multiple  grid  systems,  306 
Multiple  valuedness,  107 
Multiply  connected  regions,  601,  675 

Multisurface  method,  137-9,  150,  208-11,  447-8,  453-4,  462 
Multivalued  nature,  113-4 
Multi-Volume  Data  Structure,  465 


N 


Nacelle,  115,  120,  305 

Natural  tangents,  197,  202,  204,  214,  220 

Navier-Stokes,  68,  305,  411,  514,  621,  623,  656,  659,  697,  731,  811,  819 
Near-circle,  116-7,  121-2,  130-1 

Nearly-orthogonal  mesh,  128,  131,  304,  357-62,  368,  372,  550,  555,  655,  657 
Neumann  boundary  conditions,  4,  14,  368,  699,  741 

Newton  iteration,  257,  344,  347-8,  367,  372,  570,  572,  591,  607,  611 
Node  ordering,  443 
Noise,  490 

Non-conservative ,  22-7 

Nonorthogonality,  36,  61,  77,  193,  199,  426,  573,  579,  789 

Normal,  19,  23,  358 

Normal  derivative,  23,  27 

Normal  derivative  boundary  condition,  766 

Nozzles,  361-2,  517,  529 

Nuclear  reactors,  619,  625 

Numerical  diffusion,  277,  282,  285-90 

Numerical  instabilities,  368 

Numerical  viscosity,  286 

Numerically  orthogonal,  195 

NUMESH  Code,  11 


o 

O-type,  9,  92,  166,  359,  549-50,  553,  560,  564-5,  576,  592-3,  636-9,  748,  783-4 

Ocean,  426,  428 

One-to-one  mapping,  2,  80,  362 

Optimal  mesh,  343,  891 

Orientation,  787-91,  798 

Orthogonal,  55,  97-9,  107-12,  156,  172,  267-8,  273,  357-61,  391,  410,  415-6, 
419,  453,  457,  459,  462,  494,  507-9,  523,  550,  569,  671-4,  741,  837-8,  860-1 
Orthogonal  grid  generation,  19,  49,  63-6,  70,  77,  124-31,  193,  279,  362,  459, 
481,  789,  853,  885 

Orthogonal  metric,  194,  198,  216,  228 

Orthogonal  surface  coordinates,  201 

Orthogonal  trajectories,  196-6,  204,  222-3,  231,  454 

Orthogonality,  31,  65,  68,  73,  86,  88,  139,  156,  193,  212,  217,  222,  278,  280, 
296,  360-4,  367-8,  371-6,  437,  457,  533,  571,  671,  678,  702,  76S,  782,  787-90, 
803,  807,  854,  860,  868,  885,  887,  892 
Orthogonality  at  the  boundary,  4 
Orthogonality  constraint,  846,  849 
Orthogonality  control,  781,  783 
Orthogonality  functional,  867,  869-72,  874 
Orthogonality  parameter,  804 
Orthonormal,  890 

Oscillations,  38,  305,  323,  330-3,  352-3,  394,  622,  731,  733 
Outer  surface  method,  147 
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Overlapped  grid,  102,  176,  187,  305,  315,  635,  826 
Overlapping  rones,  483 
Overrelaxation,  102 

P 

packaged  tools,  130 
PadA  approximation,  499 

Panel  method,  124,  242,  243,  250-1,  385,  465,  S96,  599,  742,  751 

Parabolic  equations,  775,  810 

Parabolic  Interpol ant,  493 

Parabolic  transformation,  239 

Parabolised  Navier  Stokes,  303,  311,  529 

Paraboloids,  217 

Parametric  transformation,  239 

Particle-in-cell  method,  290 

Partition  boundary,  466 

Partitioned  fields,  465 

Patched  coordinate  systems,  23S,  305-6,  447,  450,  482 

Penalty  method,  279 

Perturbation  form,  302 

Pitching  moment,  316 

Planetary  probe,  829 

Plates,  13,  253-65,  272-5 

Poincare- Lemma ,  225  ,, 

Point  density,  588,  593-4 

Point  distribution,  98-9,  163,  593-4,  600,  659-63,  706,  830 
Point  method,  144 
Point  relaxation,  767 
Point- SOR,  722 

Poisson  equations,  76,  81,  83,  207,  211,  260-4,  272,  350,  363-4,  390,  395,  417, 
530,  633-4,  655,  671,  687,  796,  813 
Poles,  124,  517 

Polynomial  interpolation,  487,  499,  777 
Potential,  219,  243,  388,  603-16 

Potential  flow,  37,  124,  243,  301,  405,  465,  481-2,  509-11,  515,  547,  550,  553, 
586,  590-5,  645 

Potential  flow  streamlines,  507 
Prandtl-Heyer  expansions,  525 
precision  sets,  179-80 
P  unitive  function,  171,  173,  178 
Principal  curvature,  678 
Principal  normal,  87 
Principle  of  reflection,  114 
Product  projection,  174-5 
Projectiles,  303 

Projector,  173-80,  206,  209-10,  239,  448,  671,  674,  861 
prolate  ellipsoid,  56,  58,  724-7 
Propeller,  547,  563,  573,  576,  582-3 
Pseudo-spectral  method,  499,  504 


Quadratic  approximations ,  493 
Quadralateral ,  610-11 
Quality,  237,  239,  242,  304,  441,  787 
Quasi-circular,  587 


Q 


Quas icon formal  mapping,  74 


R 

Rate-of-change  of  the  grid  spacing,  31 
Rayleigh-Taylor  instability,  288 
Reaction-diffusion  equations,  340 
Reclustering ,  661 
Rectangular  solids,  13 
Red-black,  393 
Redistribution,  SI,  7S,  722 

Re-entrant  boundary,  S,  8,  10,  15-6,  34,  79,  107 

Reentry  body,  S29 

Reference  material ,  128 

Refinement,  204,  454,  564,  859,  861 

Reflection  mapping,  116 

Reflection  principle ,  126 

Remap  phase,  879-80 

Resolution,  398,  677,  798 

Review,  128 

Rezoning,  819,  825,  827,  832 

Richardson  extrapolation ,  891 

Riemann-Christoffel  curvature  tensor,  69 

Riemann  sheet,  113-4,  123,  563,  595 

Riesuum  Tensor,  41,  66,  69 

Riemannian  metric,  43 

Rivers,  409-10,  419,  426-8 

Rod-bundle,  621,  62S 

Root  selection,  115-7,  131 

Rotor,  564-6 

Rounding  errors,  268,  868,  870 
Runge-Kutta,  534-6 

S 

SCM  method,  327-8 

SLOR- iteration,  102,  304,  716 

SOR  iteration,  253-4,  257,  260,  265,  270,  272,  345,  367 
Salinity,  411,  413,  423,  436 

Schwartz-Christoffel  techniques,  117,  119,  207,  361,  507,  525,  531-4,  544,  607 

Scram  jet  engine,  361 

Secant  method,  607 

Second  fundamental  form,  46 

Segmented  grids,  596-7,  633-8,  645,  651,  761 

Sequence  of  surfaces,  89 

Sequential  mappings,  117 

Semi  direct,  729 

Shafts,  253-4,  257-9,  266-73 

Shear  layers,  829-30,  832,  835 

Shear  stresses,  258-60,  267-71,  359,  842 

Sheared  conformal  approach,  206 

Shearing  transformation,  36,  122,  205-10,  214,  217,  359,  361,  549,  554-5,  560, 
563-6,  570-1,  577,  579,  585 
Sheet,  16,  92 
Ship,  402-4 
Ship  performance,  386 
Ship  wave,  386,406 
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Shock,  243,  284-5,  287,  296,  303-4,  327,  329,  331,  358,  467,  482,  S25,  531,  564, 
749,  796,  804,  826,  829-33,  861,  878,  880,  883 
Shock  aligning,  330,  334 
Shock  capturing,  301,  330,  334 
Shroud,  659,  662 
Sid*  matching  table,  442-3 
Single-fours  technique,  376,  384 
Singular  regions,  698 
Singular  surfaces,  698 

Singularities.  124-5,  167-8,  212,  223,  229,  246,  266,  376,  395-6,  398,  465-7, 
471,  476-7,  482-6,  508,  549,  553,  585,  594-6,  609-10,  677,  697,  705,  741,  775 
Singularity  method,  739 
Six-sided  cells,  395 

Skewness,  253,  266-8,  272-5,  295,  304-6,  314,  363-4,  550,  653,  661,  824 
Slabs,  8-10,  13 
Slat,  757 

Slit,  7-11,  13-4,  376,  384,  570,  613,  638,  641-4,  732-4 

Slit-plane,  697 

Slope  changes,  124 

Slope  continuity,  656,  659 

Slope  discontinuities,  6-7,  104,  121-2,  176,  242,  447,  459 
Slope  interpolation,  448 

Slopes,  653,  657,  663,  671,  673,  762,  765,  839,  846,  855 
Smoothing,  81-2,  290,  323-4,  700,  775,  777,  871,  874 

Smoothness,  31,  34,  37,  80,  86,  103  169,  194,  237-9,  240-3,  278-9,  282-3,  288, 

295,  301,  304,  306,  343-4,  359,  440-1,  447,  488,  490,  496,  659,  667,  677,  769, 
807,  826,  854 

Smoothness  constraint,  847,  849 

Smoothness  functional,  867,  870,  872,  875,  880 

Solid  mechanics  applications,  253 

Source  terms,  360,  393,  398,  401,  671,  777,  865 

Spacing,  36,  81,  83,  99-101,  104,  137,  139,  144,  154,  156,  160,  237-8,  242,  254, 
266-78,  300,  304-5,  310,  355-62,  416,  418,  426.  586,  592,  594-5,  598,  619-20, 
634,  656-60,  668,  673,  688.  690,  692,  694,  700,  747-8,  762-5,  768,  778,  781-3, 
813,  834,  867,  875,  890 
Spacing  parameters,  780 
Sparse  areas,  592-4,  598 
Special  points,  14,  104,  236 
Sphere,  55-6,  58,  201,  217,  724-7 
Spherical  projection,  724 

Spline  interpolation,  118,  130,  157,  164,  367,  498,  565,  567,  572,  610,  660-1, 
860 

Splittings,  347-8 

Springs,  825-8,  831 

Square  root  transformation,  114 

Stability,  277,  282,  286,  355,  486,  880 

Stacking,  13 

Stagge red-cell ,  621,  628,  879 

Stereographic  projections,  113 

Stiff,  346-7 

Storm  surge,  410 

strain,  838-46,  849,  852,  855-6 

Stream  function,  303,  743,  751 

Stream- function-vorticity  equations,  37,  39 

Streamline  coordinate  system,  515,  554,  586,  590,  740,  742,  748 

Streamline  plane,  744-5,  752,  755,  757,  759 

Streamlines,  741 


Stress,  258-60,  266-73 

Stretching  transformation,  109-10,  127-8,  238,  242,  295,  304-6,  316,  354,  359, 
364,  368,  375,  410,  416,  550,  563-73,  579,  675,  688,  691,  704,  706,  824,  828-9 
842,  845 

String  napping,  588-9,  598-9 

Strong  conservation  lav  form,  301 

Strongly- implicit  procedure,  102 

Structuring,  236 

Subdomains,  235,  437-40 

Subgrid  boundaries,  761,  769,  773 

Subgrids,  761-3,  768-70 

Submerged  hydrofoil,  396 

Subregions,  176-7,  667,  675-7,  681,  761 

Successive  line  overrelaxation,  241,  677,  703 

Successive  overrelaxation,  367,  393,  634 

Successive  surface  systems,  13 

Supersonic  flov,  113,  243,  360,  529,  865 

Surface,  41,  44-9,  53,  55,  72-3,  86,  89-90,  99,  100,  107,  111,  145,  171,  178, 
193-6,  201,  217,  224,  226,  239,  242,  447-53,  467,  472-3,  548-9,  S65,  576,  669- 
76,  697,  717-23,  727 
Surface  Christoffel  symbols,  45,  55 
Surface  decomposition  techniques,  177 

Surface  grids,  71,  137-9,  156-7,  200,  202,  206,  210-1,  238,  241-2,  249,  447, 
450-4,  462,  667,  672-7,  680,  684,  686 
Surface  integral,  24,  28 
Surface  metric,  194 
Surface  operators ,  451 
Surface  pressure,  303 

Survey  of  coordinate  system  generation,  29,  123,  232 
Systolic  Manipulation,  729,  734 
Syam's  method,  605 


T-form,  395,  697,  709 
Tangent,  19 

Tangential  derivatives,  23,  27 
Tau  Computational  Space,  844,  848 
Taylor  series,  35,  504,  795,  815 
Tensor  densities,  526,  531,  534 
Tensor  form,  18,  29,  531 
Tensor  product,  229,  488-9,  499 
Tesaelation,  467-71 

Theodorsen-GarricX  transformation ,  116-7 
Theoresui  egregium,  47,  199 
Thermal-hydraulic,  621 

Three-dimanaional  grid,  13,  41,  99,  128,  137,  171,  177,  193,  201,  237-8,  547, 
563,  667,  687,  695,  717,  761,  865,  869,  892 
tidal  cycle,  427 

Time-dependent,  277,  284-5,  342,  345,  386,  406,  809 
Time  derivatives,  28,  428,  813 
Timings,  445,  731 

TOMCAT  code,  10,  81,  90,  419,  426,  633 
TOpology,  137,  139,  168-9,  235,  465,  471-2,  475 
Torques,  259 

Torsion,  253-5,  258,  272-3,  839,  842 
Tracking,  115-7 
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Trailing  edges,  580-1 

Transfinite  interpolation,  137-9,  144,  153-4,  164,  171,  173,  175,  177,  229,  448 
Transformation  relations,  1,  2,  18,  29,  104,  143,  203,  226,  262,  85S 
Transient  problems ,  342 

Transonic  flows,  109,  243,  252,  304,  361,  481,  508,  547,  560,  573,  576,  585, 
653,  739-41,  744,  747-9 
Transport  equations,  284 
Triangular  grid,  177,  274,  489,  495 
Triangular  plate,  272 
Tridiagonal  solution,  776,  781 
Tri-element,  653 
Trilinear  interpolant,  177-8 
Triply  orthogonal  system,  201 

Truncation  error,  31-40,  86,  282-6,  320-1,  324,  329,  334,  340,  342,  344,  347, 
426,  787,  792,  794,  800,  804-6,  859-60 
TVo- boundary  technique,  137-9,  154,  159-60,  164 
Turbine,  116,  118,  507-9,  517-23 
Turbomachinery ,  113,  117,  360-1,  507,  563-4 
TU'  >ulence  model,  358-9,  377,  516 
Two -element  airfoil,  758 

U 

ttnbilic,  201 

Unified  measure  field.  837 
Uniformity,  159,  206 
Unsteady,  350 
Unit  normal  vector,  45 

V 

VMM,  410,  422,  426,  434 

Variable  node  formulation,  339,  344,  347 

Variational  formulation,  85,  277-9,  282,  28V.  806,  865-6,  885 

Vector  processing,  295,  393,  498,  732,  819,  868 

Velocity  potential,  110,  303 

Vertically  averaged,  410,  412,  414,  419,  422 

Viscous  flow,  37,  507,  572,  653,  809 

Viscous  stresses,  358 

Viscous  sublayer,  364 

Volume,  19,  85,  787,  790,  807 

Volume  integral,  24,  28 

volume  sheet,  469-70 

Volusm  strings,  469 

volume  variation,  200 

Volume  weighting  functional,  867,  871-2,  880 
Vortex  sheets,  467 


W 

Wake,  359,  549,  553,  564,  568-73,  578,  581,  829-30,  833 

Water  quality  problems,  409 

Water  surface  elevation,  423,  425,  435-6 

Mater  wave,  385-6,  809 

Waterways,  360 

Wave  aquation,  243,  251 

Wave  motion,  385 
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Wave  peak,  401 

Weak  conservation  lav  fora,  301 
Wedge,  539-43,  860,  862 

Weight  function,  86,  282-90,  342-6,  353,  355,  819,  854,  870,  875 
Weighted  volune  variation,  278 
Weingarten  equations,  46 
WESCOR,  9 

Wind  tunnel,  361,  749,  759-60,  865,  878 

Wing,  114,  236,  239,  303,  305,  529,  662,  664,  686,  870,  875 
Wing-body,  236-7,  242,  245-9,  313,  465,  472-3,  667,  676,  680,  688 
Wing-tip,  236,  573,  667,  677,  684-5,  695,  697,  706 

Z 


Zonal  boundaries,  657-63 
Zonal  grid,  656-9,  663 
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